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Abstract

In this thesis, the results of a research on the topological properties of selected nanos-
tructures made of IV-VI materials are presented. Some binary and ternary IV-VI crystals
have an inverted band gap and belong to the class of topological crystalline insulators
(TCI). As a result of the non-trivial topology of electronic band states, they have an even
number of gapless states with Dirac cone dispersion on their surfaces. Remarkable exper-
imental achievements obtained for SnTe and its ternary crystalline solid solutions, such as
(Pb,Sn)Te/Se, confirmed the existence of non-trivial surface states. They have stimulated
extensive research efforts not only on bulk crystals but also on nanostructures and defects
in recent years. Here the results of theoretical studies on nanostructures with defects in
the form of (111) oriented twin planes (TP) are discussed. The discussion focuses on three
different types of nanostructures. These are super-lattices, thin films and nanowires. In
the case of films and wires, the obtained results are compared with the properties of sim-
ilar structures without defects. The analysis of the results reveals that TPs can be treated
as two-dimensional topological structures belonging to the TCI class which are protected
by the (111) mirror symmetry. The value of the topological invariant - the mirror Chern
number - depends on the type of twinning and is equal to 1 for an anionic TP and to 2 for
cationic one. It is also shown that at the one-dimensional edges of these structures, the ex-
pected number of topologically protected non-trivial boundary states appears. However,
in sufficiently thin film with surface orientation (111) having a TP defect in the middle, the
topological effect is destroyed by a hybridization of the electronic surface states with the
states located on the defect. The protected edge states still appear and show the quantum
spin Hall effect, that is only due to the existence of the same Z; invariant that defines
the topology of non-defective structures. In the second part of the thesis, the topologi-
cal properties of a pentagonal SnTe quantum wire are described. Its cross-section shape
comes out from the existence of five TPs extending radially from the center. The wire
has two non-trivial electronic states: one located in its center and another one located on
its five edges. It is established that their presence is related to the topological properties
of TPs. The result has been compared with the properties of a wire with a square cross-
section, where the edge states are of a different nature; these are topological states of the
second order - hinge states. It is shown that they are not as robust against hybridization
as the edge states in wires with an odd number of edges.



Streszczenie

W niniejszej pracy przedstawione sa wyniki badan wtasciwosci topologicznych wybranych
nanostruktur utworzonych z materiatéw IV-VI. Niektére dwu i trzy sktadnikowe krysz-
taty IV-VI maja odwrécona przerwe energetyczna i naleza do klasy topologicznych izo-
latorow krystalicznych (TCI). W wyniku nietrywialnej topologii elektronowych stanéw
pasmowych posiadaja one parzysta liczbe bezprzerwowych stanéw o dyspersji w ksz-
talcie stozkéw Diraca na swoich powierzchniach. Niezwykle osiagniecia eksperymen-
talne otrzymane dla SnTe i jego tréjsktadnikowych krystalicznych roztworéw statych, ta-
kich jak (Pb,S5n)Te/Se, potwierdzily istnienie nietrywialnych stanéw powierzchniowych.
Pobudzily one w ostatnich latach szeroko zakrojone wysiltki badawcze dotyczace nie
tylko krysztatow objetosciowych ale réwniez nanostruktur i defektéw. Tutaj oméwione
sa wyniki badan teoretycznych dotyczacych nanostruktur posiadajacych defekty w postaci
zblizniaczen (TP) w plaszczyznie (111). Uzywajac metod ciasnego wiazania badaliémy
trzy r6zne rodzaje nanostruktur. Sa to super-sieci, cienkie filmy oraz nanodruty. W przy-
padku filméw i drutéw otrzymane wyniki poréwnane zostaly z wlasno$ciami podob-
nych struktur bez defektéw. Analiza wynikéw pokazuje ze TP moga by¢ traktowane jako
dwuwymiarowe struktury topologiczne nalezace do klasy TCIi chronione przez symetrie
odbicia zwierciadlanego (111). Wartoé¢ niezmiennika topologicznego — zwierciadlana
liczba Cherna - zalezy od rodzaju zblizniaczenia i wynosi 1 dla TP anionowego i 2 dla
TP kationowego. Pokazano takze Ze na jednowymiarowych krawedziach tych struktur
pojawia sie spodziewana liczba chronionych topologicznie nietrywialnych stanéw brze-
gowych. Jednak w odpowiednio cienkich warstwach o orientacji powierzchni (111) posi-
adajacych defekt TP w srodkowej warstwie atomowej efekt topologiczny zostaje zniszc-
zony przez hybrydyzacje stanéw elektronowych powierzchni ze stanami zlokalizowanymi
na defekcie. Chronione stany brzegowe wciaz istnieja i wykazuja kwantowy spinowy
efekt Hala, jedynie dzieki istnieniu takiego samego niezmiennika Z; jaki wyznacza topologie
struktur niezdefektowanych. W drugiej czesci opisane zostaly wtasnosci topologiczne
drutu kwantowego o przekroju pieciokatnym. Ksztalt jego przekroju wynika z istnienia
pieciu TPs rozchodzacych sie promieniécie od $rodka. Drut posiada dwa nietrywialne
stany elektronowe: jeden zlokalizowany w samym jego §rodku oraz drugi zlokalizowany
na jego pieciu krawedziach. Ich istnienie zwiazane jest z wlasno$ciami topologicznymi
zblizniaczei. Wynik zostal poréwnany z wiasno$ciami drutu o przekroju czworokat-
nym gdzie istnienie stanéw krawedziowych ma inny charakter, sa to stany topologiczne

drugiego rzedu - stany zawiasowe. Pokazano Ze nie sa one tak odporne na hybrydyzacje



jak stany krawedziowe w drutach o nieparzystej liczbie krawedzi.
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Chapter 1

Introduction

Landau’s symmetry-breaking theory, proposed in the 1930s, was highly esteemed as a
potent tool for comprehending phase transitions in quantum states of matter. It provided
a unique order parameter that arises from spontaneous symmetry breaking. This the-
ory ultimately culminating in the formulation of the Landau-Ginzburg theory and serves
as a universal framework for understanding quantum states of matter. However, the
quantum Hall effect’s groundbreaking discovery in the 1980s [1] disrupted the prevail-
ing viewpoint. The subsequent experimental identification of the integer quantum Hall
effect (IQHE), coupled with its profound interpretation as a topological phenomenon by
Thouless et al. [2], marked a paradigm shift in our comprehension.

In mathematics, topological classification disregards intricate geometric details and
instead focuses on the examination of global characteristics employing topological in-
variants. One prominent tool in distinguishing topologically distinct objects is the Gauss-
Bonnet theorem, which ascribes a numerical value known as the genus to quantify the
presence of holes. To illustrate, a sphere can be smoothly transformed into a disk or
a bowl, thus demonstrating topological equivalence. Conversely, the transformation of
a sphere into a torus necessitates the introduction of a hole, rendering it a non-smooth
process. It is worth noting that the genus remains invariant under continuous deforma-
tions. In a significant contribution, Thouless, Kohmoto, Nightingale, and den Nijs [2]
established a connection between the Hall conductivity in systems exhibiting the IQHE
and a topological invariant known as the Chern number. Remarkably, the Chern number

illustrates the number of gapless states present at the boundaries of the system.

In subsequent developments, in 1984, M. Berry presented an extensive generaliza-
tion of the notion of the geometric phase, now widely recognized as the Berry phase. This
seminal work shed light on the profound significance of geometric phases as a unifying
framework in various domains of classical and quantum physics, with particular rele-

vance to the modern band theory. Haldane’s work in 1988 [3] demonstrated that quantum
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Hall states, now referred to as Chern insulators, can exist without a net magnetic field.
This discovery established the connection between the quantum Hall effect and band the-
ory, highlighting the role of time-reversal symmetry breaking in maintaining the crystal’s
periodicity. This novel understanding provided valuable insights into the interplay be-
tween topology and condensed matter physics, paving the way for further exploration
of topological phases in various systems. In 2005, Kane and Mele demonstrated topol-
ogy without breaking time-reversal symmetry, initially proposed in graphene but limited
by insufficient intrinsic spin-orbit coupling (SOC). However, in 2006, Bernevig, Hughes,
and Zhang proposed a HgTe/CdTe quantum well, enabling the realization of a quantum
spin Hall insulator (QSHI). This breakthrough introduced a novel state of matter with a
gap and helical edge states. Subsequently, the two-dimensional topological insulator (TT)
commonly known as QSH insulator was experimentally confirmed, characterized by a
distinct topological invariant known as the Z, index. The Z, TIs further expanded to
three dimensions, firstly predicted in Bi; _,Sbx by Fu and Kane in 2007. In 2008, its exper-
imental observation was validated through angle-resolved photoemission spectroscopy
(ARPES) [4], along with the discovery of other bismuth-based materials [5, 6].

Advancing in this field, beyond time-reversal symmetry in TIs, the significance of
other symmetries in determining topological classifications became apparent. In 2011,
L. Fu expanded the range of topological phases by establishing the relationship between
topology and spatial symmetries within crystal structures. An exemplary realization of
a topological phase with spatial symmetries is found in the SnTe class of IV-VI rocksalt
semiconductors. The Dirac-like gapless surface states of these materials are protected
by mirror symmetry [7-10]. In this class, the topological classification of the band struc-
ture critically relies on specific crystal point group symmetries. Consequently, a topo-
logical crystalline insulator (TCI) cannot be smoothly transformed into a normal insu-
lator while preserving certain crystal symmetries. A notable aspect of TCI materials
is their ability to tune topological properties through various perturbations, including
structural distortion, magnetic doping, mechanical strain, thickness engineering, and dis-
order. For instance, (111) thin films were anticipated to exhibit a QSH phase [11, 12],
while (001) films were found to feature spin-filtered edge states [13], holding potential
for applications in topological transistors. Additionally, experimental observations un-

veiled one-dimensional gapless modes localized at atomic step edges on the (001) surface
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[14-16]. Remarkably, in the SnTe class of materials, a distinctive higher-order TIs (HO-
TIs) phase has been discovered, signifying a recently acknowledged category of topo-
logical phases. These HOTIs exhibit lower-dimensional boundary states, including zero-
dimensional corner states and one-dimensional hinge states [17]. Nonetheless, the com-
prehensive classification of TCIs continues to be an ongoing area of research due to the
intricate and multifaceted nature of crystallography [18].

The current thesis focuses on examining the topological properties of specific nanos-
tructures of SnTe material class through theoretical calculations. The results of current

study are established in Chapter 5. The thesis is structured as follows:

Chapter 2 devotes as an introductory section on topological band theory. It begins by
providing key definitions related to band topology and discusses the fundamental con-
cepts of Berry phase and its application to Bloch bands. Important topological invariants,
which are discussed throughout the study, are derived, and several examples of models
representing various topological classes are presented. Chapter 3 provides a comprehen-
sive review of progressive investigations on IV-VI TCI materials. The focus is primarily on
the SnTe class of topological crystalline phases, which have been extensively studied both
experimentally and theoretically. In Chapter 4, the TB model is presented as a essential
theoretical tools for the calculations. Accordingly, the electronic band structure, topolog-
ical invariants, and spectral Green’s functions are computed using this model. Chapter 5
contains the main results of the current study and divided into three main research di-
rections. In Chapter 5.1 and 5.2, we analyze the impact of lattice twin planes (TP) on the
electronic band structure topology within the context of twinning superlattice (TSL) and
slab implementations. It is demonstrated in a comprehensive manner that TPs, which
occur as defects in crystals, effectively act as two-dimensional (2D) topological objects.
Two types of TPs, cationic and anionic, are identified as topologically distinct phases. In
Chapter 5.3, the topological properties of (111)-oriented SnTe thin films with a TP are ex-
plored. We discuss how the presence of TP in the regime of gapped surface states due to
a finite-size effect can influence the topological phase transition as the thickness grows.
Lastly, in Chapter 5.4, we explore TCI nanowires (NWs) based on IV-VI semiconductors.
It is shown that the presence of TPs in pentagonal NWs leads to the emergence of one-
dimensional (1D) topological core states (TCS) at the NW core in the cationic case with

their counterparts at hinges.






Chapter 2

Topological states of matter

This chapter introduces the important principles of the topological state of matter using
the mathematical field of topology. These ideas are demonstrated within the broader
context of band theory in the tight-binding formalism. Through the use of paradigmatic
examples, the classification of topological phases based on various symmetry classes is

examined and discussed.

2.1 Topology

Topology, a branch of mathematics, examines the properties of smooth and continuous
transformations. It does not concern itself with the precise geometric features of objects,
but rather concentrates on their general characteristics, represented by topological in-
variants. For instance, a sphere can be continuously transformed into a bowl or cube,
demonstrating their topological equivalence or homeomorphism. However, converting a

sphere into a torus is not a smooth procedure as it requires creating a hole [19].

Surfaces that can be deformed into one another are considered topologically equiva-
lent. To differentiate between distinct topological objects, one can assign a number called
the genus (g) representing the count of holes, as explained in Gauss-Bonnet theorem [20].
As shown in Fig. 2.1, a sphere has a genus of ¢ = 0, whereas a torus has ¢ = 1. The genus

remains unchanged as long as all deformations are smooth.

2.2 Band Theory

Insulators are materials that exhibit an energy gap for electronic excitations, which sepa-
rates the ground state from all excited states. The principle of adiabatic continuity gives
rise to the concept of topological equivalence. The insulators are considered equivalent

if we can transform one into another by continuously modifying the Hamiltonian while
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(b)

Figure 2.1: Topological distinction between a sphere and a torus. A sphere has a genus, g = 0, while a
torus possesses a single punctured hole, resulting in g = 1.

keeping the system in the ground state throughout the entire process. Such a transfor-
mation is possible if there exists an energy gap (E¢) along the deformation process. As
a consequence, connecting topologically distinct insulators necessarily involves a phase

transition, where the energy gap vanishes.

To comprehend topological equivalence in band theory, one can analyze two band in-
sulators described by Bloch Hamiltonians: H (k) and H'(k). The main question is whether
it is feasible to adiabatically deform one insulator into the other while maintaining the
energy gap. Let us consider a single-particle tight-binding Hamiltonian having transla-
tion invariance under a Bravais lattice. Translation symmetry enables the identification of
single-particle states through their crystal momentum, denoted as k. According to Bloch’s
theorem, they may be written |¢) = e?**|u(k)), where |u(k)) is a cell periodic eigenstate
of the Bloch Hamiltonian [21],

H(k) = e*THe i, (2.1)

where r is the position operator and k is a parameter with the dimension of a wave vector.
In the following, we will refer to it as the canonical Bloch Hamiltonian or simply the Bloch

Hamiltonian. Bloch’s theorem allows us to diagonalize the Hamiltonian as

Hltp ) = En (k)| ic)- (22)

Within an insulating band structure, there exists an energy gap that separates the highest
occupied band from the lowest empty band. The presence of lattice translation symmetry
imposes the condition H(k + G) = H(k) for reciprocal lattice vectors G. Consequently,



2.3. Bulk-boundary correspondence 7

the crystal momentum is defined within the periodic BZ, indicated as k = k + G, exhibit-

ing the topological structure of a torus T? in d dimensions.

2.3 Bulk-boundary correspondence

The intriguing physics emerges when the material boundaries are considered. Topologi-
cal materials exhibit distinct properties in both their bulk and boundary regions that are
specific to the system. Knowing the bulk properties, one can topologically classify the
Hamiltonian H (k) using band theory. This classification becomes evident when deter-
mining the value of a nontrivial topological invariant. When the symmetries that govern
the relevant topological invariant are maintained at the boundary of a system, it signi-
fies the existence of topologically protected states. This phenomenon arises when there
is a spatial interface between two phases that possess distinct topological properties. It
ensures that at some point along the pathway between the two systems, the energy gap
must reach zero. Otherwise, the two phases would be considered equivalent [22].

The topological band theory is intended to characterize these boundary modes, and
one concrete explanation for why the bulk-boundary correspondence relates the bound-
ary modes to the difference in bulk topological invariants is as follows. Let’s assume two
semi-infinite systems L and R illustrated in Fig. 2.2 are connected and construct an inter-
face. Each individual system has similar topological classification (both are characterized
by index 1) but the values of their invariants are different n; # ng. As a topological in-
variant can only change if the bulk gap closes and no relevant symmetries are broken, a
topological phase transition between two distinct gapped systems must be accompanied
by the local gap closing. As a consequence, gapless states localize at the interface of the
two materials and their number depends on the difference between indices |1y, — ng|.

The connection between topology and possible existence of gapless modes is an inter-
esting phenomenon in physics, and has appeared in many contexts [23-27] and rigorous
studies conducted on several symmetry classes [28-30]. In addition, most often, the bulk-
boundary correspondence refers to the relation between d-dimensional bulk and bound-
ary modes in (d — 1)-dimensions [31]. However, topological lines and point defects can
be also predicted from the periodic table obtained for classification of topological defects
in insulators and superconductors [32]. Furthermore, another extension of the correspon-
dence was established for the so-called higher-order topological insulators, in which the
boundary states are unveiled in codimensions (d — D), with D > 1 [33].
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EA

1po) 1

Figure 2.2: Schematic representation of the bulk-boundary correspondence. If two systems L and R,
characterized by the invariants n; and ng (n; # ng), are joined at interface, there have to be gapless
states localized at a domain wall associated with a band gap closing. The number of boundary states is
determined by the difference |1 — ng|.

2.4 Basic concepts of the Berry phase

M. V. Berry played a pivotal role in establishing the groundwork for comprehending
topological properties in solid-state physics. In his work [34] he introduced the geo-
metrical phase accompanying adiabatic changes. If a cyclic evolution is considered, an
accumulated phase can have a purely geometric character with potentially observable
consequences. This phase, now called Berry phase, and the connected quantities, Berry
connection and curvature, are used for calculating the so called topological invariants,

which themselves allow to distinguish between specific topology classes.

In this section we will provide a background to some of the physical concepts that
will be of importance in this thesis. We shall among other things refer and describe phe-

nomenon utilizing Berry’s quantities [35].

2.4.1 Cyclic adiabatic evolution

Consider a physical system described by a Hamiltonian that depends on time through a
set of parameters, denoted by R = (Ry,Ro,...), i.e,

H=H(R) R=R(). (2.3)

We are interested in studying the adiabatic evolution of the system as R(t) slowly moves
along a path C in the parameter space. To facilitate this analysis, it is beneficial to intro-

duce an instantaneous orthonormal basis composed of the eigenstates of H(R) at each
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value of the parameter R, i.e.,
H(R)[n(R)) = &(R)|n(R)). (2.4)

However, Eq. (2.4) alone does not fully specify the basis function |#(R)) as it allows for an
arbitrary R-dependent phase factor of [n(R)). To resolve this ambiguity, a phase choice,
also known as a gauge, can be made. In this case, we require that the phase of the basis

function remains smooth and single-valued along the path C in the parameter space. !

en(R

A

0 R(t)

Figure 2.3: If a Hamiltonian varies slowly with time, then an electron at state |(R)) would stay at the
same energy level.

Suppose the energy level ¢,,(R) remains separated by a energy gap A from other lev-
els during the evolution 2, According to the adiabatic theorem [36, 37], a system initially
in one of its eigenstates |1(R(0))) will remain in the same energy level n of the Hamilto-
nian H(R) throughout the process as depicted in Fig. 2.3. Therefore, the only degree of
freedom that changes is the phase of the quantum state. We can express the state at time

t as

[Pu(t)) = e exp {—% /0 t dt’sn(R(t’))} n(R(t))), (2.5)

where the second exponential term is referred to as the dynamical phase factor. By sub-

stituting Eq. (2.5) into the time-dependent Schrodinger equation, we obtain
& tq p gereq

i ln(6)) = HR(E) [ga(1) 26)

1t is important to note that such a phase choice is guaranteed only in finite neighborhoods of the
parameter space. In the general case, the path can be divided into several overlapping neighborhoods,
and the wave functions in the overlapping region are related by a gauge transformation of the form
n(R)) — e“®|n(R)).

21t is important to note that the Berry phase descriptions in this section rely on non-degenerate energy
levels (Abelian case).
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and multiplying it on the left by (n(R(t))|, one can express 7y, as a path integral in the

parameter space [35]

Yy = /C dR - A,(R), 2.7)

where A, (R) is a vector-valued function

Au(R) = i(n(R)| % n(R)) 2.8)

The quantity A, (R) is known as the Berry connection or the Berry vector potential. Equa-
tion (2.7) demonstrates that, apart from the dynamical phase, the quantum state will ac-

quire an additional phase 7, during the adiabatic evolution.

Obviously, A, (R) is gauge dependent. When we perform a gauge transformation
n(R)) — ¢“®|u(R)) (29)

with (R) being an arbitrary smooth function and A, (R) transforming according to

An(R) = An(R) — a% (R). (2.10)

Consequently, the phase 7, given by Eq.(2.7) will be altered by {(R(0)) — (R(T)) after
the transformation, where {(R(0)) and {(R(T)) represent the initial and final points of
the path C. This observation has led to the conclusion that one can always choose a suit-
able {(R) such that the accumulated phase 7, along the path C is canceled out, thereby
leaving Eq.(2.5) with only the dynamical phase. As a result, the phase 7, has long been
considered unimportant and has typically been neglected in the theoretical treatment of
time-dependent problems.

This conclusion remained unchallenged until the reconsideration of the cyclic evolu-
tion of the system along a closed path C with R(T) = R(0) [34]. The previous phase choice

made on the basis function |n(R)) required i¢(R)

in the gauge transformation [Eq. (2.9)]
to be single-valued. Therefore, for a closed path, v, is well-defined and becomes a gauge-

invariant physical quantity, now known as the Berry phase, given by

Yn = deR-An(R). (2.11)

Therefore, it is impossible to eliminate .4, (R) through any gauge transformation, anal-
ogous to the situation in quantum electrodynamics where an electron moving in a mag-

netic field acquires a phase in the well-known Aharonov-Bohm experiment [38].
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2.4.2 Berry curvature

It is useful to define a gauge-field tensor from the Berry vector potential for a given non-
degenrate band # as:

QﬁV(R) = Jore Ay (R) — aRV-A;Z(R)

2.12)
= i[(Oren(R)|drvn(R)) — (v <> p)] .

This field is called the Berry curvature. According to Stokes’s theorem, after performing

a gauge transformation, the Berry phase can be expressed as a surface integral

1
- /S ARY A dRVZOL, (2.13)

where S represents an arbitrary surface that is enclosed by the path C. If the parameter

space is three dimensional, Egs. (2.12) and (2.13) can be recast into a vector form
Q4(R) = Vi x Ay (R), (2.14)

Tn :/SdS'Qn(R)- (2.15)

The Berry curvature tensor (), and vector Qp are related by (), = €,,z(Q)z with
Levi-Civita antisymmetry tensor. The vector provides an intuitive insight of the Berry

curvature, as it can be regarded as the magnetic field in the parameter space.

Besides the differential formula given in Eq. (2.12), the Berry curvature can also be

expressed as a summation over the eigenstates

R)|8RP’H(R)|7”(R)><m(R)|aRVH(§)|n(R)> —(veu)

QI (R) =i} {n( (2.16)

m#n (En(R) — Em(R))

The summation formula has the advantage that it does not involve differentiation of the
wave function, making it applicable under any gauge choice. Unlike the Berry vector
potential, the Berry curvature is gauge invariant and therefore observable. This equation
can be directly used for numerical evaluation of the Berry curvature, as it only requires

input such as eigenstates, eigenvalues, and the gradient of the Hamiltonian.

The dependence of the Berry curvature on the energy spectrum can be seen in Eq. (2.16).
The presence of ¢,,(R) — €,,(R) in the denominator implies that the Berry curvature be-
comes large value when the energy levels are close to each other. The divergence of (),
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occurs when there are degenerate states. This degeneracy at a specific value of R corre-
sponds to a monopole in the parameter space. It is important to note that the discussion
thus far has focused on scenarios where a single energy level can be distinguished during
adiabatic evolution. However, the analysis can be extended to include degenerate en-
ergy levels, where the wave function consists of multiple components for a given energy
level [39].

2.5 Berry phase in Bloch bands

In previous section, the Berry phase and related quantities were discussed for a generic
system described by a parameter-dependent Hamiltonian. When considering its mani-
festation in crystalline solids, the band structure of crystals provides a natural platform
to investigate the occurrence of the Berry phase effect. It will be demonstrated that in

lattice-periodic crystals, the wave vector k plays the role of the parameter R [40].

We will start by invoking the Bloch theorem [41] within the framework of the in-
dependent electron approximation under the influence of a periodic potential V(r) =
V(r + t), where t is Bravais lattice vector. Bloch’s theorem allows us to label each eigen-
state of the Hamiltonian H by a pair of quantum numbers (7, k), belonging to the first
BZ. The one-electron wave function then satisfies

P i(r) = e*uy i (r) . (2.17)

In Eq. (2.17), each eigenstate ¢, (r) corresponds to a Bloch wave, where u,, x(r) rep-
resents the lattice-periodic part of the wave function with the same periodicity as the
Bravais lattice of the crystal, i.e., u, () = u, x(r 4 t). By substituting the Bloch wave
function given in Eq. (2.17) into the time-independent Schrodinger equation Hy,, (1) =
E, ki k(r) and multiplying it by e~ from the left, we obtain the Schrodinger equation
for the periodic functions:

e*ik'rHeik’: Uy k(1) = Ep gty 1 (1) . (2.18)
H(k)
Therefore, we can thus identify the BZ as the parameter space of the transformed Hamil-
tonian H(k) and |u,, 1 (r)) as the basis functions, sharing the same Hilbert space >.

3Most often, it is convenient to work with the matrix elements of the Bloch Hamiltonian projected into
some fixed basis of tight-binding orbitals. Hence, |u,, x(r)) denotes the column vector obtained by project-
ing u,, x(r) into a fixed tight-binding basis.
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Having a Hamiltonian with a parameter k, the quantities from section 2.4.1 and 2.4.2

can be defined in the same way for the energy bands by

Yn = édk'-An(k); (2.19)

Ap(k) = i{un (k)| Viu(k)), (2.20)

Qury(k) =i ¥ (tt (F) [0ge, H (R ) |14 () ) (ot (Re) 0, H (K ) |14 (K)) — (m > m)

m#£n (Sn(k) — Sm(k))z ' (2.21)

where the last expression (Berry curvature) is presented in two dimensions. This expres-
sion (2.21) has the flavor of second-order perturbation theory and clearly shows that the
Berry curvature in the n'" band is the result of virtual transitions to other bands and that

the inter-band coupling is related to the velocity operator o, H (k), j=x,y.

Remarkably, the Berry curvature indicates a key role in understanding solids, since it
follows directly from the intrinsic property of the electronic band structure, without need
for additional quantities. In the case of 2D BZ, the integral of the Berry curvature over the

BZ is quantized:
1

Cn = 27 o dk O xy (k) . (2.22)
The integer mentioned in the previous statement is known as the (first) Chern number,
which is a characteristic of the non-trivial structure of the Berry curvature in a band. In a
system that exhibits TRS, the Chern number is always zero due to the odd symmetry of
the Berry curvature in momentum space. Therefore, breaking TRS is a necessary condi-
tion to have a band with a non-zero Chern number. One way to break TRS is by introduc-
ing an external magnetic field to the system. Additionally, it can also be accomplished by

dividing the Hamiltonian into the eigenspace of the subsystem.

The Chern number can also be understood as an obstruction to having a well-defined
Berry connection across the BZ. Indeed, if a well-defined Berry connection exists, then
Cy = 0, while C;; # 0 means that there is no well-defined connection with one gauge. The
total Chern number of a multiband system is a sum over all occupied states 1, defined as

C= ) Cu. (2.23)

neocc
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As we will see in Section 2.6.1, the Chern number is directly connected to the experi-

mentally observed quantization of the Hall conductivity.

2.6 Topical examples

2.6.1 Integer quantum Hall effect

The first experiments exploring the quantum regime of the Hall effect were performed in
1980. K. von Klitzing measured the Hall resistivity p,, on 2D electron gas (2DEG) [1]. He
discovered that Hall resistivity o,y sits on a plateau for a range of magnetic field, before

jumping suddenly to the next plateau. The resistivity value on the plateau gives rise to

Pxy = _%eﬁz (quantum Hall formula), (2.24)

where v is an integer. Today, measurements have confirmed that the value of v is mea-
sured to be an integer to the high accuracy. This exact quantization in various materials
points out that measuring p.,, in low temperature with strong magnetic field is a quantum
mechanic phenomenon and violates classical interpretation [42]. The robustness of quan-
tization, however, was not explained in the first experiment. Then, Laughlin figured out
the connection of the quantized Hall conductivity based on a gauge theory [43]. Subse-
quently, Thouless, Kohmoto, Nightingale, and den Nijs (TKNN) [2], in parallel to Avron,
Seiler, and Simon [44], linked the Hall conductivity to the total Chern number within oc-
cupied bands times the quantum of conductance ¢?/h. Hence, this relation obtained by
TKNN can be expressed by the following formula:

2
Tay = % Y. Cu, (2.25)
neocc

where C;; denotes Chern number of each band defined in Eq. (2.22). With this efforts the
Berry phase and Hall conductivity are well related and it confirms that this formulation
only depends on the Bloch wavefunctions of the system. Thereby, the nonzero TKNN
invariant would imply that the Berry connection is not well-defined (single-valued) and
it directly connects the nontriviality to the emergence of the dissipationless current at
the interface of a quantum Hall system. This edge modes appearing at the boundaries
are actually topologically protected and their existence can be calculated with a non-zero
Chern number in the bulk of 2D magnetic BZ.
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2.6.2 Chern insulators

In last section it was shown how the TKNN invariant (or Chern number) can relate edge-
state channels to quantized Hall conductance. Now, we shall see this connection in more
general 2D insulators (e.g., Chern insulators). This unique feature can be inferred by
bulk-boundary correspondence, guaranteeing the existence of zero-energy modes at their
boundaries.

Using quantum anomalous Hall (QAH) systems, as a representative system for Chern
insulators, the connection between Berry phase and quantized Hall conductivity will be
discussed. The QAH systems were realized in different semiconductors such as Mn-
doped HgTe quantum wells (QWs) [45], Mn-doped InAs/GaSb QWs [46] and chromium-
doped (Bi, Sb),Tes thin films [47].

To illustrate the concepts of Chern insulators, it is helpful to employ a toy model pro-
posed by Qi, Wu, and Zhang (QWZ) [48]. While the hexagonal lattice model introduced
by Haldane [3] was historically the first model of a Chern insulator. We opt to utilize the
QWZ model due to its simplicity. This model is sometimes called half BHZ 4103, 22, 49,
50].

QWZ Hamiltonian

The simple QWZ model Hamiltonian has only two bands in the bulk, providing a helpful
realization of the charge QHE without an external magnetic field. The Hamiltonian H is
defined in two dimension, constraining the fermions living on a 2D square lattice. The
unit cell has one site which has two degrees of freedom (pseudo-spin or quasi-spin). De-
pending on the context, the degrees of freedom may describe the components of spin-1/2
electron or the orbitals. The former leads to spin-orbit coupling and the latter has an effect
on hybridization of the bands. The QWZ Hamiltonian can be expressed as [22, 49, 50]

Nx*l Ny _O'Z_iO'x
H=) Y |mx+1,my)<mx,my|®T+h.c.

my=1my=1
+ Z Z |1y, my 4 1) (my, my| @ — + h.c. (2.26)

my=1my=1
Ny Ny
+(2 —u) Z Z |mxrmy><mx1my|®0'z

my=1m,=1

4Bernevig-Hughes-Zhang (BHZ) is time-reversal topological insulator model describing the quantum
spin Hall effect (QSHE) systems
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where o; (i = 1,2,3) are the three Pauli matrices and u defines onsite potential. The
nearest neighbour hoppings act on the internal degree of freedom, and it is different for x
and y directions see [Eq. (2.26)]. The bulk momentum-space Hamiltonian can be obtained

using Fourier transform as
H(k) = sinkyoy + sink,0y + (2 — u — cosky — cosky )0 . (2.27)

The Hamiltonian is translationally invariant because ky and k;, are good quantum num-

bers and can be expanded by the Pauli matrices

H(k) =dy(k)op+d(k) - o, (2.28)
N’
Eg
where dg(k) = 1« and d(k) is a function mapping a 2D vector from the BZ into a 3D
vector. Since the BZ is a torus, the endpoints of the vectors d(k) map out a deformed
torus in R3 [22]. Hence, the d(k) vector can be expressed as

sin ky
d(k) = sink, ) (2.29)
2 —u — cosky — cosk,

Thus, the 2D bulk QWZ model has two bands and the energies are given by E1 =
Ey &+ |d(k)| [22]. The closure of the energy gap can be readily observed when any of
the following conditions is met:

ou:O—}kZ(O,O),’
o y—=2 s k= (0,:|:7T), (:i:nlo)l.
e u=4— k= (xm +m);

The energy dispersion near each point within above conditions has the shape of Dirac
cone (linear dispersion). For example the Dirac point appears at I' point as is shown in
Fig. (2.4) (b), for the value of u = 0. Since the gap is zero for u = 0 (also in case of u = 2
and u = 4), we cannot investigate the topological properties for such systems. It is worth
to recall that for calculating Chern number particularly for Hall conductivity discussed
in previous section it is crucial to have a gap between valence and conduction bands.
Therefore, for the values of u # 0,2,4 we can look for the topology of the Bloch states
since the spectra are gapped.
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Figure 2.4: Energy spectra and the unit vector n as a function of k. (a) and (d) correspond to the value

u = —0.5 (trivial insulator: C=0). (c) and (e) are calculated for the value u = 0.5, corresponding to the Chern

number C = 1 (topological). Panel (b) shows the spectrum for the phase transition point at u = 0. The flip

of the arrows n (pseudo spin) at k = 0 is consistent with the color exchange of valence and conduction
bands.

The Hamiltonian described in Eq. (2.29) is reminiscent to the spin-1/2 in magnetic
field where the vector d(k) acts as a magnetic field on the quasi-spin. We can define a

unit vector

d(k)
|d (k)|

which maps a point on a torus T? to a two-dimensional sphere S?> known as the Bloch

n(k) = (2.30)

sphere. Figure 2.4 represents how the unit vector n(k) behaves in comparison with their
energy dispersions as k span over the BZ. The blue and yellow colors in Fig. 2.4 (a)-(c)
denote the weight of pseudo-spin defined by valence and conduction band components,
respectively. It can be seen that in Figs. 2.4 (c),(e) the composition of wave functions are
exchanged near I' point for the valence and conduction bands consistent with the unit

vector n(k) behavior.

To illustrate the corresponding topological invariant for this two-level system, the

resulting Berry curvature after Jacobian transformation in k-space reads

od od 1 on on

+ _ (—— x —
Oy = Fo 0 ak,) = Fam (G, % o,

2d3 (8k (2.31)
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in which the Chern number for the occupied band (using Eq. (2.22)) can be written as:

1 on  on, ,
S N L aNLAY S 32
C 4n/an Gk % o) (2:32)

From such analysis, it can be seen that d plays the role of magnetization which is depen-
dent on the magnitude of u parameter. The Hall conductivity oy for the lower band can
be then calculated as

S| on _ on

_ e (== x —\d?k 2.33
=3¢ h47‘c/an (3, * 3K, (2.33)
where C is the number of times the n-surface wraps over a unit sphere S? °. The integral
in Eq. (2.32) gives the total solid angle subtended by d-surface.

In particular, Figs. 2.5 and 2.6 are the examples of QWZ model corresponding to
different topological phases. d vector as a function of k is visualized in the 3D d space.
Each point of the unit vector n(k) on the closed torus T? is projected onto the Bloch
sphere S? with a spinor parameterized by angles 6 and ¢. ¢ In this regards, we simply
count how many times the torus in the space of d captures the origin (topological charge
as magnetic monopole). It is instructive to follow the gradual change of the surface of d
with respect to the k point in the BZ. If the origin locates inside of the torus, the Chern
number |[C| = 1. Depending on which side of the torus surface (red or blue) contains
the origin, the sign of the Chern number will change’. For the range of 0 < u < 2 and
2 < u < 4, we cannot define a single gauge A [Fig. 2.5 (f)]. Because of changing the sign of
d, due to sweeping d vector through the whole sphere, there must exist two gauges, AN
and A° to avoid the singularity [50] (N and S denote “north” and “south” hemispheres,
respectively). Therefore the topology is non-trivial and C # 0. In range of u < 0 the
3D vector d(k) only sweeps over the northern hemisphere when k scans over the BZ. We

5Chern number is sometimes called as wraping number
®The Chern number of Bloch band to expression for Chern number in the two-level system case can be

related as [21]
_ 1 sinfgsingy,  singysinf, 1 / sinf
"2 ./BZ( ok, ok, ok, ok, Jak =7~ | d6dp= (2.34)

where BZ’ is the image of the BZ on the Bloch sphere, or equivalently the central projection of the closed be-
tween manifold M onto the unit sphere. The k-dependent quantities 6y and ¢ are the spherical coordinate

angles of the unit vector:
COS ¢y sin B
n= & = (sin ¢ sin 9k> (2.35)

cos 0,

7If the red (blue) color surface of torus captures the origin, the corresponding Chern number would be
+1(-1).
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Figure 2.5: The gradual evolution of the vector d(k) for the QWZ model with the parameter value u = 0.5
(C = 1) as vector k span the BZ. The d snapshots are displayed in (a) k, = —7;in (b) ky = —7,...,—7/2;
in(c)ky =—m,...,0;in(d) ky = —7m,...,m/2and in (e) k, = —71,..., 7 (closed surface). In panel (f), each
point of the unit vector n(k) on the closed torus T? is projected onto the sphere S. [The figures in panels
(a)-(e) show the results of calculations effectively similar to the model used in Ref. [22]].
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Figure 2.6: The torus d(k) images corresponding to the values u = —0.5 [panels (a),(b)] and u = 0 [panels
(d),(e)]. The half torus surfaces are depicted on (a) and (d) whereas (b) and (c) represent the full images of
the torus. The corresponding projection unit vector # on the sphere is shown in (c) and (f). If the origin
resides on the outside (inside) of the torus the Chern number C = 0 (C = 1). If the surface touches the
origin the corresponding Chern number is not well-defined. [The figures in panels (a)-(e) show the results
of calculations effectively similar to the model used in Ref. [22]].
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need only one gauge AN (k) for the whole BZ. Therefore, the topology is expected to be
trivial and the the Chern number C = 0. In the range of u > 4 the situation is very similar
to u < 0, but d sweeps over the southern hemisphere only. The topology is again trivial
and C = 0 [50].

Edge state in QWZ model

TIs exhibit an intriguing property in the form of zero-energy modes localized at their
boundaries. In 1D systems, these bound states are confined to the ends of the system,
while in 2D topological materials, the edge states manifest as one-dimensional propagat-
ing modes along the edges. Remarkably, these edge states are robust against perturba-
tions and can only be eliminated if the energy gap of the bulk bands closes. The underly-
ing reason for this behavior lies in the concept of bulk-boundary correspondence, where
the existence of boundary states is a consequence of the non-trivial topology of electronic
states in the bulk [22]. A heuristic explanation for this phenomenon is that when transi-
tioning between two materials, the spatially-dependent energy gap must close near the
interface for the topology to change. Without this gap closure, the topology remains un-
changed [50].

Let us consider a strip of a clean 2D insulator defined in QWZ model with a Chern
number C. The strip extends infinitely along the x direction, while along the y direction it
consists of Ny, sites and is terminated by open boundary condition. Translation invariance
is preserved along the x direction, allowing us to perform a partial Fourier transform
solely along that direction. After the Fourier transformation, the original Hamiltonian
has the form of a 1D lattice Hamiltonians with a continuous parameter k,, which is the

wavenumber along x. For a concrete example, the k,-dependent Hamiltonian reads

Ny—1

—0; — i0,
H(kx) =) (|my +1)(my| ® % +h.c.)
=1
m;]y (2.36)
+ Y my)(my| ® (sinkxax + (2 —u)oy — cos kxaz)
my=1
The semi-infinite energy spectra for two different values of u = —0.5 and u = 0.5 are cal-

culated along y direction and shown in Fig. 2.7 (a),(b). All states along x are delocalized
because of periodic boundary conditions. However, along y direction, states are expo-
nentially confined to the edge termination. The energy eigenstates within the bulk gap
must be edge modes and can be assigned to edge boundary. The edge mode, however, is
one-way propagating (i.e., chiral) and its slope can be indicated by the group velocity gTb;.
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(a) trivial insulator (b) CI/QAHE
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Figure 2.7: The calculated spectral functions for a semi-infinite 2D sample in QWZ model for values (a)
u = —0.5 (trivial) and (b) u = 0.5 (topological). (c) and (d) a schematic figures with their corresponding
Chern number and chiral edge mode.
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2.6.3 2D time-reversal invariant topological insulators
2.6.3.1 Quantum spin Hall effect

As discussed in the preceding section, in QWZ model (QAH system), there exist robust
dissipationless edge state propagating unidirectionally (i.e., chiral) along the boundary
without applying magnetic field. The quantized Hall conductance ¢y, and nonzero Chern
number C arises due to the Berry flux present in each plaquette within the square lat-
tice. As suggested by Haldane [3] in the absence of the external magnetic field the time-
reversal symmetry (TRS) can also be broken in QAH system. It is worth noting that the
TRS breaking is an essential ingredient for realizing a topological phase and subsequently
nonzero Hall conductance. This behavior can be stem by calculating the Berry curvature
in the 2D BZ and simply understood by following condition:

00 (k)O~ ! = —Q(—k) (2.37)

which shows the Berry curvature is an odd function with respect to the TRS operator ©.
This anti-unitary operator ® can be defined generally as ® = 7K where T represents the
unitary part and K denotes complex conjugation. Since the () is an odd function, the
system can reveal non-trivial topology only if the TRS is broken. However, the family
of quantum Hall systems can be expanded to include a new class of phases in which the
low-energy modes are protected by TRS. These systems, referred to as quantum spin Hall
(QSH) system:s.

The quantum spin Hall effect (QSHE) is a fascinating phenomenon in condensed
matter physics, exhibits spin-polarized counter-propagating (helical) edge states that are
topologically protected against backscattering. The QSHE, also known as the 2D TI, was
initially proposed to exist in graphene in the presence of spin-orbit coupling (SOC) [51,
52]. Shortly after, the study of 2D semiconductor systems with uniform strain further
advanced the understanding of this effect [53]. It was subsequently predicted to ex-
ist [54] and observed in mercury telluride (HgTe/CdTe) quantum wells [55, 56] which
has stronger SOC. The discovery of the QSHE has stimulated extensive research on TIs,
leading to the identification of many new materials and the exploration of their unique
electronic and optical properties. The robustness of QSH systems is attributed to the TRS
of type ®> = —1, which prohibits backscattering between states in Kramers pairs. This is
due to the fact that two states within a helical pair are time-reversal conjugates of one an-
other. TRS maps one spin momentum locked edge state |(k), 1) to its Kramers’ partner
|¢(—k),|), and they are robust to any TRS preserving perturbation [57].
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2.6.3.2 Time-reversal symmetry

There are two types of time-reversal symmetry, and only one type can exist within a sys-
tem. It can either be characterized by ® = +1 (symmetric) or @ = —1 (anti-symmetric),
but not both simultaneously. The former ® can be defined just by complex conjugation
KC whereas the latter for half-spin particle. The generic example of TRS operation under
condition of @ = —1 would be defined by ® = —ioy K on the basis of the eigenstates
of 0;. 8 Using Bloch bulk Hamiltonian in k-space and the operation of ©, the requisite

condition for time-reversal symmetric system can be given as
TH(—k)*tt = H(k). (2.38)
At the time-reversal invariant momenta (TRIM), this condition becomes
TH (ktriv)*T" = H(kTrim) , (2.39)

where it results in Kramers degeneracy, which satisfies ©®2 = —1[22]. A notable out-
come is that for every eigenstate |u(k)) of Hamiltonian H(k), there exists a time-reversed
partner eigenstate T1 |u(k))* of the Hamiltonian H(—k) with the same energy.

The aforementioned properties are particularly crucial for our study presented in
Chapter 5, where we investigate a spin—% system in the presence of TRS. Therefore, it is
informative to begin by examining the simple four-band Bernevig-Hughes-Zhang (BHZ)

model as a representative example of time-reversal-invariant insulators.

2.6.3.3 Bernevig-Hughes-Zhang model

BHZ model, is a simple model which advances our understanding to the electronic prop-
erties of 2D TIs [54]. This model was proposed originally for investigating of the QSHE
in HgTe quantum wells [55]. The BHZ model is based on a simple lattice model of a 2D
semiconductor, where the electrons are confined to move in a plane. BHZ considered four
band model with the following basis in each atom

s 1), s L), [px +ipy 1), Ipx —ipy 1), (2.40)

where s, p are atomic orbitals. The model takes into account the effects of SOC and band
inversion, which are two key features that characterize the topological properties of the

8This can be checked by ©@c;© ! = —j for j = x,y, 2.
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system. The resulting band structure of the BHZ model exhibits a band gap with non-
trivial topological properties, which gives rise to the presence of robust edge states in the
system which will be discussed later.

However, in this section we start with more generic four band toy model with inclu-
sion of SOC, preserving all the properties in the original paper. Our starting point is to
extend two copies of Chern insulator model see [Eq. (2.27)] with opposite chiralities to the
new 2D TI model with four states per unit cell. These states are a combination of two or-
bital states and two spin states. With this more general basis, the Bloch bulk Hamiltonian

in the momentum space is given by [22] ?
Hpnz(k) =50 ® |(2 —u — cosky — cosky)o, +sink,oy, | +5; @ sinkyox +5, ®C (2.41)

where s;, (i = 1,2,3) and aj, (j = x,y,z) are Pauli matrices acting on external (orbital)
and internal (spin) degrees of freedom. The operator C is a Hermitian coupling matrix
acting on the internal degree of freedom. Here u as in the previous QWZ model has the
interpretation of an on-site potential. In case of C = 0, the Hamiltonian Hpgpz reduces to
the 4-band toy model for HgTe, introduced by BHZ [54]. Two different systems can be
described by the model proposed in Eq. (2.41). However, from now on, we will focus on
the system that satisfies @* = —1 for spin—% systems.

In particular, the Fig. 2.8 exhibits the band structure of the BHZ model for the anti-
symmetric TR operator @ = —1. The selected coupling operator is C = 0.30y, while
the on-site potentials have been assigned values of u = —0.8 [Fig. 2.8(a)] and u = 0.8
[Fig. 2.8(b)] for the trivial gap and inverted gap, respectively. The blue-to-yellow color

coding in the figure indicates the contributions of each orbital to the wave functions.

To distinguish two phases shown in Fig. 2.8, in the following section, the correspond-
ing topological classification for 2D TR-invariant insulators will be demonstrated. Fur-
thermore, the extension of these concepts to 3D TIs will also be discussed.

2.6.3.4 Z; invariant

During the past few years, a multitude of mathematical expressions of the Z, topolog-
ical invariant v have been devised [52, 58-63]. The invariant v is assigned to be either
Oor 1. If v = 0, it means the system is topologically trivial and it is non-trivial when

v = 1. Originally, the first formulation was given by Kane and Mele for the 2D TIs of

9The model presented in Eq. (2.41) is slightly different to the one addressed in Ref. [22], however, it
captures the same features.
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Figure 2.8: Bulk electronic band structures of BHZ model, with (a) u = —0.8 (trivial gap) and (b) u = 0.8
(inverted gap). The valence and conduction components to the wavefunctions are indicated with blue and
yellow, respectively.

the QSHE type [52]. Next, Fu and Kane developed it in reference to the occupied Bloch
states [58]. They introduced the concept of time-reversal polarization, which is connected
to the Berry phase of every occupied state. This technique is relevant to any Bloch insu-

lator that preserves time-reversal symmetry.

In this section, to understand how one can define such Z, invariant we will briefly
review the concept of time-reversal polarization established by Fu, Kane [58, 59] for both
2D and 3D cases.

Fu-Kane method:

Kramers’ theorem, which applies to spinful fermions in the presence of TRS, guarantees
an even number (2N) of bands, where N is the number of non-Kramers pair eigenstates.
Time reversal transforms eigenstates at k of bands “I” into eigenstates at —k of bands “I1”,

and vice versa, but only up to a phase factor [49, 58]

ul ) = —explixea)Olug,), (2.42)
) = exp(ix_iu)Oluf,) . (2.43)

where « runs from 1 to N, ) is a smooth function and I, I denote the two sets of eigenstate
connected by Kramers’ theorem. With this, the partial polarization corresponding to one
of the sets s = I or II can be written as

s_ L [7
P = /_ Ak A(R), (2.44)
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where the quantity
A (k) = i) (U al Vil o) (2.45)
o

is Berry connection. The partial polarization given by Eq. (2.44) for each set s is not gauge
invariant and varies by an integer multiple of lattice constants under a general U(2N)
gauge transformation. Nonetheless, the difference in partial polarization between two
sets defines a physical quantity, known as time-reversal polarization, only relevant in the
presence of TRS

py =P —pl. (2.46)

The above quantity Py is defined modulo an integer. If we skip some of the algebraic steps
mentioned in [58], Fu-Kane obtained the following relation

. /det[w(0)] /det[w(m)]
(-1% = Pf[w(0)]  Pfw(r)] (2:47)

where Pf[w] is called Pfaffian. Pfaffian of an anti-symmetric matrix w has the property
det[w] = Pf[w]?. w is a U(2N) matrix and is called sewing matrix, which in presence of
TRS reads

W, p(k) = (U _ka|Olugp) . (2.48)

Proceeding further, Fu-Kane defined the Z; invariant v as

(_1)1/ _ ﬁ V det[w(ri)] (2.49)
=1

Pf[w(T;)]

1

I'; denotes TRIM in the 2D BZ sketched in Fig. 2.9. In particular, the value v = 1 describe
a system with QSHI phase.

In addition, Fu and Kane demonstrated that the computation of Z, invariants is sim-
plified when the system features inversion symmetry [59]. They showed that the parity of
occupied Bloch wave functions at TRIMs in the BZ can be used to determine the invari-
ants. The correponding index in 2D reads

4 N
(_1)1/ = Héi/ 0 = H CZm(rl) ’ (250)
m=1

i=1

where &, (T;) = &1 s the parity eigenvalue of the 2m'" occupied energy band at T'; which
exhibits the same eigenvalue §»,, = G2,—1 as its Kramers-degenerate counterpart.
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Figure 2.9: Time-reversal invariant momenta in two-dimensional BZ for a square lattice.

Z, invariant as an obstruction

As it was mentioned earlier, a nonzero value of the Chern number is an obstruction to
tinding a smooth gauge for the Bloch wavefunctions to the whole BZ. Hence, a nonzero
Chern number signifies an obstruction to the application of Stokes theorem over the
whole BZ. If a smooth gauge could be defined, then Stokes” theorem would be valid and
one can calculate the Chern number with the integral of the Berry potential over the full
BZ boundary. However, this integral would evaluate to zero because the BZ has torus
shape and does not have a boundary. Thus, the nonzero Chern number can be expressed
as an obstruction to Stokes’ theorem [49, 58].

As it was explained in details by Fu and Kane in Ref. [58], just as the Chern number
in a Chern insulator can also be defined as an obstruction to Stokes’ theorem over the

whole BZ, the Z, invariant in a TI is defined as an obstruction to Stokes’ theorem over
half of the BZ

- L AR - )
2 {jéhalfBZ k- Alk) /halfBZd kQ(k)} (mod2). (2.51)

The two integrals in the equation above are equal to each other only when it is possible to

14

tind a smooth gauge in half of the BZ. Therefore, the nontrivial insulator Z, index (v = 1)
must be an obstruction to this possibility. If v = 0, it is obvious that there is really no

obstruction to Stokes’ theorem and the insulator is thus trivial.

Following Fu-Kane approach [58], based on lattice gauge theories, Fukui and Hat-
sugai implemented the Z, invariant formula for the purpose of discretized BZ in nu-

merical calculations [60]. In practical numerical calculations, diagonalizing Hamiltonians
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is typically done at a discrete set of points selected appropriately in the BZ. We have
restricted data on the wave functions, provided only at such discrete points. A phase
ambiguity in the wave function results in a gauge ambiguity for the Berry connection.
However, from above definition, Z; invariant can be computed using wave functions in
any gauge. Within each patch in the lattice BZ, one can define a gauge such that the gauge
potential is a smooth and well defined function. The local field or curvature in the unit
patch leads to a zero value. The nonzero integer values are only allowed in the boundary
between two patches. The sum of these integer values contributes to the determination
of the Z, invariant. This procedure is particularly useful and has been employed in our
study, as outlined in Chapter 5. When the system exhibits inversion symmetry (parity),
we rely on the Fu-Kane formula to determine the parity of the occupied bands. How-
ever, in the absence of inversion symmetry, we resort to using the Fukui and Hatsugai
formula. It should be noted that this approach was also utilized in the calculation of the
Chern number, as proposed by Fukui [64].

2.6.3.5 Edge states in BHZ model

In Section 2.6.3.4, we discussed practical methods for calculating topological invariants
in 2D time-reversal symmetric systems. In this section, the semi-infinite edge spectra will

be presented for various cases using iterative Green’s function scheme [65].

We consider a semi-infinite square lattice with edge parallel to x-axis. Unlike ky, ky

is translationally invariant, thus, the Bloch Hamiltonian for k, can be written as

—0y — 10,
Hppz(kx) = ) <!my + 1) (my| ® 5o ® [%} + h.c.)
my:
N, (2.52)
+ Y my)(my| @ (sz ® sinkyox + 59 ® (2 — 1 — cosky)oz + 55 ® C) :
my=1

The edge spectral functions are computed for a fixed coupling C and two types of param-
eters u. The coupling is set to C = 0.30,, for the parameters u = —0.8 and u = 0.8, both of
which satisfy the condition ®* = —1. Both cases break inversion symmetry, rendering the
parity method for calculating the Z; invariant invalid. Therefore, we employ the Fukui
method to obtain the Z; invariant. The calculated index yields v = 0 for u = —0.8, indi-
cating the absence of gapless edge states at the boundary, as depicted by the edge density
of states calculations along ky [see Fig.2.10(a)]. In the case of u = 0.8, the calculated Z,
invariant evaluates to v = 1. The edge spectral function along k is also computed and
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shown in Fig.2.10(b). The crossings at ky = 0 are protected by TRS as long as the cou-
pling is not strong enough to close the bulk gap. The spin-up and spin-down densities
presented in Fig.2.10(a) correspond to the counter-propagating edge modes, showing the
emergence of QSH phase. The schematic view of spin-polarized edge modes is illustrated
in Fig.2.10(d).
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Figure 2.10: The edge spectral function in the BHZ model is shown for two different parameters: (a)
u = —0.8 corresponding to v = 0, and (b) u = 0.8 corresponding to v = 1. The coupling is fixed at
C = 0.30y for both cases. The spin-resolved edge modes along x are indicated by blue (up) and red (down).

2.6.4 3D time-reversal invariant topological insulators

Advancing in the discovery of 2D TI materials, the pioneering theoretical topological
characterization soon extended to the three dimensional systems [66—68]. Since than, a
series of materials have been discovered to be TIs. In 3D, similar to 2D-QSHIs, the exis-
tence of the TRS is essential. In 2007, the first proposed 3D TI material, e.g., Bi;_,Sbyx was
predicted [59] and soon after it was experimentally observed by angle-resolved photoe-
mission spectroscopy (ARPES) in 2008 [4]. Later, a new family of stoichiometric crystals,
BisSes, BipTes, and SboTes, was identified as three-dimensional topological insulators [5,
6].
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The generalization of QSHI to three dimensions results in the emergence of strong
and weak topological phases. In 3D, a total of four Z; indices (vy; v1,v2,V3) are used to
categorize the topological phases [66]. Nonzero values of vy indicate a strong topological
insulator (STI), while nonzero values of v1, 12, V3 represent a weak topological insulator
(WTI).

In 3D we have eight TRIM points which can be denoted by the reciprocal lattice

vectors b;,

1
Liz(nmans) = 5 (mbi + n2bz +n3bs) (2.53)
with Tl]' = 0, 1.

Here Z; index is defined separately for each of the 2D surfaces of the 3D BZ. Thus,
we require four TRIM points to write down the Z, index v as

4 e .
(—1)V = H‘Si' 5 = %. (2.54)

Now, with this Fu-Kane-Mele [66] strong and weak topological invariants read

(_1)V0 = H 51’11,7[2,7[3 (255)
l’l]'ZO,].

(_1)Vi:1’2’3 — H 5;11/”2/7/13 (2.56)
1’11‘21,11]'#1':0,1

where there could only be four independent Z, invariants. Note that, 6, 1,4, is a topo-

logical number quantized to —1 or 1.

In the case of strong Z, index being nontrivial (1p = 1), one expects to see odd
number of gapless counterpropagating surface states which connect the valence and con-
duction bands. They are topologically protected against impurities and defects and oc-
currence of these states is independent of the choice of the surface termination. On the
other hand, if the strong invariant equals to 19 = 0, but the weak indices are nonzero
(v; # 0), one can expect to see odd pairs of gapless states in the bulk gap. These WTI
states have protected states only on specific surfaces and not robust against perturbation.

In addition, in the presence of inversion symmetry in 3D systems, the Fu and Kane for-

mula [59] for the computation of Z; invariants leads to the four independent Z, indices,
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which are read as: (see Fig. 2.11)

8 N
(-1 =]T]éi, 6 =[] Com(Ti), (2.57)
i=1 m=1
N
(—1)Vk — 11—[ . 51':(711112?13) , 51' = 1_[1 gzm(rl) . (258)
ne= ,'71]‘7ék= , m=

where &,,(T;) = +1 is the parity eigenvalue of the 2m™ occupied energy band at T;.

The topological classification is generically defined by the above four Z; indices
(vo;v1,12,v3). They can be most easily understood by appealing to the bulk boundary
correspondence. Moreover, it is generally not possible to decompose the Hamiltonian
into eigenstates of the TR operator in TRS systems. However, in the specific scenario
of well-defined spin subspaces (SOC=0), such decomposition becomes possible. Hence,
in each subspace, the Chern number can be calculated. It is worth noting that the to-
tal Chern number is always zero in TRS system, while the difference of two subspaces,
(C; — Cy1)/2, can be nonzero and leads to Z; invariant. This quantity is called spin Chern
number [69].

In the 2D BZ of the surface of 3D TIs, there are four TR invariant points where gap-
less surface states, if present, must be Kramers degenerate and form Dirac point at the
Kramers points (see Fig. 2.11). The spin-orbit interaction breaks the degeneracy outside
of these points. At low energy, the expectation values of the in-plane spin components
exhibit a chiral spin texture. This means that at each k point on the constant energy cut
of the cone, the spin has direction determined by k, resulting in a phenomenon known
as spin-momentum locking [70]. TR-invariant-single-particle perturbations cannot intro-
duce a gap for the surface states. The gap can be open when a TR breaking perturbation
is introduced on the surface. The system becomes fully insulating, both in the bulk and
on the surface.

In a STI, on each surface of crystal, there exist robust conducting surface states pro-
tected by nontrivial bulk topological invariant. They are robust against disorder and im-
purities as long as TRS is preserved. However, WTI exhibits protected conducting states
on specific surfaces characterized by weak Z; indices. These states are robust against dis-
order and local perturbations, as long as the protecting symmetries remain intact. How-

ever, they can be sensitive to strong interactions even without breaking symmetry.
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Figure 2.11: Time-reversal invariant momenta in three-dimensional BZ for a cubic lattice.
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Chapter 3
Topological crystalline insulators

After the discovery of topological insulators and subsequent advancements in both the-
oretical and experimental research on real materials, the importance of crystal symmetry
became evident and played a key role in realizing topological phases. As a result, space
group symmetries became relevant to this field and simplified the calculation of topo-
logical invariants. For example, Fu and Kane introduced a formula for calculating Z,
invariants in the presence of inversion symmetry for class All topological insulators [59].
Notably, this approach does not require a continuous global gauge for Bloch wave func-

tions; it solely concerns to the parity of filled bands at TRIM points in the Brillouin zone.

In 2011, Liang Fu introduced another phase of topological material known as topo-
logical crystalline insulators (TCls). In this class, the topological classification of the band
structure is crucially dependent on a certain crystal point group symmetry [71]. Initially,
this extension was proposed for a simple tight-binding model in a tetragonal crystal with
C4 symmetry. Later on, the TCI phase was generalized into mirror symmetry or a com-
bination of mirror and rotation symmetries. Typically, The TCIs are usually identified
with two notions: i) their bulk ground state is not adiabatically transformed to an atomic
limit without breaking the protecting symmetry. ii) they have gapless boundary modes
which can only be gapped out by breaking the respective symmetry [72]. In other words,
the gapless symmetry-protected boundary modes also necessitate the boundary on which
they are localized to maintain the corresponding symmetry. To conduct a thorough ex-
ploration for TClIs, it is necessary to categorize the different band structures that exist
within each crystal class. Due to the intricate and multifaceted nature of crystallography,
a comprehensive classification of TCIs has yet to be achieved and remains an active area

of current research [18].

In this Chapter, we present various pedagogical examples based on SnTe class of

topological crystalline phases, which has been experimentally and theoretically realized [7,
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9,10, 73]. This class of phases primarily comprises materials constructed from IV-VI semi-

conductors, wherein the topological character is protected by mirror symmetry.

3.1 TClIs protected by mirror symmetry

The mirror reflection operator M is the combination of inversion symmetry (parity) P and
rotation symmetry C, around the axis that is perpendicular to the mirror plane, M = PC,.
For a spinful system, M? = —1, and the eigenvalues of the operator M are +i or —i.
Suppose there is a system that has reflection symmetry perpendicular to the z axis. In
this case, we can break down all the Bloch states |¢(k)) of the Hamiltonian H into an
eigenbasis of mirror eigenvalues 7 = i at each k point lying on the 2D mirror plane
in the BZ. The Chern number can be calculated in each subsystem as C;, and the total
Chern number can be given by C = C,; + C_;, which determines the quantized Hall
conductance. In the case of a system with TRS where C; = —C_;, a new invariant can be
derived known as the mirror Chern number denoted by C,, = (C; — C_;)/2 [18, 71, 74,
75].

3.2 TClIs in I'V-VI semiconductor

IV-VI compounds are classified as a narrow bandgap semiconductors. They have been
long attracted attention due to its unique properties in optoelectronic applications such
as infrared detectors [76], solar cells [77, 78] and thermoelectric devices.

The topological properties of IV-VI binary compound Pb;_,Sn,Te make it a promis-
ing candidate for a wide range of applications, including spintronics, and quantum com-
puting devices. In 2012, the first realization of TCIs was predicted in SnTe material class
by Timothy H. Hsieh et al. [7]. These materials have a rock-salt structure and the band gap
is located at four non-equivalent L point in the face-centered cubic (fcc) BZ. The theoreti-
cal analysis has shown that the Z, invariant in this class is zero, indicating the irrelevance
of TCI phase to TRS. The nontrivial topology is defined on the {110} momentum mirror
plane with mirror Chern number equal |C,,| = 2. This integer number determines the
number of surface states that disperse along each momentum mirror plane edge. The

sign of mirror Chern number shows the chirality of spin texture [7, 74, 79].
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3.2.1 Four band k.p model

In low energy limit near the given L point, the electronic band structure is doubly de-
generate. The low energy k.p model that describes this system can be obtained purely
from the symmetry properties of the energy bands. The little group that keeps each L
point invariant is D34, a subgroup of the Oy, point group of the rock-salt structure [18].
The group D3, possesses three independent symmetry operations, including inversion
(P), three mirror reflections M with respect to the {110} plane, and rotation symmetry
C3 around the (111) axis. The conduction and valence bands at a given L point form two
sets of Kramers douplets with opposite parity eigenvalues, denoted by |¢;,) and |} ,),
respectively. The Kramers douplets, denoted by &« = 1,2, possess opposite angular mo-
menta, |, = £h/2 about (111) axis, respectively. Since the axis of rotation is parallel to
the planes of reflection, ], changes sign under reflection. Thus, M |tpi1> = i|l[]it’2> and
M ’l/)lji2> =1 ]wf’l). Therefore, the effective k.p Hamiltonian can be expressed in the basis

of {|¥11), 197 2), 1¥r1), [$,) } and is given by [18]

m 0 —iv'k,  —v(ike +ky)
H(k) = 0 m v(iky —ky) —iv'k, . G.1)
'k, —v(ikyx + ky) —1m 0
v(iky —ky) iv'k, 0 —m

The Hamiltonian H(k) has terms up to first order in k obeying D3; symmetry and remi-
niscent to the Dirac Hamiltonian in quantum electrodynamics. Thus, the low-energy elec-
tronic properties of SnTe and PbTe are governed by massive Dirac fermions with a gap
E; = |2m| separating the conduction and valence bands. Their dispersions are particle-
hole symmetric and equal to E., (k) = ++v/m2 + v2k2 [18].

The conduction and valence bands of SnTe and PbTe exhibit inverted band ordering,
and the band gap of Pb;_,Sn,Te closes and reopens at a critical Sn composition of x =
0.35 [80], showing a topological phase transition. This is due to a sign change in the Dirac
mass described in Eq. (3.1), suggesting that either SnTe or PbTe is topologically nontrivial.
The mirror Chern number C,, associated with the ky = 0 plane passing through I and two
L points is affected by this sign change, and the simultaneous band inversions at the two L
points on the k, = 0 plane add up to an integer value of the mirror Chern number equals
2. Accordingly, one of the two materials must have a nonzero mirror Chern number

Cm = 2 and feature a TCI phase protected by mirror symmetry.

To determine if SnTe or PbTe is topologically nontrivial, realistic band structure cal-

culations are necessary. First principle calculations (see Fig. 3.1) shows that PbTe has a



38 Chapter 3. Topological crystalline insulators

(b)

~
job)
p—

0.5
SnTe \\7 PbTe \ /
E
0 F
> 05 1t :
>
S
2 1t b
w
—15} / 4} 4
)
K L r K L r

Momentum

Figure 3.1: The electronic band structures of SnTe and PbTe are displayed in (a) and (b), respectively. The
band inversion, highlighted in grey color, takes place at the gap edge near the L point for SnTe. The figure
is taken from Ref. [7].

normal band ordering and SnTe has inverted band gap. This can be understood by in-
specting wavefunctions near the band gap area. It was shown that the valence bands in
PbTe are originated from the p orbitals of Te atoms (red dots) and conduction bands are
originated from Pb p orbitals (black dots), which can be smoothly connected to the atomic
limit. In contrast, SnTe exhibits a reversal of orbital contributions around the L points, in-
dicating that the top valence bands are contributed by p orbitals of Sn atoms (black),
whereas the bottom of the conduction bands originates from p orbitals of Te atoms (red)
(the region highlighted in gray). The other states deep within the valence or conduction
bands, however, have similar orbital contributions to PbTe. Therefore, the adiabatic de-
formation of SnTe band structures to the atomic limit is not a continuous process and
leads to a band inversion. Based on low-energy theory, topological band theory, and ab
initio calculations, Hsieh et al. [7] predicted that SnTe is a TCI while PbTe is not.

3.2.2 TCI surface states

Three-dimensional TCIs with non-zero mirror Chern number lead to gapless surface
states. Depending on the surface orientations, the four L point in the bulk BZ can give rise
to two qualitatively different types of topological surface states as illustrated in Fig. 3.2 [8,
81, 82]. In this section we will provide a brief discussion on two commonly studied sur-
faces of SnTe-type TCls, namely the (001) and (111) surfaces.
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Figure 3.2: (a) IV-VI rocksalt crystal structure and fcc BZ (b) with its projection along [001] and [111]
directions [8]. The Dirac cones come in pairs in (001) surface while they are separated in (111) surface.
Copyright (2013) by the American Physical Society.

(111) surface

In the fcc BZ of the 3D rocksalt bulk crystal, there are six {110} mirror planes. However,
when considering the surface of the crystal, some of these mirror symmetries are broken.
For example, in the (111) surface, three {110} mirror symmetries are preserved, while
the remaining mirror symmetries are broken by the surface. The projection of four L
points in the fcc BZ disperses into four distinct points within a 2D hexagonal BZ, with
one located at I and the remaining three at M points [Fig. 3.2(b)]. The {110} mirror
symmetries are linked by Cj rotation symmetry along [111] axis. However, in Fig. 3.2(b)
only one of three {110} mirror planes is shown. The surface termination of the crystal can
be exclusively composed of either cations or anions. Figure 3.3(a) displays the electronic
band structure for Pbg 4SngeTe on this surface, with a 451 atomic layer thickness along
K —T — M — K. The calculated band structure is cation-terminated and exhibits massless
Dirac fermions clearly at I' and M points [83]. The line color changes from yellow to
blue depending on whether the cation (yellow) or anion (blue) p-type orbitals give the
dominant contribution to the wave function. These theoretical predictions have been
confirmed in various ARPES experiments [8, 84, 85].
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Figure 3.3: The calculated band structures of (a) the (111) surface with a 451-monolayer-thick cationic
termination slab and (b) the (001) surface with a 280-atomic-layer slab for Pbg 4Sng ¢Te are presented, with
each 2DBZ shown in the insets. The blue-to-yellow color coding indicates the contributions of the anion
(blue) and cation (yellow) p orbitals to the wave functions. The figure is taken from Ref. [83]. Copyright
(2013) by the American Physical Society.

In contrast to the previous case, the (001) surface states are more complex and fasci-
nating. Figure.3.2(b) demonstrates that two distinct L points are projected to the same sur-
face momenta for the (001) surface, resulting in four protected topological surface states
(TSSs) within one surface BZ, consistent with the number of band inversions in the bulk
BZ. In this surface, two {110} mirror planes are survived and the rests are broken [only
one of them is demonstrated in Fig. 3.2(b) in the fcc BZ]. In particular, Fig.3.3(b) shows
the calculated band structure for the (001) surface of Pbg¢Sng 4Te, with a thickness of 280
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atomic layers [83]. Each T — X — T mirror line contains two TSSs, consistent with the mit-
ror Chern number result of |C,| = 2. It is also noteworthy that due to the interaction
between the L valleys, the dispersion features two separated Dirac points at X and two
secondary Dirac points A in the middle of the gap, which are moved away from X along

mirror-symmetric T — X line [83].

In 2012, several ARPES experiments confirmed all the aforementioned features. Tanaka
etal. confirmed these features in SnTe [73], Xu et al. observed them in Pb-rich Pbg ¢Sng 4 Te[9],
and Dziawa et al. reported them in Pby77Sng23Se. Xu et al. performed spin-resolved
ARPES measurement to experimentally determine the topological mirror Chern number
of C;; = —2 in Pb;_«Sn,Te. This experimental result confirmed the topological mirror
nontriviality of the TCI phase in the Pb;_,Sn,Te(Se) system, as discussed in Ref. [9, 86].

The discovery of TCI phase in the Pb;_,Sn,Te(Se) semiconducting system has led to
numerous groundbreaking advancements and has attracted a significant amount of re-
search attention. Subsequent developments in this field have encouraged further explo-
ration and investigation of various aspects of the TCI phase [8, 81, 83, 84, 87-94]. These
studies have contributed significantly to our understanding of the TCI phase and its po-
tential applications.

3.2.3 Topological phase in SnTe TCI thin films

Large slabs or semi-infinite systems have similar band inversion to ordinary 3D bulk. But
reducing slab thickness strengthens confinement, potentially lifting or enhancing band
inversion and nontrivial topology. Surface states from top and bottom start hybridizing
significantly affecting thin film band structures and topological phases. Hybridization
also depends on intrinsic bulk gap, film growth direction and other details, varying for
different materials [75].

Here, we will consider SnTe as an example to demonstrate how topological phases
vary with film thickness, focusing on (001) and (111) oriented films and their symmetry
protections.

(001) TCI films

The (001) surface of SnTe exhibits Dirac cones at four X points within its 2D BZ. Interest-
ingly, these Dirac points occur at non-TRIM points, located away from the X point in the
2D BZ [refer to Fig.3.3(b)]. As the thickness of the (001) slab is reduced, approaching the
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penetration depth of surface Dirac cones, the Dirac fermions on the top and bottom sur-
taces will hybridize with each other and form additional band structures which are not
normally existed in the bulk gap. This results in gapping out the primarily protect cross-
ings (secondary Dirac points) at A, as depicted in the inset of Fig.3.4(a). For odd numbers
of atomic layers, the (001) thin films of SnTe have a mirror symmetry with respect to the
z = 0 plane. The Hamiltonian is invariant under mirror symmetry about the 2D plane
and commutes with it, i.e.,

MH (k)M = H(k). (3.2)

Hence, the mirror Chern number N,, can be defined for odd (001) film thicknesses. An
orbital analysis reveals that within a specific range of film thicknesses, the bands undergo
inversion, resulting in a two-dimensional TCI with a mirror Chern number of |N,,| = 2.
[Fig. 3.4(b)]. The even mirror Chern number implies that the band inversion occurs si-
multaneously at two X points, inevitably leading to 2D TCI phases protected by the (001)
mirror plane. The band gap at the X point exhibits oscillatory behavior as the thickness
of the (001) film increases. Using the recursive Green’s function method, it was shown
that for 11 atomic layers, there are two pairs of counter-propagating edge states in the
band gap that correspond to a mirror Chern number of N;,, = 2 [Fig. 3.4(c)]. It should
be mentioned that edge modes moving in the same (opposite) direction have identical
(opposite) mirror eigenvalues. The introduction of a small out-of-plane electric field dis-
rupts this mirror symmetry, causing the spin-filtered edge states to become gapped out,
as shown in Figure 3.4(d) [13]. This is because the low-energy states are not protected by
time-reversal symmetry and can be lifted even by non-magnetic perturbations. However,
in the case of an even number of layers, no such mirror plane exists, but gapless/gapful
mirror-helical edge states are present. The films consisting of an even number of layers
lack (001) reflection symmetry but possess glide symmetry instead. Nevertheless, it is
still feasible to decompose the Hamiltonian into mirror sectors. In the case of films with
an odd number of layers, TRS is broken within each mirror eigenspace. In contrast, for
even-layer films, TRS is preserved within each mirror eigenspace. As a result, the mir-
ror Chern number becomes zero, and the nontrivial topology for even-layer films can be

described by glide-winding number {j, as indicated in a study by Ozawa et al. [95].

Symmetry analysis can provide further validation of the aforementioned results. Liu
et al. [13] introduced an effective model that describes the band inversion and mirror
Chern number obtained. In addition, for different Sn contents in Pb;_,SnyTe, similar re-
search has been conducted, which reports energy gap damped oscillation over a broader
range of thicknesses [95]. The presence of an electrically tunable edge channel in (001)
tilms can be considered a significant finding in the field of TCIs. This edge channel can be
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thought of as a topological transistor which can be controlled by an electrically induced
gap in the topological edge channel. The results shed light on the electronic states and

transport properties of the film, may have immense potential for use in new TCI devices.

(a) 0.2- (C) 60

0.14

Eg (X)

0.0

10 15 20 25
number of layers

o
5 r

0.1F 3layers ¥ 5 layers
y .\ y \

%l i\.k
[— X = Ml — X — M

-0.2

Figure 3.4: 2D TCIs in (001) thin films of SnTe. (a) Dependence of gap at X point E¢(X) on SnTe thin film
thickness, with schematic band structure insets for very thin and thick films; (b) Band structures of 3- and
5-layer SnTe thin films, highlighting Te atom contributions in red; (c) Topological edge states of 11-layer
SnTe thin films. The figure adapted from Ref. [75], however, original data reported on Ref. [13].

Evidence of QSH phase in (111) TCI films

Moving forward to SnTe-type films, theoretical research has demonstrated that (111)-
oriented films can experience a topological phase transition when their thickness is var-
ied. Pioneering studies by Liu et al. [12] and Safaei et al. [11] have predicted the existence
of a quantum spin Hall phase across a wide range of film thicknesses. This is due to the
non-equivalence of the projections of the four L points onto the 2D BZ of a (111)-oriented
thin film. The energy band structures at the I' and M points are different whereas the

three M projections are the same by symmetry [11].
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Figure 3.5: Energy gaps in (111) films with odd atomic layer numbers and their Z, invariant dependence
on thickness for SnTe. (b) and (c) display the [110] edge spectral functions at I point in cation-terminated
(111)-SnTe film for 13 and 19 atomic layers, respectively. The black dotted lines indicate the local extrema
of the 2D bands projected onto the edge. The figure is taken from [11].
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Within these 2D systems, two structures with slightly differing symmetries exist. As
the (111) plane is polar, the film termination can either be made up of cation or anion
atoms. When there are an even number of monolayers in (111)-oriented slabs, one surface
is cation-terminated while the other is anion-terminated. However, in slabs with an odd
number of layers, both surfaces are identical, which preserves inversion symmetry. Liu
et al. [12] suggested that the effective k.p Hamiltonian can be defined at the I point, as
follows:

H(k) = v(kxsy — kysx) Tz + 0T, + mTy, (3.3)

where v represents velocity and J is the energy difference of the Dirac points of the top and
bottom surfaces, denoted by Pauli matrix 7,. The hybridization between the two surfaces
is given by mT, and s is the Pauli matrices act in the space of Kramers doublet. The 6 = 0
causes the two degenerate Dirac cones corresponding to an inversion-symmetric film, in

which both surfaces consist of the same type of atom.

More realistic tight-binding model was used for further calculations [11, 12]. Unlike
in (001) films, the mirror Chern number cannot be calculated in (111) films due to the
absence of (111) mirror symmetry. Using the methods described in Ref. [58, 59, 61], the
topological phases were defined by Z, invariant. The topological invariant exhibits os-
cillatory behavior as the number of layers increases. Oscillations were predicted for both
odd- and even-monolayer films [11, 12]. Specifically, Fig.3.5(a) illustrates the energy gap
oscillation, also represented by Z,, for odd (111) films. Figure 3.5(b) displays the trivial
edge spectral function for 13 atomic-layer thickness, which agrees with v = 0. However,
the calculated edge spectrum in Fig. 3.5(c) confirms the presence of a helical edge mode
at the I point, indicating the QSH phase.

3.3 Perturbations in TCls

Compared to TIs, TCI surface states possess a wider range of modifiable electronic prop-
erties due to their susceptibility to various perturbations. One such example is the nonzero
mass generation of massless Dirac fermions in the TCI (001) surface through ferroelectric
structural distortion, which breaks a specific mirror symmetry [87]. Additionally, mag-
netic doping can create Zeeman gaps, providing a promising pathway towards quantum
anomalous Hall states [96]. Furthermore, mechanical strain can cause a shift in the posi-

tions of Dirac points in k-space and produce a nonzero pseudomagnetic field [97, 98].

The presence of disorder inevitably breaks spatial symmetries [99], leading to con-
cerns about the stability of TCIs against disorder. However, it has been demonstrated
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that the topological surface states in the SnTe class of TCIs remain delocalized even under
strong disorder in ternary crystalline solid solutions as long as time-reversal symmetry
is present. This is because of the restored mirror symmetry (average mirror symmetry)
[7, 100], which ensures that the conducting domain wall permeates the entire surface,
thereby preventing localization. This phenomenon is not limited to TCIs but also occurs
in other topological phases, such as statistical topological insulators, which are protected
by different symmetries. The precise formulation of this delocalization due to topology
and average symmetry has been achieved through a field-theoretic approach to Anderson
localization [100].

The previous section demonstrated that the topological properties of (001) and (111)
films can be significantly altered by manipulating their thickness. This is due to the hy-
bridization of top and bottom surface states. In the case of (001) films in the intermediate
thickness range, a two-dimensional TCI phase is observed, while a QSH phase is pre-
dicted for (111) films. These phases can be electrically tuned, as reported in [12, 13].

3.4 Higher order topological insulators

Thus far, we have considered d-dimensional topological systems possessing (d — 1) di-
mensional boundaries that are capable of accommodating gapless states, commonly re-
ferred to as first-order topological insulators. In contrast, higher-order topological insu-
lators (HOTIs) constitute a recently identified category of topological phases of matter
characterized by lower-dimensional boundary states, such as zero-dimensional corner
states or one-dimensional hinge states. These intriguing materials may be synthesized
through the mechanism of symmetry breaking or higher-order polarizations, and have
emerged as a vibrant field of investigation since their inception in 2018 [33, 101].

Benalcazar et al. investigated topological corner excitations in 2D and 3D electric
multipole insulators [102, 103], while Schindler et al. proposed mirror symmetries in TCIs
and bismuth crystals with three-fold rotational symmetry and inversion symmetry as ad-
ditional categories of HOTIs [17, 104]. Tin telluride, an IV-VI semiconductor under strain,
was predicted to be a helical HOTI featuring one-dimensional conducting modes at the
intersection of two faces [17]. SnTe NWs with {001} facet provide an intriguing avenue
for exploring the interplay between topology and different types of symmetry breaking.
Recent work by Nguyen et al. [105] has revealed that this interplay can result in the emer-
gence of robust corner and hinge states, which may have significant implications for the

observation of Majorana bound states in the presence of superconductivity. Additionally,
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the varying confinement strengths of the Dirac states on different facets of the NWs result

in the presence or absence of novel Aharonov-Bohm oscillations, as reported in Ref. [106].

3.4.1 SnTe as a higher order topological insulators

As expounded upon in this chapter, the bulk topology of SnTe is characterized by the
{110} family of mirror symmetries, with a mirror Chern number of C,, = 2 [7]. Given
that the (110) surface features two Dirac cones on its surface BZ, one can manipulate
the surface by tilting it out in two opposite directions—one along (1 + «,1 — «,0) and
the other along (1 — &, 1+ «,0), as shown in Fig. 3.6. The gapless surface states on each
side will be gapped out, except for the intersection line of the two surface sides which is
protected by (110) mirror plane. The relationship between the bulk topological invariant
Cm and the presence of Kramers paired hinge modes, was further explained by Schindler
et al. in Ref. [33].

They designed a 3D structure with a square (or rhombic) cross-section that is periodic
along the z direction and has an open geometry along the x and y directions [see Fig. 3.6].
The square cross-section possesses C4 symmetry, which preserves the two mirror symme-
tries, My and Myy. To induce hinge modes, uniaxial strain was applied along the (110)
direction of SnTe, breaking the symmetries My,, Myz, My, and My, while keeping the
two mirror planes My, and M,; unchanged. As a result, the (100) and (010) surfaces
in the geometry depicted in Fig. 3.6(d) became completely gapped. Figure 3.7 illustrates
the electronic band structures obtained from a TB calculations (model from Ref. [7]) with
(110) strain. The results demonstrate the existence of one Kramers pair of gapless hinge
modes on all four hinges near k, = 7. It should be noted that, in order to minimize the
hybridization in both the x and y directions, 111 atomic layers were considered. Further-
more, hinge states were also observed in the undistorted case, where a flat band disperses

within the surface gap [33, 72].

3.5 Other TCI material candidates

Symmetry-based indicators provide direct information about the topological nature of
materials, including whether they are topological insulators, topological crystalline insu-
lators, or topological semimetals. These indicators also provide possible sets of topologi-
cal invariants [107-109].

Recent advancements in the field of TCIs have identified several material candidates
with unique topological properties. For example, zirconium titanium hydride (Zr(TiH;)7)
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Figure 3.6: Constructing a 3D second-order TI. Ordinary surface states on a (110) TCI surface (a) as
it is tilted out of the mirror plane leads to the formation of Kramers pairs of domain wall states (panel
(b)). The hinge modes’ mirror eigenvalues are linked to the mirror Chern number C;,, a bulk topological
invariant. Deformation to other orientations in a mirror symmetry-preserving manner does not change
this correspondence. (d) Time-reversal antipropagating Kramers pairs of hinge modes protected by mirror
symmetries (grey planes) . Reproduced from [33].
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Figure 3.7: Emergence of hinge state in 3D SnTe. In a finite-sized (111 x 111) SnTe sample with a square
cross-section periodic along the z axis, the second-order hinge states are accompanied by first-order surface
states. Uniaxial (110) strain is added to the system to break symmetries, while keeping My, and My
unchanged. Four Kramers pairs of hinge modes, localized on each hinge, are found near k, = 7r. The upper
left inset shows the close-up view of gapless modes, while the lower left inset displays the localization of
one such mode near a hinge. The right inset shows the electronic structure of undistorted SnTe in the same
geometry, revealing two flat band hinge modes in addition to the gapless surface Dirac cones. The figure is
taken from Ref. [33].
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has been realized as a potential material with a screw-axis Z, TCI with SOC. This material
exhibits one-dimensional helical edge states, without the presence of 2D surface states,
under specific sample configurations [110]. Theoretical calculations have also predicted
that ThTaN3, a rare cubic perovskite nitride semiconductor, can be realized as a TCI. In
the presence of SOC, ThTaN3 has a mirror Chern number of |C,,| = 2, protected by mir-
ror and C4 rotational symmetries [111]. Another class of TCIs has been discovered within
the antiperovskite material family, particularly in compounds with the chemical formula
A3BX, such as Sr3PbO and CazPbO. These inverted antiperovskites belong to the same
universality class as SnTe and are protected by mirror symmetry [112]. CajAs, a class
of intermetallic materials that crystallize in the body-centered-tetragonal lattice system
(with Dy, point group symmetry), emerges TCI phase which is protected independently
by rotational and mirror symmetries [113].

There are numerous unexplored proposals concerning TCI material candidates. A
comprehensive catalogue and tables of various topological classes, including TCIs based

on their point group symmetry, can be found in Refs. [107-110, 114].
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Chapter 4

Methodology

In condensed matter physics, the investigation of electronic properties in crystals is cru-
cial due to its significant impact on a wide range of technological applications, including
semiconductors and insulators. Several approaches are available for retrieving proper-
ties of solids with varying complexity, accuracy, and underlying physical approxima-
tions. Among these approaches, the tight-binding (TB) method, which utilizes Bloch’s
formalism and linear combination of atomic orbitals (LCAO), is widely used in solid-
state physics. The TB method is developed using atomic orbitals of isolated atoms and
was effectively implemented by Slater and Koster in two center approximation [115]. The
resulting wavefunction derived from the TB method can be used to determine electronic
properties of the crystal, such as its band structure, density of states, and transport prop-

erties.

The TB method is regarded as a valuable tool in various scenarios, particularly for
studying different crystal geometries and incorporating strain or disorder into the system
with relatively low computational effort. Moreover, the TB Hamiltonian can be readily
employed to calculate Green functions, particularly for semi-infinite systems. The present
study utilizes the TB method, employing the Slater-Koster (SK) approach to investigate
the topological properties of IV-VI semiconductor nanostructures in cubic crystals.

4.1 Tight-binding method

In solid-state physics, the Bloch theorem is a fundamental principle that explains the be-
havior of electrons in a crystal lattice subjected to a periodic potential. The theorem posits
that the single (also multiple) particle wavefunction of an electron moving in a spatially

periodic potential has the form

Pr(r) = eik'ruk(r) ) (4.1)
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Here, k denotes a crystal wave vector and uy(r) represents a periodic function with the
same periodicity as the crystal. One can see that this is essentially a periodic function
modulated by a plane wave described by a given wave vector. Furthermore, it is evident

that the wavefunction acquires a phase upon translation by any Bravais lattice vector

Pi(r+R) = e* Ry (r). (4.2)

As suggested by Bloch, electrons within crystals exhibit strong binding to their re-
spective atoms and experience minimal interaction with the states and potentials of neigh-
boring atoms in the solid. Consequently, the electron’s wave function closely resembles
its atomic orbital, allowing the total wave function to be effectively expressed using the
LCAO [116]. Therefore, if ¢, s(r — t; — R) indicates atomic orbital function, where s de-
notes the spin state of the uth orbital and ¢; is the position vector of the /th atom within
the primitive unit cell at R, the orbital and spin-resolved (Bloch) wave functions can be

written as

Picps (1) = % ;ei""‘%,s(r —t-R). (4.3)

The index j = lus simplifies the notation and the corresponding atomic orbitals ¢;(r) =
¢u,s(r — t;) can be further simplified,

P i(r) = % Yo Rgi(r —R). (4.4)

The Schrodinger equation governs the behavior of electrons in a crystal. Applying
the variational principle, the crystal wave function ¢ (r) can be expanded in the basis of
the on-site (Bloch) wave functions,

P) =Y i) (il i) (4.5)

j
= Z k) Cj(k) (4.6)
j

where C;(k) are yet to be determined coefficients. Eventually, the Schrodinger equation

for a solid leads to the secular equation, which can be expressed as follows:

Z H;j(k) — E(k)S;i(k) | Ci(k) = 0. 4.7)
]
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Casting this equation into matrix form, we arrive at a generalized eigenvalue equation.

Hence, a solution is formed by
det|H(k) — E(k)S(k)| =0, (4.8)

which gives us the energies for a given wave vector k.

There are various challenges involved in numerically solving equation (4.7). Primar-
ily, the computation of the Hamiltonian matrix and overlap matrix is essential. Addi-
tionally, the huge number of atoms in a given system poses a significant obstacle as it
is impractical to consider all possible interactions. To address this issue, we utilize the
methodology proposed by Léwdin to establish an orthogonal basis of atomic wave func-
tions that still retain the symmetry properties of the initial orbitals [117]. Consequently,
the overlap matrix S;;(k) in Eq.(4.7) is now a unitary matrix (¢;|¢;) = J;;, and H;j(k) can

be expressed as

ZR " (@i(r — Ru)|H|pj(r — Ry)), (4.9)

due to the translational invariance of H, the parameter R, in the aforementioned equa-
tion can be arbitrarily set to zero. Thus, by eliminating the summation over R, and the
scaling factor of 1/ N, the expression can be reconfigured as follows:

RZ‘*"R” ¢i(r)| H|p;(r — Ry)) . (4.10)

It is noteworthy that each term in this expression corresponds to a pair of orbitals located
on adjacent atoms, encompassing not only the nearest neighbor atoms but also those

beyond.

Equation (4.10) involves numerous integrals that must be computed, many of which
are equal due to symmetry. Restricting the number of neighboring atoms and orbitals at
a single atom simplifies the problem, although considering more neighbors and orbitals
leads to improved electronic property descriptions but higher computational complexity.
Additionally, the integrals in Eq. (4.10) diminish with increasing interatomic distance, al-
beit not as quickly as the original atomic orbitals. Hence, it is common to include only
nearest and next-nearest neighbor interactions and neglect those beyond a certain thresh-
old. For the systems considered in this work, nearest and next-nearest neighbours includ-
ing s, p, and d atomic orbitals in the energy range of interest are considered.
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4.1.1 Slater-Koster formalism

The integrals in the Hamiltonian can be categorized into three types based on the posi-
tions of atomic orbitals and potential. On-site integrals correspond to when both atomic
orbitals and the potential are located at the same atom. Two-center integrals occur when
the orbitals are localized at different atoms but the potential is localized at the same atom
as one of the orbitals. Three-center integrals, where both orbitals and the potential are
localized at different atoms, are neglected in this method. Additionally, two-center inte-
grals where the orbitals are localized at the same atom but the potential is at a different
one are also neglected. These simplifications are based on the relative magnitudes of the
integrals and the desired accuracy of the calculations [118].

SK approximation can significantly reduce the number of two-center parameters
needed to calculate the integrals [115]. The approach involves expressing the orbital basis
functions in terms of cubic harmonics oriented along Cartesian axes, and using direction
cosines, [, m,n of the vector connecting the orbital centers to calculate the integrals. The
resulting parameters are written as (ija), where i, j denote the orbital angular momenta
and « the bond type. In this work, three-center integrals are neglected and the basis
function ordering in the matrix Hamiltonian is: s, px, py, pz, dxy, dyz, dzx, d Yy ds2_ 2. By
using this approach, the number of two-center integrals can be significantly reduced,
making calculations more computationally efficient [119].

The SK reference bonds for systems involving s, p and d orbitals are shown in Fig. 4.1.
Here, two examples of integrals between two orbitals localized at different atoms (one at
position zero and the other at position R), using direction cosines (I,m,n), are shown
below:

(px(R)|H|[px(0)) = lz(vppa) +(1— lz)(me) . (4.11)
(px(R)[H|dxy(0)) = V3IPm(Vpae) +m(1 = 20%) (V) - (4.12)

and two on-site integrals which represent the energies of the orbitals:

(Px(0)[H[px(0)) = €p,  (duy(0)|H|dxy(0)) = €4 (4.13)

The SK paper [115] provides a complete table of two-center parameters for i = s, p,d or-
bitals. A noteworthy observation is that if the sum of the parities of the two orbitals in
an integral is odd, then interchanging the order of the orbitals changes the sign of the
integral. However, if the sum of the parities is even, the integral remains unchanged. Ad-
ditionally, cyclic permutation of the coordinates and direction cosines leaves the integral

value unchanged.
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Figure 4.1: Schematic of the SK reference bonds for s, p and d orbitals. The labels correspond to the classic
notation of Ref. [115].

4.1.2 Spin-orbit coupling

The Schrodinger equation must take into account the relativistic effect of spin-orbit cou-
pling (SOC) [120], which connects the spin degree of freedom S with the electron’s angu-
lar momentum L. To account for this, we have expanded the basis set to include the spin
degree of freedom (s =71]). This doubling of the basis set allows us to label spin-orbital
states as: |i,a,s) = |i,a) ® |s) where i indicates the atomic sites and « indicates the orbital.
The new basis of the Hamiltonian with respect to s, p, d atomic orbitals and spin is:

( Px/ py/ pZ/ d;[;yl d;Z/ dlxr dT 2/ de2 7.2/ 7 Pi; pﬁr Pzr diy/ dﬁZ/ dixz di 2/ dézz_rz)

where z-direction is chosen as a quantization axis. Thus, the Hamiltonian shall take the
subsequent shape [119]:
H = Htg+ Hso - (4.14)

The SOC part of the Hamiltonian can be written as
Hso =AL-S, (4.15)

using the total angular momentum J = L + §, it is evident from Eq. (4.15) that SOC for
s orbitals is zero. By expressing p orbitals as a linear combination of spherical harmonics
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and skipping some algebraic operations, the final non-zero elements of SOC part of H

matrix can be determined as

(pl|Hsolp}) = (pl|Hso|pt) = —(pt|Hso|p}) = —(pilHso|pl) = —ir/2

(4.16)
(ptHsolp?) = —(pt|Hsolpl) = A/2.

Reference [121] contains the components necessary for a TB model that incorporates d
and f orbitals. It is important to note that this approach solely includes on-site elements
of the SOC, and does not account for SOC between localized orbitals at different sites.

TB models of this study

The focus of this investigation is on the crystal structures of rock-salt containing IV-VI
semiconductors, such as PbTe, PbSe, and SnTe. In the subsequent chapter, two TB models
are utilized. One model is based on nearest-neighbor interactions, within a two-center
approximation introduced by Lent et al. [122]. This model considers s, p, and d orbitals,
and its corresponding TB parameters are presented in Table 4.1 [116]. It should be noted
that Vps, Vg and V), parameters given in C. Lent et al. paper [122] are defined with
signs opposite to the signs of these parameters in Slater and Koster notation. In our TB
code, we rather use original SK definitions. Similar model is presented in Table 4.2 for
SnSe rock-salt crystal structure (adapted from supplemental material of Ref. [11]). The TB
parameters of ternary alloys Pb;_,SnyTe and Pb;_,SnySe are chosen using virtual crystal
approximation (VCA). Moreover, similar calculations are performed for SnTe in which
only p orbitals with o bonds between nearest and next-nearest neighbors are considered.
The Hamiltonian for such a model is proposed by Hsieh et al. [7], and appropriate pa-
rameters are published in [123]. In our calculations we use spin-orbit parameter A = 0.3
instead of A = 0.7 in order to reduce band gap to 0.33 eV, which is close to SnTe gap in
the ambient conditions. Such model captures all essential qualitative aspects of the TCI
bulk spectrum while allowing efficient large-scale calculations. The corresponding SnTe
TB parameters are presented in Table 4.3.

4.2 Green’s function

The TB Hamiltonian is typically diagonalized to compute the energy of the periodic or
small finite system. However, for electronic structure of semi-infinite solids, Green’s func-
tion is a preferable method. Sancho et al. [65] introduced an iterative approach to solve

linear chains of equations for the matrix elements of the Green operator G(z) = (z — H) !
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TB parameters

SnTe PbTe PbSe SnTe PbTe PbSe
ES —6.578  —7.612 —7.010 | Vpsr | —0.198  0.633 0.159
E} —12.067 —11.002 —13.742 | Vppr | 2218 2.066 1.920
E, 1.659 3.195 4.201 Vppr | —0.446  —0.430 —0.356
Ej —0.167  —0237 1478 | Vy, | —1.11  —-129 —1.590
E§ 8.38 7.73 8.72 Vpar | 0.624 0.835 1.45
Ej 7.73 7.73 11.95 Vipe | —167  —-159  —1.09
A€ 0.592 1.50 1.693 Viprn | 0.766 0.531  0.0497
Af 0.564 0.428 0.121 Vagr | —1.72 =135 =190
Vese | —0510 —0.474  —0402 | Vg | 0.618 0.668 0.692
Vepe | 0.949 0.705 0.929

Table 4.1: The nearest neighbour tight binding parameters of SnTe,

Ref. [116].

PbTe, PbSe in [eV], taken from

TB parameters of SnSe

EC

S

Eﬂ

S

Ep

E;
g

g
A°/3
A /3
Visso
Vipo
Vsda

—0.655548
—12.851739
2.331741
0.019397
10.251989
9.512448
0.387556
0.103260
0.3821
0.9118
0.3351

Vpso
Vpd(f
Vope
Vpd T
VP pr
Vdsa
Vi po
Vi pr
Vido
Vidn
Vias

0.3205
—0.4400
2.3362
1.0980
—0.4157
—0.4124
—1.9083
0.5482
1.1437
0.6398
—0.3800

Table 4.2: The nearest neighbour tight binding parameters of SnSe in [eV], found using DFT-LDA
method, reported in supplemental material of Ref. [11]. A denotes the spin-orbit coupling parameter.

p-orbital TB parameters of SnTe

E; EZ AT AT VPPU VP;WT V;;po,cc V;;pn,cc V;/)pcr,aa V;;pn,au
165 —-165 03 03 09 0 0.5 0 -0.5 0

Table 4.3: The nearest- and next nearest-neighbour (denoted by prime) tight binding parameters of SnTe
[eV], based on the simplified model in Ref. [123]

in a basis of localized functions. The method replaces a chain with a new chain twice its

size, where each layer and its two closest neighbors are replaced with a new effective

layer. This process can be repeated until residual interactions between layers are suffi-

ciently small. With n iterations, the iterative procedure includes 2" layers, enabling the
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determination of relevant quantities such as surface or bulk density of states (DOS). This
technique can be readily incorporated into the TB model using SK formalism in both or-
thogonal and non-orthogonal bases.

A semi-infinite crystal is constructed from atomic layers arranged in parallel to the
surface. At each layer, Bloch states are characterized by a multi-index that encompasses
information about the layer, atom and orbitals. The atomic layers can be combined into
principal layers, with interactions limited to adjacent principal layers, as proposed by
Sancho et al. [65, 124].

The transfer matrix (integral) denoted as H;; in Eq. (4.10) only exists between adjacent
principle layers. The subscript i combines information about the layer, atom, and orbitals
into a single block matrix. Therefore, the Hamiltonian can be expressed as:

Hy, Hy O 0
Hio Hyy Hip O
H=| 0 Hy Hxp» Hy --- (4.17)
0 0 Hsx Hss

Here, layer “0” refers to either an edge or surface. It's important to recognize that the
atomic arrangement at the surface may differ from that of the bulk, which can result
in reconstruction and relaxation. To differentiate the surface matrices from their bulk

‘" 7
S

counterparts, we use the superscript “s”. The formula for the Green function, (z — H)G =

1, can be represented as a block-matrix

A* Hy; O 0 .- Goo Goi G2 Gos 1000
HTO A H12 0 s GlO G11 G12 G13 0100
H = 0 Hyy A Hy ---|. |Gy Gy Gyp Gy ---|=100120
0 0 Hxp A - G3o G31 Gz Gs3 0 001
(4.18)
where z = E + ir7 and the abbreviation introduced as
A® =z — Hy, (4.19)

A=z— H11 . (420)
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Due to the semi-infinite geometry, the matrices involved in Eq.(4.18) have an infinite di-
mension, making it impossible to solve by simple inversion. However, this equation can
be used to derive numerous other equations that combine block matrices. The complete
derivation of the highly convergent procedure can be found in Ref. [65], for both bulk and
clean surface cases with their corresponding bulk matrix elements. By employing itera-
tive instructions with sufficiently large number of steps, the block matrices of the Green’s
function can be determined in the limit of i — oo. In practice, achieving convergence
typically requires only a few steps, which depend on the desired parameter 7 (for smaller
values of 7, larger number of steps are needed to achieve convergence). Once the entire
Green’s function has been constructed, the layer-resolved DOS can be defined as [124]

Nu(E k) = —% WIE& STr G(E + iy, k) |m (surface) (4.21)

where the trace is restricted to the specified principal layer m.
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Chapter 5

Results

5.1 Twinning superlattices

In Chapter 3, some interesting new discoveries regarding IV-VI TCI materials over the
past decade were discussed. It was demonstrated that within this class, the nontrivial
topology of the electronic band structures in the bulk is protected by crystalline sym-
metry [18, 75]. Significant progress has been made in this field, with extensive research
conducted on this class of materials, including thin films [11-13, 95], heterostructures, and
quantum wells [125-129]. Apart from clean surfaces, the introduction of certain lattice de-
fects or disclinations in topologically nontrivial materials has led to the emergence of gap-
less topological states [130, 131]. Moreover, experimental and theoretical investigations
have revealed 1D gapless modes bound to atomic step edges on the (001) surface [14-16,
132].

In this study, we broaden the investigation of the impact of lattice defects on the elec-
tronic structure topology to twin planes (TPs). The TPs arise as planar defects during
crystal growth, along a specific crystallographic direction. In cubic crystals, these faults
tend to occur mainly along the [111] direction, without disrupting any bonds. Remark-
ably, they possess zero stress and exhibit very low formation energies [133]. These distinct
characteristics ensure a remarkable level of symmetry and coherence, compared to other
types of grain boundaries. They have been detected in IV-VI rocksalt crystal structures
such as galena, which is rocksalt-type PbS [134]. Moreover, the theoretical investigations
into the electronic properties of twin boundaries in some rocksalt crystals was reported
in Ref. [135, 136].

TPs have also been observed in Pb;_,SnyTe nanowires grown along the [011] direc-
tion. The wires possess a pentagonal cross-section with five {111} twins extending radi-
ally from the wire’s center [137]. Inspired by the observation of TPs in these nanowires,

we investigate the influence of [111] lattice twin boundaries on the electronic topology of



62 Chapter 5. Results

IV-VI semiconductors. For this purpose we first study TPs that made up in the twinning
superlattices (TSLs). Similar TSLs have been extensively studied as a novel crystal struc-
ture class in semiconductors and metals with cubic and zinc-blende binary compounds
[135, 138].

We study topological properties using a simplified p-orbital TB parametrization of
SnTe compound. It will be shown that the presence of a coherent TPs in the supercell can
induce a new topological phases in SnTe material class.

5.1.1 Structure

We consider hypothetical 3D twin superlattices (TSLs) with rocksalt structure grown
along [111] direction, containing TPs that break some crystal symmetry and create lo-
cal (111) reflection symmetry. The TSLs have two TPs in the supercell and exhibit three
different configurations depending on whether they are all cationic (cat-cat), all anionic
(an-an), or mixed (cat-an). The TSLs are built symmetrically with respect to each TP, and
the atomic height of the supercell along [111] can be adjusted by setting a given atomic
distance between the TPs. The space group of cat-cat and an-an TSLs is P63/mmc, while
cat-an TSLs have a different space group denoted as P6m2. These space groups belong
to the hexagonal lattice system, but we use Miller indices for a original bulk cubic lattice
to refer crystal planes and directions. The height of the supercell (d) along [111] can be
tuned by adjusting the atomic distance (I = d/2) between the twin boundaries, as shown
in Fig. 5.1.

Figure 5.1: (a) A [111] prim-
itive supercell with height con- , °o°°o°°o°°o°°o°°o°°o°°o°°o°°o°
sisting of d = 28 (I = 14) atomic | L e
layers. (b) A side view of a TSL 4-TPy - _

[110] [112]

3D bulk in the (110) direction. supercell

A
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Among many symmetries present in TSL systems, only a few of them are significant
in this study. These notable symmetries include (111) reflection symmetry, {110} mirror
symmetry, C3 rotation symmetry, and inversion symmetry. They are all present in the
TSLs with TPs of the same kind, whereas in the cat-an TSL the inversion symmetry is
absent. Inversion, together with time-reversal symmetry, leads to at least a twofold de-
generacy of the energy bands for cat-cat/an-an TSLs [133]. We note that {110} mirror

symmetry is crucial for topological protection in defect-free SnTe materials.

The TSL structure has a simple hexagonal BZ, as presented in Fig. 5.2. The height
of the TSL BZ along the [111] direction is inversely proportional to the height of the su-
percell. The yellow-shaded planes inside the BZ indicate {110} mirror planes where the
nontrivial topology of the defect-free bulk crystal occurs. In an ordinary SnTe bulk, there

are six such mirror planes, but due to the (111) TP, only three of them are left in the TSLs.

The cubic bulk crystal can be also represented by the hexagonal BZ instead of the
fcc ! BZ if the supercell along the [111] direction consists of a multiple of six layers. In this
arrangement, the cubic and hexagonal BZs will be compatible, and the L points will
fold at certain high symmetry points within the hexagonal BZ. However, if the number of
layers is not a multiple of six, there is no compatibility between the cubic and hexagonal
BZs. Consequently, finding the L points in the hexagonal BZ is not possible. Nonethe-
less, we expect that the bulk band gap region is situated for k vectors along the I'-A and
M-L lines.

Figure 5.2: Three dimensional sim-
ple hexagonal BZ of a [111]-oriented
TSLs. The yellow-shaded rectangles rep-
resenting {110} mirror symmetry planes
and light grey-shaded hexagons indicating
(111) mirror planes.

5.1.2 Bulk properties of the TSLs

In this section we investigate the electronic band structures of TSLs with various TP set-
tings in the supercell. Next, we will discuss the corresponding topological invariants and

Berry curvatures.

lthe superscript fcc is used to distinguish the point from the L points in the hexagonal BZ.



64 Chapter 5. Results

The electronic band structures are computed along high-symmetry lines indicated
in Fig.5.2. In particular, Fig.5.3 displays the results of band structure calculations for
a supercell with d = 200 atomic layers of cat-cat and an-an TSLs along the I'-M-K-T
path. The distance between twin planes is set to I = 100 monolayers in the supercell. To
investigate the effect of TPs, the spectral lines are colored, with red indicating proximity
to the TPs. The results show that states localized on the TPs are situated in the bulk
band gap region near the M points. The hybridization between localized states at two
TPs in the supercell is suppressed at a distance about d = 200, and increasing d further
has no effect on the localized states. Since both cat-cat and an-an TSLs preserve time-
reversal and inversion symmetries, all bands must have even degeneracy according to
the Kramers theorem. The band edges are represented by red lines in Fig. 5.3 and are
twofold degenerate in the I'-M-K plane. The electronic band structures along the high
symmetry lines in ALH plane can be found in Appendix A.1.

We use various methods to calculate the topological invariants depending on the
studied cases. For TSLs with inversion symmetry, such as those with the same atomic
type TP, the Z; indices can be calculated using Fu and Kane’s method [59, 66]. On the
other hand, for TSLs without inversion symmetry, the Fukui method must be used [60].

In the case of calculating mirror Chern number (C;,) for TSLs, the Fukui method is
used for all constructions [64]. This involves calculating C,;, with respect to two different
mirror planes, which are (111) and (110), with the former computed on two separate
planes, i.e,, TMK and ALH, and the latter on the plane ALI'M. It is important to note that
the result for (110) is the same as (011) and (101) due to the C3 symmetry.

The calculations were performed for supercell heights d > 8 for cat-cat/an-an TSLs
and d > 10 for cat-an TSLs. The resulting values of C;;, and weak and strong indices
v;,i =0,1,2,3 are shown in Table 5.1 for three different TSL configurations. The weak
indices v; characterize the topology of appropriate time-reversal invariant planes in the
BZ, with v3 in particular describing the ALH plane.

The topological indices remain the same and do not vary with the increase of width
d, except for the smallest possible width, which is four-layer height for cat-cat/an-an and
six-layer height for cat-an. It is worth noting that the invariants converge at d = 8 or
d = 10 in the specific simplified TB parametrization we use and this threshold value may
differ for other parametrizations. However, the convergence of invariants at some d is
expected to be universal. Consequently, the calculated mirror Chern number for cat-cat

TPs in the supercell is C,(ﬂrMK) = 4, while for an-an TSLs, it is C,(ﬂr MK) _ 2. In both cases,
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TSLs Z, C}S{MK) C}%ALH) C}%ALFM)
cat-cat (d > 8,1 € even) (0;0,0,0) 4 0 2
an-an (d > 8,1 € even) (0;0,0,0) 2 0 2
cat-an (d > 10,1 € odd) (0;0,0,1) 3 1 2

Table 5.1: The mirror Chern number C,, and Z, invariants calculated for 3D TSLs grown along [111]
crystallographic direction with various heights of supercells. The values of C;, are calculated at three high-
symmetry planes in the Brillouin zone, as denoted by the superscripts [133]. Copyright (2023) by the Amer-
ican Physical Society.

the mirror Chern number for the ALH reciprocal plane is zero. On the other hand, the cat-
an TSL exhibits an odd mirror Chern number on both planes: C,(ﬂFMK) =3and C,(ﬂALH) =1
Analyzing the 'MK plane, we conclude that the mirror Chern numbers of the three TSL
configurations differ, indicating that they belong to distinct topological classes.

Additionally, the C,%ALFM), corresponding to the (110) mirror plane is also nonzero.

Consistent with the defect-free bulk crystal [7], the mirror Chern number on this plane
is equal to C,SqALrM) = 2. The calculated band structures on the path along high sym-
metry lines at ALTM plane are provided in Figs 5.4 and 5.5 for both cat-cat and an-an,
receptively. The chosen height of the supercell is d = 200. Again, the red-to-blue color
coding indicate the localization of wavefunction near TPs. Close-up views of directions
I'-A and L-M, are presented in 5.4(b)-(c) and 5.5(b)-(c), respectively, for the case of a cat-
cat and an-an supercells. The length of the BZ in [111] direction is much smaller because
the corresponding reciprocal lattice vector is inversely proportional to the height of the

supercell.



66 Chapter 5. Results

cat-cat

Energy [eV]

(b)

Energy [eV]

Figure 5.3: The electronic structures of SnTe TSLs with 200 atomic layers for the k wave vectors along
I'-M-K-T high symmetry lines of the BZ. The TSLs contain two types of TPs: (a) all-cationic TPs and (b)
all-anionic TPs. The color scheme from red to blue highlights the positioning of the states at the TPs and
those away from the TPs [133]. Copyright (2023) by the American Physical Society.
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Figure 5.4: (Color online) The electronic structures of SnTe TSLs with 200 atomic layers for the k wave
vectors along I'-A-L-M-T" high symmetry lines of the BZ. The 200 monolayer-height TSL supercell has all-
cationic TPs. The red-to-blue color scheme emphasizes the localization of states in relation to the TP vicini-
ties [133]. Copyright (2023) by the American Physical Society.
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Figure 5.5: (Color online) The electronic structures of SnTe TSLs with 200 atomic layers for the k wave
vectors along I'-A-L-M-T" high symmetry lines of the BZ. The 200 monolayer-height TSL supercell has all-
anionic TPs. The red-to-blue color scheme emphasizes the localization of states in relation to the TP vicini-
ties [133]. Copyright (2023) by the American Physical Society.

5.1.3 Berry curvature

The mirror Chern numbers have been obtained by integrating the Berry curvature over
2D cross-sections of the BZ within +i mirror eigenstates. The analysis revealed that the
Berry curvature in the MK plane for various configurations differ from those obtained
in the ALH plane. It turn out that the high intensity of the Berry curvature occurs in the
vicinity of I', M, A, and L points in the BZ, where the band gap occurs. Consistent with
our expectation the bulk band gap region is situated for k vectors along I'-A and M-L
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lines. The Berry curvature for cat-cat/an-an and cat-an TSLs with d = 16 and d = 18

displayed distinct extrema near these points in the BZ.

In cat-cat TSLs, the curvature extrema were observed near both M and I points, as de-
picted in Fig.5.6(a). On the other hand, in an-an TSLs, the extrema of the Berry curvature
were also observed, but their sign turned out to be negative near the I point, as shown
in Fig.5.6(b). In the case of cat-an TSLs, the Berry curvature exhibited extrema of oppo-
site signs around the I" point. At the same time, uncompensated extrema were observed
around the M points, as illustrated in Fig.5.6(c). Additionally, in the ALH plane, positive
Berry curvature was primarily concentrated around A, while around each L point, two
extrema of opposite signs were present. Notably, the high intensities of Berry curvature
in Fig.5.6 were observed to be correlated with the band edges shown in Fig. 5.3 [133].
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Figure 5.6: The calculation of Berry curvatures related to the +i mirror subspace was performed in the
I'MK plane for two types of TSLs: (a) cat-cat and (b) an-an, both having a 16 monolayer-height supercell.
Additionally, for cat-an TSLs with 18 monolayer-height supercells, the calculations were carried out in both
(c) TMK and (d) ALH planes. The BZ boundaries are indicated by dashed lines [133]. Copyright (2023) by
the American Physical Society.

In order to better understand the previously discussed phenomena, we performed a
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local integration of the Berry curvature in the vicinity of high-symmetry points. Specifi-
cally, we examined the Berry flux around each of the three M points and the I' point for
the various configurations. The results indicate that the calculated Berry flux around each
of the three M points for all configurations is approximately 1. At the I' point, however,
the Berry flux varies depending on the TSL configuration. For cat-cat TSLs, the Berry flux
is equal to 1, while for an-an TSLs, it is equal to —1. In the case of cat-an TSLs, the Berry

flux at the I" point is equal to zero.

By summing the Berry fluxes near the three M points and the I' point, we obtain
the mirror Chern numbers presented in Table 5.1. These numbers provide a quantitative
measure of the topological properties of the TSLs. For example, they describe the amount

of mirror symmetry protected gapless surface states that exist at the edges of the TSLs.

Intriguingly, in the ALH plane of the cat-an TSL, the Berry flux near the L points is
compensated, while it amounts to 1 around the A point. To understand the difference in
results between the ALH plane and the MK plane, it is helpful to examine the mirror
plane symmetry properties of the states in both planes. We can define the Bloch functions
as Ypand ¥ on thek, = 0 ('MK plane) and k, = 77 (ALH plane), respectively. Addition-
ally, let |'¥y) and |¥) be the eigenstates of the (111) mirror plane operator. By checking

the properties of these states, one can easily check that
(Yol Mn[¥o) = (¥o|Ma[¥o) (5.1)

<‘I’n|]\711|‘1’77> = _<TH|M2|IY7I>/ (5.2)

where mirror plane operators M; and M, correspond to TP; and TP, respectively. By
assuming the topological properties of TSL depend mainly on individual TPs in the unit
cell, we can define independent mirror-resolved Berry curvatures FlTZP”’ii and Chern num-
bers Crp, 1; determined individually for each TP,,, where +i denotes the eigenspace of the
operator M,. The quantities defined in this way do not depend on the specific location
of TP, in the unit cell. The Chern numbers given in Table 5.1 and the curvatures shown
in Fig. 5.6 are calculated with respect to the M, operator. Thus, from equations (5.1) and
(5.2) it follows that on the MK plane the total Berry curvature is a sum of curvatures

FEZPZ’ii + Fg)l’ii determined by TP, and TP;. On the contrary, on the ALH plane, the

TP, +i TPy, +i
F, —F

total Berry curvature is given by a difference 1» . Consequently, the Chern

numbers would also be the sum and difference of individual invariants: [133]

TMK
Cii )= Crp,+i + Crpy,+i/ (5.3)
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CﬁLH) = Crpy+i — Crp, +i - (5.4)

The underlying assumptions made for each of individual TP invariant are in a good
agreement with the calculated mirror Chern numbers presented in Table 5.1. Hence, we
expect that a cationic TP has mirrir Chern number C.rp,, = 2 while an anionic TP has
Catpmn = 1. We will confirm this by calculating the topological properties of slabs, as
described in Section 5.2.
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Figure 5.7: Figures (a) and (b) depict the Berry curvatures linked to the +i mirror subspace in the ALH
plane of the 2D BZ for cat-cat and an-an TSLs with 16 monolayer-height supercells, respectively [133].
Copyright (2023) by the American Physical Society.

5.1.4 Surface states in twinning superlattices

In this section, we present the semi-infinite surface spectral Green function of TSLs along
(110) and (112) faces. The surface Brillouin zones (SBZ) corresponding to these orienta-
tions are depicted in light green in Fig. 5.8. In 3D BZ the L (M) points projected onto the
2D SBZ in pairs for both cases, e.g., L1, L, — L (M;,M,; — M). In addition, Lz (M3) is
projected together with A (T') onto A (T). It is worth mentioning that (112) surface main-
tains one of the {110} mirror planes, while the (110) surface breaks all of them. The (111)
mirror plane is conserved by both surface terminations.

The surface spectral functions are computed along (110) for various types of TPs
configurations in Fig. 5.9. For cat-cat and an-an TPs, the supercell height used is d =
16, while for TSLs with alternating TPs, it is d = 18. The number of surface states is
determined by the (111) mirror Chern number C,,, and the location of the Dirac cone can

be identified by examining the extrema in Berry curvature calculations. The results of the
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Figure 5.8: The Surface BZ of TSL along (112) and (110) directions. A one mirror symmetry belonging
to the {110} family is maintained within the (112) SBZ, while all corresponding planes are broken within
the (110) SBZ.

analysis indicate the presence of two double Dirac cones, separated in energy at M due
to valley mixing® within the band gap. The spectral function for cat-cat TSL [Fig.5.9(a)]
includes a similar structure near T', with secondary Dirac points shifted towards M. On
the other hand, the spectral function of an-an TSL [Fig.5.9(b)] shows a gap in the vicinity
of T. In the cat-an TSL [Fig. 5.9(c)], a single topologically protected Dirac point appears
exactly at T and at A.

In a similar fashion, the spectral function was computed for a (112) surface, as il-
lustrated in Fig. 5.10. The obtained results are qualitatively similar to those obtained for
the (110) surface, except for the T-A line. This difference arises because the (110) mirror
symmetry is not broken by the (112) surface termination. Consequently, a gapless surface
state is also observed along this direction.It is noteworthy mentioning that the emergence
of this surface state is protected by the TCI bulk and is not related to the presence of TP.

It is worth emphasizing that the occurrence or non-occurrence of Dirac crossings
along T-M for both surface orientations can be elucidated by analyzing the Berry curva-
tures displayed in Fig. 5.6. Specifically, in an-an TSLs, the local extrema of Berry curvature
at T and M points possess opposite signs, thereby precluding the formation of a Dirac
cone on the surface BZ. On the contrary, in cat-cat TSL, both the I' and M valleys exhibit
matching contributions (signs) with the appearance of two surface Dirac cones located at
T. Conversely, the vicinity of I in cat-an TSL is deemed topologically trivial, causing only

one surface Dirac cone to be generated exclusively by the M valley.

Zvalley mixing is an interference between states coming from the two valleys projecting onto the same
area in the surface BZ.



5.1. Twinning superlattices 73

S
=
w
<
Pl
>
]
=
<l

= 0.1 = 0.1
i‘ ' p— 3 .
cat-cat >
%3 0.0 %D 0.0
& —0.1 \ o~ Aoy
—
—0.2 -0.2
-0.3 — . —034 : .
~0.4 —0.2 0.0 0.2 0.4 ~04 —0.2 0.0 0.2 0.4
K] k)

Energy [eV]

Figure 5.9: The surface spectral functions of SnTe TSL calculated for the (110) surface orientation. The
spectra were obtained for both cationic TPs (a) and both anionic TPs (b) for a supercell height of d = 16.
Additionally, panel (c) shows the spectra for the supercell with a height of d = 18, which includes one
anionic and one cationic TP type [133]. Copyright (2023) by the American Physical Society.
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Analogous observations can also be extended to the spectra along A-L, where the
existence of a single Dirac point is only observed in the cat-an case. This Dirac point is
found to be located at the A point, which is consistent with nontrivial curvature around
A, and the weak Z; and mirror Chern numbers for the ALH plane.
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Figure 5.10: The surface spectral functions of SnTe TSL calculated for the (112) surface orientation. The
spectra were obtained for both cationic TPs (a) and both anionic TPs (b) for a supercell height of d = 16.
Additionally, panel (c) shows the spectra for the supercell with a height of d = 18, which includes one
anionic and one cationic TP type. The protected Dirac crossing is also visible along T-A direction for all
cases [133]. Copyright (2023) by the American Physical Society.

5.2 (111)-oriented slab with a single twin plane

In the preceding section, the assumption made for the topological properties of an in-
dividual TP has been validated by the calculated mirror Chern numbers displayed in
Table 5.1. However, in order to ascertain the specific role of each TP, we delve deeper
into the matter by investigating a real system that possesses a single TP. To this end, we
consider a twinned SnTe slab featuring a solitary (111) twin boundary in the middle of
the structure. Given that the lattice exhibits local mirror symmetry with respect to the TP,

we opt to study a finite system that exhibits global (111) mirror symmetry (as depicted in
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Fig. 5.11). Our analysis is focused on the configuration of a (111)-oriented slab, wherein
either a cationic or an anionic TP is positioned at the center. The pristine gapless surface
states of the (111) slab are protected by a {110} mirror symmetry. In order to investigate
the topological properties of the system, it is necessary to introduce a gap into the system.
This enables to study the distinct topological properties associated with each individual
TP.

(a) (b)
(111) slab with a TP

X M XK

Figure 5.11: Panel (a) shows the (111) slab structure with a TP located in the middle. Panel (b) displays
the corresponding 2D BZ of the (111) surface of TSL.

5.2.1 Slab with unperturbed surfaces

The band structures of the (111) slab exhibit four surface Dirac cones in the 2D BZ. One
cone is situated at the T point, while the other three are found at the M points. This char-
acteristic (the appearance of Dirac cones) remains unaltered in the event of the existence
of a TP, provided that (each) surface and TP are situated at a considerable distance. The
computed spectra of the slabs for both types of TPs are depicted in Fig. 5.12. For the
purpose of enhancing clarity, we applied a positive (negative) onsite potential shift to the
outermost layers of the cationic (anionic) slab surfaces. This shift resulted in the reloca-
tion of the surface Dirac point to the center of the spectrum. However, This modification

is inconsequential to the essence of our investigation.

The edge spectral functions, were computed for a slab with a thickness of 121 atomic
layers, along the [112] crystal direction with a (110) face of the TSL. The resulting spectral
function map was color-coded to differentiate between the +i (blue) and —i (red) mirror
reflection eigenspaces. When a cationic TP is located at the center of the slab, two (111)
mirror protected edge modes are observable, one at M and the other at T point, as de-

picted in Fig.5.13(a). However, in the case of an anionic TP, only a single pair of protected
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Figure 5.12: Displayed in panels are the band structures of SnTe slabs with a TP for 121 atomic layers
(~21.8 nm thick). Panel (a) contains a cationic TP in the middle, whereas panel (b) exhibits an anionic
TP. The addition of positive (negative) onsite potential to the top and bottom layer surfaces is added for
cationic (anionic) terminations in panel (a) [(b)]. The line color in the band structures represents the weight
distribution of the wave function, where red signifies a predominant location near the TP, grey corresponds

to proximity to the surfaces, and blue indicates the intermediate space [133]. Copyright (2023) by the
American Physical Society.



5.2. (111)-oriented slab with a single twin plane 77

edge mode is present at the iy point, as shown in Fig.5.13(d). Observations reveal that
the wave functions, at the T point, are predominantly confined in the [111] direction close
to the cationic TP [as illustrated in Fig.5.13(b)], and are absent in the case of anionic TP
[as depicted in Fig.5.13(e)]. In contrast, the crossing of edge modes near M point occurs
precisely at the same energy as the (111) surface Dirac point, which corresponds to the M,
and M3 points in the slab’s BZ. This characteristic is observed in both types of TPs within
(111) slabs. Simultaneously, there is a shift in the localization of the edge state wave func-
tions, transitioning from tightly confined states at the TP to states in close proximity to
the surfaces as k approaches the M point [compare with Figs.5.13(c),(f)].
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Figure 5.13: Edge spectral Green function analysis of a 121-layer-thick (111) SnTe slab with a TP, along
[112] edge BZ. Panels (a) and (b) show cation- and anion-terminated slabs, respectively, with cationic and
anionic TP. The spectral weight distribution across the edge is shown in panels (b)-(c) and (e)-(f) for dif-
ferent k values, marked by vertical orange dashed lines in panels (a) and (d) for cationic and anionic TP,
respectively. The black dotted lines depict the outlines of the 2D slab bands projected to the edge, while
the mirror-separated spectral functions of the subspaces +i and —i are represented in blue and red, respec-
tively [133]. Copyright (2023) by the American Physical Society.
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5.2.2 Slabs with gapped surface states

energy[eV]

T,)X

Figure 5.14: The 3D band structures of a SnTe slab with a TP and anionic terminations, showing a gap
near the (a) I and (b) S points. The slab consists of 83 atomic layers, and the black dashed lines in (c) denote
the folded BZ inside the primary hexagonal BZ.

Because we focus on the characteristics of the TP, it is deemed appropriate to induce a
surface gap by adding perturbations to both surfaces of the slab. We choose non-magnetic
perturbations which can be achieved by introducing valley-mixing in the supercell. Con-
sidering that the surface states are non-degenerate and located at four distinct points
within the hexagonal 2D BZ, duplicating the primitive supercell in the [011] direction is
an acceptable approach. This results in the original valleys (in hexagonal BZ), consisting
of three M points and one I point, being folded into two distinct pairs in the new BZ, as
depicted in Fig. 5.14(c). However, in order to allow them to interact, we need to break all
three (110), (011) and (101) mirror symmetries on both surfaces (last layer at the bottom
and top). This can be achieved by adjusting the TB parameters of the atomic surfaces,
which reduces the translational symmetry of the lattice and facilitates valley coupling

within each respective pair.

We show the 3D electronic structures of the slabs with a cationic TP in Fig. 5.14(a)-(b).
The slabs possess gapped surface states (E; = 19 meV) in the proximity of the T and S
points, respectively. The surface bands exhibit a comparable gap for an anionic TP slabs.
Next, we proceed to determine the mirror Chern numbers for each cationic and anionic
TP slabs. Our findings indicate a value of C;;, = 2 for the cationic TP and C,;, = 1 for the
anionic TP, aligning with the values derived from the Chern numbers of TSLs.

Upon decoupling the impact of the surface Dirac modes of the slab from the TP, we
proceed to calculate the edge spectral density of semi-infinite (111) slabs. Our analysis
reveals that the gapless Dirac crossings disperse in a qualitatively comparable fashion for
both gapped and gapless surface slabs at the T point [compare Figs.5.13(a) and 5.15(a)].
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However, the edge modes at the M point cross at a different energy compared to the
previous case. For both types of slabs, the edge states” wave functions in close proximity
to M extend further away from the TP [see Figs.5.15(c),(f)].
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Figure 5.15: The edge spectral function of a SnTe slab with a TP, along its [112] edge is shown with
cationic and anionic TPs in panels (a) and (d), respectively. The slabs feature gap surfaces and have 83 and
81 atomic layer heights for cationic and anionic TPs, respectively, and both supercells are terminated with
anionic-type atoms. The sizes are doubled along the [011] direction for both cases. Panels (b)-(c) and (e)-(f)
depict the spectral weight distribution across the edge for different k values that are indicated by vertical
orange dashed lines in panels (a) and (d), respectively. Black dotted lines indicate outlines of 2D slab bands
projected to the edge. Mirror-separated spectral functions of subspaces +i and —i are shown in blue and
red, respectively.

5.2.3 Band topology of individual TPs

The objective of this section is to examine the impact of Berry curvature contributions
onto the twin planes. Rafal Rechciriski as a collaborator of this project, has explored and
implemented two methodologies in this research [133]. The main outcome of this analysis

is presented here, while further information can be found in Ref. [133].
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It is possible to introduce a gap in the Dirac cones located at the surfaces of a slab
material through the inclusion of a small Zeeman term Hz = mo, directed along the
[111] axis—the same Zeeman term acting on two surfaces only at last atomic layer. Here,
m represents the strength of the term, and o refers to the third Pauli matrix operating
within the spin subspace. Adding a Zeeman term breaks time-reversal symmetry, but
preserves the (111) mirror plane, simulating a weak magnetic field on both surfaces. This
may result in new topological features and edge states. Nevertheless, we can still examine
the Berry curvature and calculate the Chern number of the topological phase in the slab

using this method.

We define mirror Berry curvature F}} = (Ffzi — Ffzi) /2, where £i denotes eigenspace
of the (111) mirror reflection operator. Due to invariance of the Berry curvature to a k-
independent unitary transformation, the Berry curvatures of the two surfaces are equal,
Firgp surf. Fhpttom surf. Tt is noted that the Zeeman terms on the surfaces affect the to-
tal Chern number C through the total Berry curvature F, = Ffzi + Ffzi, while the mirror
Berry curvature F[’, contains information only on the TP and the surrounding twin lattice.
In Fig. 5.16 the mirror Berry curvature maps of a cationic and an anionic twin boundary
are shown. The mirror Berry fluxes around M and T points are fractional (:I:%) and even-
tually lead to mirror Chern numbers C,, = 2 and C,;, = 1, for cationic and anionic TP,

respectively.
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Next, we begin with investigating of topology of a single TP by introducing the pro-

jected Berry curvature as
B (k) = Tr[F (k) Pa), (5.5)
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where F (k) is the Kubo formula for the Berry curvature [133] and P4 is a projection
operator corresponding to a selected part (labeled A) of the slab unit cell. The Berry
curvature of the slab can be split into three parts Fi; = FI¥ + Fjif + FPulk where the
subsequent addends arise from the presence of the TP, the surfaces, and the intermediate

lattice, respectively.

We calculated szp’ii for two slabs with magnetic term m = 0.5 eV added on surfaces.
By examining Fl(zA ) for various parts of the slab, we determined that the subsystem T
shown in [Fig. 5.17(e)] should contain at least 41 layers in the middle of the slab, while
B can be any two adjoining atomic layers (one cationic and one anionic), located more
than 20 layers away from the TP and 24 layers away from the surface, along with two
atomic layers being their mirror reflection on the other side of the TP. Figure 5.17 shows

the calculated TP Berry curvatures for the cationic and anionic TP in the +i subspace.

The Chern numbers of £i subspace can be expressed as the sum of components ob-
tained by integrating F, over TP, bulk, and surface regions. Numerical evaluation yields
Ci’t p ~ £2 and Cii p ~ £1, with Cl:_ﬁlk ~ 0. This enables us to confirm that mirror
Chern number to the TPs: C’, ;p = 2 for cationic TP and C]} tp = 1 for anionic TP.
Through local integration of the field surrounding each M point and the T point, it is ev-
ident that the Berry flux associated with these points is fractional. However, as detailed
in Appendix A.2, the projected points of these valleys onto the edge BZ always occur in
pairs. Consequently, the Berry fluxes corresponding to M; and T points in the projection

line are always integers.
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Figure 5.17: The Berry curvature projections of a 121-monolayer thick, (111)-oriented slab with cationic
TP (a,b) and anionic TP (c,d) within +i mirror subspaces. The sketch (e) illustrates the subsystems T and B
used in the projected Berry curvature calculations for the (111)-oriented slab [133]. Copyright (2023) by the
American Physical Society.
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5.3 Quantum spin Hall effect in (111)-oriented film in the

presence of a TP

The quantum spin Hall (QSH) insulator, known as a 2D TI, is characterized by metal-
lic edge states that are protected by time-reversal symmetry. These edge states exist
in Kramers doublets and exhibit a helical nature where two states with opposite spin-
polarizations propagate in opposite directions at a given edge. Due to the protection pro-
vided by time-reversal symmetry, these spin-polarized channels are immune to backscat-
tering and can flow without dissipation. This unique feature makes QSH state and TIs,
in general, highly attractive for spintronic device applications that require low power

consumption and enable reversible quantum computations [55].

Extensive research has been carried out to identify 2D systems that exhibit topolog-
ically non-trivial edge states. For instance, the HgTe/HgCdTe quantum well in certain
thicknesses and hybridized InAs/GaSb quantum wells have been experimentally demon-
strated to display QSH behavior [55, 139]. Moreover, theoretical studies suggest that 2D
transition metal dichalcogenides of the form MX; (M=(W,Mo) and X=(Te,Se,S)) should
constitute a new class of large-gap QSH insulators [140].

Finally, the QSH phase has been theoretically predicted to emerge in IV-VI semiconductor-
based thin films grown along the [111] crystallographic direction within a certain range
of thicknesses in the TCI regime. For instance, in SnTe, the energy gap changes sign and
oscillates as the number of layers increases due to intersurface hybridization, leading to
the formation of a 2D TI phase that is classified by a Z; invariant and is protected by time-
reversal symmetry [11, 12]. The reason behind this phenomenon is that the four L-point
projections (in the face-centered cubic BZ) onto the 2D BZ of a (111)-oriented thin film
are not equivalent. While the energy structures at the three M projections are symmetric,
the energy structure at the fourth projection at the T point is distinct, making it possible
for band inversion to occur at an odd number (either one or three) of points in the 2D

Brillouin zone [11].

In Sections 5.1 and 5.2, we have demonstrated that a 2D TCI can be defined by both
cationic and anionic TPs, exhibiting mirror Chern numbers of C;;, = 2 and C;;, = 1, respec-
tively. Here, we extend our topological exploration to (111)-oriented SnTe thin films with
a TP located in the middle of the structure. Our objective is to broaden our investigation
to the effect of TP topology in a system with a natural gapped surface states due to finite-
size effects. We shall study the evolution of topological invariants with increasing film

thickness and compare them with the previously studied films without TP. To achieve
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this, we consider a more realistic tight-binding model for the SnTe compound with spd

orbitals.

5.3.1 Oscillation of the energy gap

QSH is observed in both even and odd atomic layer height of (111)-SnTe films in the ab-
sence of a TP. This is described by a Z; invariant, denoted as v, where v = 0 represents
a trivial system and v = 1 represents a QSH phase. In odd-layer films possessing in-
version symmetry, the Z, invariant can be obtained through the parity of the occupied
bands’ eigenstates at four time-reversal momenta points in the BZ, as described by Fu
and Kane [59]. On the other hand, for even-layer films without inversion symmetry, the
Fukui method can be employed, as per Fukui’s paper [60].

In the current study, we focus on the (111)-oriented thin films, which feature a single
TP positioned in the middle of the structure. Our analysis is limited to the odd-layer con-
figurations, and a comparison is made with those without TP. Thus, we begin by referring
to the analysis of energy gap oscillation in odd-layer films without TP, as demonstrated
in Ref. [11]. The corresponding results are illustrated in Fig. 5.18 for (a) cation termi-
nated slabs and (b) for anion-terminated slabs. For the both (cation-terminated/anion-
terminated) films, the obtained charts show that the energy gap at the M point decreases
consistently with an increase in film thickness. However, at T, the energy gap changes
sign and oscillates with increasing the number of layers due to intersurface hybridiza-
tion, which subsequently causes oscillations in the Z, invariant. When v = 1, it suggests
the existence of a spin-polarized gapless edge state at T point of the 1D edge, which is

protected by time-reversal symmetry.>

In contrast to conventional (111)-oriented SnTe films, the presence of a TP allows for
the calculation of the (111) mirror Chern number, in addition to the Z; invariant. In our
previous work [133], we demonstrated that both cationic and anionic TPs result in a 2D
TCI with mirror Chern numbers of C;;, = 2 and C;;, = 1, respectively. As such, we will
now show how TP topology, in conjunction with finite-size effects, can affect the oscilla-
tory behavior of the topological phase in (111)-oriented SnTe films as the film thickness
increases. Additionally, films with odd-layer thickness exhibit inversion symmetry, al-
lowing us to employ the Fu-Kane [59] formula for the calculation of Z, invariant.

SHere, we adopted the same notation as in the previous section for the (111) slab of the 1D edge., ie,
In the hexagonal BZ, the projection of the points I' and M; onto the [112] or [110] edge is represented as T,
while the other two points, M, and M3, are projected onto M.
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Figure 5.18: Energy gaps in (111)-oriented films with an odd number of monolayers. The gray shadowed
zones show the thicknesses where the value v = 1 has been obtained. The figure recalculated form the same
TB parameters given in Ref. [11].

Figure 5.19 illustrates the calculations of energy gaps of (111)-oriented SnTe thin
films, with (a),(c) cationic TP and (b),(d) anionic TP. In every second odd number of
layers, the films exhibit the same type of atom termination. Thus, the energy gap of
(111)-SnTe films can be categorized separately for cation-terminated (anion-terminated)
surfaces and cationic TP, as depicted in Fig. 5.19(a) [Fig. 5.19(c)], and for anion-terminated
(cation-terminated) surfaces and anionic TP, as shown in Fig. 5.19(b) [Fig. 5.19(d)]. The
tindings reveal that for cationic TP films, band inversion is anticipated within 15 — 29,
33, and 51 — 59 monolayers. Meanwhile, for anionic TP, band inversion occurs within
21 — 27, 31, and 57 monolayers. The topological phase is determined through calcula-
tions of both the Z; invariant and the (111) mirror Chern number. The calculated values
of v = 1 and |C,,| = 1 have been obtained for the thickness range indicated by the gray
shading while the remaining thicknesses have v = 0 and |C,,| = 0.

In sections 5.1 and 5.2, we have demonstrated that the (111) Berry curvature maps in
the IMK plane are qualitative similar between the cat-cat TSL and the (111) slab with a
single cationic TP, as well as between the an-an TSL and the (111) slab with a single an-
ionic TP. Therefore, each of these Berry curvature calculations can be used to approximate
the corresponding map for a certain type of TP. For the sake of simplicity, we will focus

on explaining the topology of TPs using the implementation of TSLs.

Of particular note is that the calculations in sections 5.1 and 5.2 utilized a simplified
p-orbital TB parametrization. However, in this section, we employ a different parametriza-
tion (i.e., spd-orbital TB parameters), similar to the one used for the results depicted in
Fig. 5.18. To enhance clarity, we begin by presenting the Berry curvature maps of cat-cat
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Figure 5.19: Energy gaps in (111)-oriented films with an odd number of monolayers in the presence of
(a) a cationic TP and cation-terminated surfaces, (b) an anionic TP and anion-terminated surfaces, (c) a

cationic TP and anion-terminated surfaces, and (d) an anionic TP and cation-terminated surfaces. The gray
shadowed zones show the thicknesses where the value v = 1 and |C,| = 1 has been obtained.
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Figure 5.20: The Berry curvatures related to +i (111) mirror subspace are determined for two types of
TSLs: (a) cat-cat TSL and (b) an-an TSL with a height of 32 atomic layers. The maps are calculated using the
SnTe TB parametrization based on the spd orbitals. The boundaries of the BZ are indicated by dashed lines.

and an-an SnTe TSLs. These maps were calculated using the spd TB parametrization, as
depicted in Fig. 5.20. The calculated mirror Chern numbers are C,, = 4 for cat-cat TSL
and C;; = 2 for an-an TSL. These calculations are particularly useful when computing the
Berry curvature for (111)-SnTe films. In thin films, the strong interaction between the top
and bottom surfaces results in dominant hybridization effects compared to the influence
of TP. Here, we present the computed Berry curvature for films with varying heights for
both cationic (Fig. 5.21) and anionic TPs (Fig. 5.22). In the case of films with cationic TPs,
the Berry curvature is computed for films with thicknesses of 9, 21, 41, and 57 atomic lay-
ers. As the thickness increases, the contribution of the TP to the Berry curvature becomes
more pronounced (compare Fig. 5.20 with Fig. 5.21). However, the TP effect is still fragile
and is destroyed by the hybridization with (111) surface states.

The resulting maps of the film with cationic TP indicate the presence of a single band
inversion at the T point [refer to Fig. 5.21(b) and (d)]. In this case, the calculated (111)
mirror Chern number and Z, invariant are equal to C;, = —1 and v = 1 respectively.
This is evident from locally integrating the intensities of Berry curvature around the T
point, which yields a value of —1, while being compensated elsewhere. Similar results
are observed in the case of anionic TP films [see Figs. 5.22(b) and (d)]. However, the local

intensity near the I point exhibits a value of +1.

The above findings provide compelling evidence of the fragility of the TP effect on
the hybridization of TP wavefunctions with surface states. This observation helps ex-
plain why two topologically distinct TPs, namely cationic TP with C;; = 2 and anionic TP
with C;,, = 1, exhibit almost similar patterns of topological phase transition. In the larger
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TP thin films: (a) 9 monolayer-thick, (b) 21 monolayer-thick, (c) 41 monolayer-thick, and (d) 57 monolayer-
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is shown in each inset.
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thickness slabs (~57 atomic layers), the wavefunctions of the two (111) surfaces experi-
ence minimal mixing, however, the effect of surface states hybridization still cancel out
the effect of TP curvature at M points [compare Figs 5.20, 5.21(d) and 5.22(d)]. In the limit
of sufficiently large slabs (as shown in the previous section, Fig. 5.13), the hybridizations
of two (111) surface wavefunctions become negligible. However, the slabs exhibit gap-
less surface states band structures, which make it impossible to calculate Chern number

beacuse of zero energy gap.

5.3.2 Edge spectral Green functions

The emergence of gapless edge states within the 2D bulk gap provides evidence for the
nontrivial phase indicated by a nonzero mirror Chern number and Z; invariant. In the
current scenario, the calculated mirror Chern number is equal to |C,,| = 1 due to a single
band inversion occurring at the high-symmetry T point. Consequently, a gapless helical
edge states is expected to occur at the projection line of T, which are protected by both

time-reversal and (111) mirror symmetries.

For the sake of clarity, we have used recursive Green’s function method to calculate
the edge spectral function of the film. In Figs. 5.23 and 5.24 we present the [112] edge
spectral functions of a (111)-oriented SnTe film with a single TP, where both surfaces host
same types of atom as TP. The bulk density of states for a 21 monolayers cation-terminated
film with cationic TP at T and M are presented in Fig. 5.23(a) and Fig. 5.23(b) respectively.
Associated with these bulks, their edge states are shown in Fig. 5.23(c) and Fig. 5.23(d).
The density of states results for another film consisting of 13 monolayers at T and M
are shown in Fig. 5.23(e) and Fig. 5.23(f). In agreement with the Z, and C,, invariant
calculations, the linear-dispersion gapless state is obtained for 21 monolayers at T point
but not at M. The corresponding topological invariants for 21-layer film are calculated
and equal to v = 1 and C;; = —1. However, for 13 atomic-layer film the band gap is
not inverted and the calculated toplogical invariants are v = 0 and C;;, = 0, indicating a
trivial 2D TIs. Similarly a set of calculations has been done for anion-terminated film with
anionic TP (see Fig. 5.24). Appearing the Dirac crossing at T point for a 21 monolayers
tilm, verifies the nontriviality of the film indicated by v = 1 and C,;, = 1 corresponds to
QSH phase.

Ultimately, G+ and G, the contributions of the spin up and spin down (111) projec-
tions in the edge spectral function have been calculated. The sign of G;—G, difference
corresponds to spin-polarization of the edge states. Figure 5.25(a) displays a single spin-

polarized Dirac cone of the 21-monolayer SnTe for cation-terminated with cationic TP film
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Figure 5.25: Spin density of sates of (111)-SnTe film along 1DBZ of its [112] edge with (a) a cationic TP (b)
an anionic TP for 21 monolayer-thick film having |C;,| = 1. The blue and red colors indicate the spin-down

and spin-up polarizations, respectively. Outlines of the 2D film bands projected to the edge are denoted by
black dotted lines.

near the T point (k = 0), consistent with v = 1 (|Cy,| = 1). The red and blue color indicate
the spin-down and spin-up polarizations, respectively. Figure 5.25(b) indicates the spin
density of a (111)-oriented SnTe film with anionic TP and anionic terminations, featuring
a 21-monolayer height, where the Z; invariants and mirror Chern number obtained in the
bulk film are v = 1 and |Cy,| = 1, respectively. The appearance of spin-polarized edge
states at the T point of the 1D edge of the 2D film is obtained. It should be reminded
that the black dotted lines through the spectral figures imply the border of slab states
projection onto the edge.
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5.4 Topological crystalline insulator nanowires

A low-dimensional nanostructures, e.g., films, heterostructures, composed of SnTe TCI
material have gained substantial attention in recent years for investigating topological
physics and developing innovative quantum devices [18, 86]. In addition, a number of
publications have been focused on the synthesis and characterization, with distinct facets
and morphologies in NWs and nanocrystals [141-148]. The growth mechanisms and crys-
tal shape engineering of SnTe nanostructures have been investigated, aiming to under-
stand the impact of crystal shape on material characteristics [142, 144]. Moreover, the
topological surface transport properties of SnTe nanowires have been studied, shedding
light on their potential applications in nanoscale electronics and spintronics devices [143].

To date, there has been a greater emphasis on the fabrication of SnTe NWs rather than
the experimental investigation of their topological properties. However, this situation is
anticipated to evolve as there are continuous advancements in nanowire fabrication tech-
niques [147, 148]. In parallel, some theoretical investigations have been conducted on
cubic rocksalt NWs grown along the [001] direction [105, 106]. For instance, Nguyen et
al. carried out a systematic study on the symmetries and topological invariants in SnTe
NWs, revealing the existence of various types of topological states achieved through the
utilization of tunable symmetry-breaking fields [105]. In addition, the possible existence
of corner and hinge modes in these NWs has been investigated, highlighting their po-
tential as platforms for exploring Majorana bound states in the proximity of a supercon-
ductor [105]. Furthermore, it has been recently shown that NWs possessing a pentagonal
cross-section grown along the [011] direction can be achieved through the utilization of
molecular beam epitaxy (MBE) techniques in the presence of a catalyst, in the Pb;_,Sn,Te
material system [137].

The objective of this section is to explore the topological characteristics of wires that
have been grown in two different directions, namely [011] and [001], with pentagonal
and square cross-sectional shapes, respectively. In [001] NWs, the possible presence of
similar hinge states has been proposed and characterized as a second-order topological
phase [105]. In [011] NWs, however, we will show that the origin of hinge states is not
attributed to a second-order phase, but rather arises from the topological properties of

the twin planes arranged radially from the center to the five hinges.
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5.4.1 Pentagonal cross-section nanowires grown along [011] direction

In this discussion, we will leverage the topological characteristics of individual twin
boundaries to demonstrate the presence of one-dimensional dissipationless spin-polarized
channels known as topological core states (TCS) at the NW core. Specifically, in the case
of a cationic twin boundary, these TCS show up together with oppositely directed coun-
terparts on the surface. However, in the case of an anionic twin boundary, such gapless
modes are absent. Our symmetry analysis will also address the underlying mechanisms

behind the emergence of these states and their topological protection.

The current study focuses on two different models: SnTe constructed with only p-
orbitals up to second nearest neighbor and an empirical model for Pbg¢Sng4Se within
nearest neighbor spd°-orbital TB approximations (see Chapter 4).

5.4.1.1 Wire structure

The pentagonal-shaped NW is grown in the [011] crystallographic direction. The struc-
ture model can be seen in figure 5.26(b). It is made up of five trigonal segments that
have a uniform rocksalt lattice. Each segment has a termination of (100), (111), and (111)
planes. The segments are rotated around the [011] axis by integer multiples of 72° and are
joined together such that the NWs’ faces are composed of (100) planes, while 111 planes
act as boundaries between the segments. Due to the properties of {111} planes in rocksalt

lattice, the TPs must be exclusively cationic or anionic.

This study focuses on the qualitative characteristics of pentagonal NWs, while dis-
regarding their stability and relaxation of the atomic structures. It is worth noting, how-
ever, that the pentagonal NW exhibits inherent circumferential strain due to the angle
between the two {111} planes in a cubic structure, which is approximately 70.53 de-
grees, or approximately 1.47 degrees less than 72 degrees (i.e., a fifth of the full angle)
[see Figs. 5.26(c),5.26(d)]. As a result, each of the five sections experiences uniaxial stress
in the local [011] direction, resulting in a strain of approximately 2%. Using the known
stiffness constants for SnTe and PbSe and deformation potentials [149, 150], the two re-
maining non-zero components of the strain tensor in the [100] and [011] directions can
be estimated. Knowing also deformation potentials [150, 151], it is possible to rate the
change of the energy gap in valleys perpendicular to and tilted towards the wire direc-
tion. The changes are below 10% of the gap of the unstrained bulk crystal for SnTe and
below 20% for Pbg ¢Sng 4Se, and since these gap changes are not significant for the topo-
logical properties of the wire, they are not considered in further studies.
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Figure 5.26: (a) The rocksalt crystal structure of IV-VI semiconductors. (b) The structure model of five-
fold twinned nanowires grown along [011] axis, consisting of five {100} facets and five {111} TPs that can
be made up of cationic or anionic atoms. (c) Sketch of cross-sectional view of NWs with 1.47° mismatching
angle in each boundary of NWs (7.35° in total). A fully recovered pentagonal section shown in (d) by
stretching of atomic sites in local [011] directions towards {111} twin plane boundaries. (e) Side view of
one triangle of NWs.
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In Figure 5.27, we can see a comparison between the one-dimensional BZ (1DBZ)
of a nanowire and the fcc 3DBZ of the bulk. In the 3DBZ, the L points are projected in
pairs onto two distinct points, namely Z at the end of the 1DBZ and T in the middle,
regardless of the wire section. As a result, the energy gaps of the wire and Dirac crossings

are expected to be located around these points.
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Figure 5.27: (a) Vertically perspective of one triangle of pentagonal NW along growth axis. (b) Three-
dimensional face centered cubic (fcc) BZ and 1DBZ of the NWs. The projection of high symmetry L points
of 3DBZ, is shown schematically as I' and Z points into 1DBZ. The 1DBZ repeated appropriately for each
triangle section of NW.

5.4.1.2 Band structure of SnTe pentagonal nanowires

The low-energy band spectra of SnTe pentagonal wire is shown in Fig. 5.28. Due to the
relatively big energy gap, which is equal to 330 meV for the parametrization used, the
shown results include mainly surface, core and hinge states. Topologically protected sur-
face states emerge due to the (011) mirror plane symmetry in each of the (100) facets of
the wire [see Fig. 5.29(c) as an example]. Due to the confinement effect, however, they are
gaped and split in many subbands.

Henceforth, we shall deliberate upon the origin of core and hinge states that exhibit
a Dirac dispersion with zero mass. Notably, the manifestation of this phenomenon be-
comes perceptible in NWs of large thicknesses, where the localization length of the NW
surfaces is significantly less than the NW diameter. Our computational analysis reveals
that a minimum thickness of 14 nm is required for the observation of gapless hinge states.
Remarkably, this feature is exclusive to TPs of cationic atomic type (Sn), while for the an-
ionic case (Te) the states are always gapped. The wave function weight of atomic sites

within the core (approximately two rings in radius) and on the surface (last three rings) is
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Figure 5.28: Band structure calculation of SnTe NWs with cationic TPs. Inset: schematic pentagonal
NW cross section with cationic TPs. Observation of TCS and TSS in the spectrum obtained for 14 nm
(20 rings) thickness only at T point. The red and blue indicate the wave function weight on core and
surface atomic sites, respectively, while gray indicates the bulk-like intermediate sites. Outlines denote the
projected continuum bulk bands into 1DBZ edge given by dashed lines.

indicated by red and blue components, respectively. The localization of the core state at
the Dirac point p; (compare with Fig. 5.28), indicates the presence of a topological core de-
fect as shown in Fig. 5.29(a). Furthermore, the gapless core state coexists with the gapless
surface states on the {100} sides of the wire, and for the energies close to the Dirac point
p2 are localized at the hinges [Fig. 5.29(b)]. Henceforth, these states will be referred to
as hinge states. The calculated localization map corresponds to the gapless hinge states,
denoted by p in Fig. 5.28. Figure 5.29(c) illustrates the localization map of the quantized
surface states at p3 in Fig. 5.28. These states originate from the bulk properties of SnTe
TCI due to the presence of the (011) mirror plane in each triangular section perpendicular
to the (100) wire sides.

It is worth mentioning that the gapless hinge states can hybridize with each other and
with surface states. Even as the diameter of the nanowire increases, the hinge and surface
states remain intertwined, and their mixing cannot be eliminated without introducing a
gap in the intermediate {100} surfaces. Despite the presence of five vertices in a cross-
sectional view of the wire, which would theoretically generate five distinct hinge states,
we have observed that only one pair of nondegenerate states forms the Dirac crossing.
Through an analysis of the wire’s eigenstates, we have determined that this pair belongs
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to a subspace of the C5 symmetry operator, corresponding to the eigenvalue of A = —1.
The appealing result of band structure calculation is shown in Fig. 5.30(c). The computed
band structures depicted in Figs. 5.30(a),(b),(d), and (e) exhibit trivial states with an open
43 _jm  im 3¢ . "
gap that corresponds to the subspaces A = e "5, e7'5, €'5, €5, respectively. Addition-
ally, the symmetry analysis reveals that [C5, M(7y] = 0in A = —1 subspace. Thus, we
can decompose the Hamiltonian of the eigenspace of CQ:_l to the mirror eigenvalues of
M1)- The band structure obtained from this decomposition exhibits the coexistence of

the gapless core state and the gapless hinge state with opposite chirality within Céz_l
and M_;, as demonstrated in Fig. 5.30(f).
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Figure 5.30: The decomposition of the Hamiltonian into Cs rotation symmetry subspaces. Panels (a)-
(e) depict the band structures corresponding to the eigenvalues A = e i, ik, 1, i3, o ¥, respec-
tively. Panel (c) illustrates the presence of non-trivial TCS, along with its counterpart TSS, in the Cs = —1

eigenspace. Panel (f) illustrates the —i subspace of the M) mirror plane within the Cs = —1 decomposed
Hamiltonian.
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Also electronic states forming Dirac cross in the core belong to the same subspace of
Cs. The appealing result may be suspected by the missing atomic bond in the center of
NWs, which leave an extra charge in the system in both cationic and anionic twin-plane
NWs. However, it can be verified that there are no states belonging to Cs = —1 subspace
localized on the central atom built with s and p orbitals. In other words, central atom
plays no role in existence of TCS and Dirac core states are made up with orbitals of atoms

forming rings around center of wire *.

It is important to note that altering the atomic order does not impact the overall
atomic structure of the wire section. Rather, it solely affects the TP atomic sites, which
consequently alters the type of core atom [compare insets in Figs. 5.28 and 5.31]. Fig-
ure 5.31 illustrates a fivefold wire structure with an anion at its core. Analysis of the
solutions within the midgap bands suggests a lack of connection between the valence
and conduction bands, indicating that the system is topologically trivial. It is noteworthy
that despite the core state displayed in the figure touches conduction bands, it does not
possess topological nontriviality. This is attributed to the absence of core mode which is
not concomitant with Dirac-like dispersion near the T point. It is worth highlighting that
the anti-crossing persists even for much greater thicknesses of the NWs.

The results presented in Ref. [133] support the idea that there are two topologically
distinct properties corresponding to the two types of TPs in the [111] TSL implementation,
where the topological identification of TP is defined by (111) mirror Chern number. The
research has demonstrated explicitly that cationic and anionic TPs exhibit topologically
different behavior upon the appropriate (111) section of the 3D hexagonal BZ. Addition-
ally, the edge calculations of the TP slab supercell and NWs along similar direction of its
1DBZ indicate that cationic-type TPs exhibit topologically nontrivial states while anionic-
type TPs have trivial states at the T point.

5.4.1.3 Band structure of Pb( Snj 4Se pentagonal nanowires

In this section we are conducting a study on ternary alloys comprising of Pb;_,Sn,Se
semiconductor nanowires with a 40% concentration of tin with the similar growth axis
[011]. The compound exhibits a nontrivial topological phase in its 3D bulk, with an in-
verted band gap of approximately 190 meV. We conducted a comprehensive study of

the electronic properties of this material across a wide range of diameters, including both

“The above analysis conducted by Rafat Rechcinski proves that contributions involving d and f orbitals
can indeed exist in the central atom for Cs = —1 subspace
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Figure 5.31: Band structure calculation of SnTe NWs with anionic TPs. Inset: schematic pentagonal NW
cross section with anionic TPs. Observation of topologically trivial (triv.) CS and SS in the spectrum ob-
tained for 14 nm (20 rings) thickness. The blue and red project the wave function weight on core and surface
atomic sites, respectively. Dashed lines denote the projected of top of valence and bottom of conduction
bands in the continuum bulk.

cationic [Figs. 5.32(a)—(d)] and anionic [Figs. 5.32(e)-(h)] twin planes. The calculated spec-
tra in Fig. 5.32 indicate that a Dirac crossing may only exist near the I point, while anti-
crossings always appear near Z. We started with a thickness of w = 14.3 nm for both
types of nanowires, and the weight of wave functions around central atomic sites is rep-
resented by the color red. The selected radius corresponds to approximately two rings
around the central atom. The narrow nanowires exhibit a confinement effect that causes
nearly zero energy states to hybridize with surface states, leading to the opening of a gap
and anti-crossing band dispersion. However, in cationic nanowires with diameters larger
than w = 28.6 nm (40 rings), linear gapless dispersion can be observed at the T point, as
depicted in Figs. 5.32(c) and 5.32(d).

As in the case of SnTe wires, despite the core state and its partner being localized in
all {100} facets, a significant number of states exist within the band gap. These states are
surface states that become quantized as a result of confinement. Moreover, in Pbg 4Sng 4Se
nanowires with anionic twin boundaries, it is observed that as the thickness increases (up
to 35.6 nm), the core state makes an attempt to retrieve anti-crossing behavior while the
hybridization effect diminishes. Similar to the anionic-type NWs in SnTe, the core state
in Pbg ¢Sng 4Se NWs with anionic TPs is topologically trivial, as shown in Fig. 5.32(h).
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It should be emphasized that this phenomenon is not attributed to any structural de-
fects. This is evident from the observation that no Dirac crossings are present in systems
with a lower Sn content (x < 0.2) that are topologically trivial. Thus, the negative sign of
the band gap plays a critical role in the observation of such phenomena.
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Figure 5.32: The various calculated band structures of Pbg ¢Sng 4Se NWs with cationic (upper row) and
anionic (lower row) TPs. The spectra obtained by TB model using sp’d° orbitals and with spin-orbit cou-
pling. The nontrivial core state is presented in upper row, however in (a) and (b) due to a small size and
confinement effect the core sates hybridize with surface states which open the gap. In (c) and (d) for suffi-
ciently large diameter the TCS and TSS can be found at T. Panels (e)-(f) represent the anti-crossing trivial
core state of the NW hosting twin boundaries with anions. Similar confinement effects can be seen in respec-
tive systems. The red (blue) dotted lines display the weight of wave functions near core atom (surfaces).
Dashed lines denote the projected of top of valence and bottom of conduction bands in the continuum bulk.

5.4.1.4 Band structure of SnTe NWs with (211) crystallographic facets

In this section, we present the band structure calculations for NWs with (211) facets ori-
ented along the [011] direction. The cross-sectional configurations of the NWs are built
by the positioning of the TP in the center of each of the five facet sides. As a consequence,
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(211) facet

Figure 5.33: Cross-section of a pentagonal wire
with (211) facets, showing the position of the TPs in
the center of each surface.

the NW hinges are not located at the edges of the TPs. Figure 5.33 depicts the structural
arrangement of the NWs in which the TP is indicated by Te (shown by arrow).

As discussed in the preceding section, the intriguing topology of interest manifests
in the Cs = —1 subspace. Therefore, it suffices to perform band structure calculations
solely within the C5 = —1 subspace. In the case of cationic TP, the band structure of SnTe
for a thickness of 16 nm is depicted in Fig. 5.34(a). Notably, the topological core state
(indicated in red) is observed alongside its counterpart surface states (shown in blue).
By examining the wavefunction at the Dirac point p1, it becomes evident that the states
are well-localized around the center [Fig. 5.34(b)]. In contrast, at the Dirac point p2, the
wavefunctions spread across the entire surfaces [Fig. 5.34(c)]. Similarly, band structure
calculations were performed for anionic TP within the Cs = —1 subspace, which re-
vealed that no Dirac crossing appears in the midgap [see Fig. 5.35], in line with the results
obtained for (100) facet NWs.

The above results verify that the topological core state is depended on the individual
topological properties of the TP and is unaffected by the positioning of the TP as long as

Cs symmetry preserved.

The results presented above confirm that the single topological core state is dependent
on the intrinsic topological properties of an individual TP and remains unaffected by its

position within the NW cross-section, provided that the C5 symmetry is preserved.

5.4.1.5 Hinge states in a pentagonal NWs

In Section 5.4.1.2, we conducted a rigorous investigation of the electronic properties of the
SnTe NWs through band structure calculations based on p orbital TB parametrization. We
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subspace system, where cationic TPs are present. Inset: a schematic cross-section of a pentagonal NW, with
(211) facets and cationic TPs located at the center of each surface. (a) The presence of TCS and TSS in the
spectrum obtained for ca. 16 nm thickness at T’ point. The blue and red project the wave function weight
on core and surface atomic sites, respectively, while gray indicates the bulk-like intermediate sites. (b) and
(c) illustrate the spatial distribution of localized Dirac-like core state (at p1) and hybridized hinge-surface
states (at p). Outlines denote the projected continuum bulk bands into 1DBZ edge given by dashed lines.
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Figure 5.35: The electronic band structure of a SnTe pentagonal wire within C5 = —1 subspace system.

Inset: a schematic cross-section of a pentagonal NW, with (211) facets and anionic TPs located at the center
of each surface. A topologically trivial (triv.) core state and hinge-surface states are observed in the spec-
trum obtained for a thickness of ca. 16 nm. The blue and red project the wave function weight on core and
surface atomic sites, respectively. Dashed lines denote the top of valence and bottom of conduction bands
in the continuum bulk.
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showed that there exists a counterpart of core states on the hinges of the NWs belonging
exclusively to the Cs = —1 subspace. We noted that the Dirac modes associated with
these hinges have little contribution from each of the {100} facets. The emergence of
quantized surface states in the middle of the bulk gap can be attributed to the global bulk
nature of the system, wherein {110} mirror plane symmetry exists. However, these states
are gapped due to the confinement size of the NWs.

To uncover the source of the intersection effect, one can consider a scenario where
the contribution of surface states to the hinge states is eliminated. To study, we impose
perturbation Hamiltonian term to those atoms where located at the faces of pentagonal
wire. This term locally breaks all relevant mirror symmetries, such as the (011) mirror
symmetry (in each NW triangle), of the last atomic layer on the five (100) side surfaces,

while preserving the Cs rotational symmetry.

The presence of five-fold symmetrical disorders at the sides of the NWs allows us
to observe five pairs of Dirac crossings in the gap that correspond to each of the Cs sub-
spaces, located at the five hinges. By introducing perturbations, we can push the initial
surface states into the bulk of the NWs, effectively separating the hinge modes from the
surface states and preventing any interference or mixing between the two. This enhances
the emergence of well-localized hinge states, thereby providing valuable insights into the

electronic properties of the NWs.

To break the five-fold degeneracy and observe the individual five hinges, we intro-
duce onsite potentials at the five corners of the wire that are symmetric with respect to the
global (011) mirror plane. This leads to a slight shift of nearly zero energy bands to the
left and right, resulting in being symmetric with respect to k = 0, as depicted in Fig. 5.36.

5.4.1.6 Low-energy theory of the core and hinge states

In order to understand why we observe only one pair of hinge states instead of five,
we model the electronic spectrum of the pentagonal wire using a low-energy theory of
hinge states. We make the assumption that the low energy degrees of freedom are pri-
marily determined by the edge physics of the twin planes. Therefore, in the case when
the TPs are cationic, we must consider the core as the termination edge of five differ-
ent two-dimensional topological insulators. The spectrum of such a core is a result of

hybridization between five pairs of topological spin-polarized edge modes.

We begin our analysis by considering a perfectly symmetric NW with cationic TPs.
The NW thickness is much larger than the localization length of twin-plane edge modes.

Therefore, for five separated twin-plane edges, the spectrum would be simply a five-fold
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Figure 5.36: (a) Cationic twin plane, one Dirac crossing at the core (red) and five Dirac crossings at the
hinges. (b) Anionic twin plane, no Dirac crossings become visible. The spectrum obtained for 14 nm (20
rings) thicknesses and the blue and red project the wave function weight on core and surface (including
hinges) atomic sites, respectively

degenerate Dirac crossings, as each of the edges would host a pair of counter-propagating,
oppositely spin-polarized modes. Thus, the appropriate basis to describe the core is five

pairs of oppositely polarized spin-3 states.

The results of the 10-band symmetry analysis conducted by Rafat Rechciriski prove
that the spectrum within A = —1 subspace is gapless and has non-degenerate states (de-
picted as black solid lines in Fig. 5.37) with linearly dispersing bands of opposite spin
polarization. They are protected by five ¢, mirror plane symmetries parallel to the wire
axis. In other subspaces, the states are mixed by five ¢, mirror planes and open the gap
due to hybridization of one to another. These states are two-fold degenerate and are

shown by dashed lines in Fig. 5.37.

Importantly, as long as the crossing in the A = —1 is separated in energy from other
bands, it cannot be opened by weak time-reversal-symmetry preserving perturbations

of the wire. Therefore, exact crystalline symmetry is not necessary for the crossing to

emerge.

The above analysis applies not just to the core states, but also to the hinge states. We
interpret the hinge states as the edge modes of the twin planes, opposite to the ones that
are localized near the core. In an ideal wire the symmetry group of the NW core and
the NW surface is the same, and the symmetry transformations can be represented by the
same matrices as for the core states. Hence, the form of the Hamiltonian of the hybridized
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Figure 5.37: An example of the spectrum of the hybridized hinge (core) states in Cs-symmetric NWs.
The solid black lines denote non-degenerate bands belonging to A = —1 subspace of the C5 operator. The
dashed colored lines denote twice degenerate bands belonging to the remaining subspaces.

hinge states is the same as for the core states. We note, however, that while for the core
states the hybridization is merely due to the close proximity of the five edges of the five
twin planes, in the case of hinge states, the hybridization is mediated by the surface states
that lie in the same energy and momentum range. Therefore, the hybridization does not
vanish with increasing the NW thickness, but can be lifted by gapping out the surface
states as demonstrated in Fig. 5.36.

It is crucial to highlight that the symmetry analysis mentioned earlier should also be
applicable to the Z point. However, the TB calculations reveal an anti-crossing behavior at
the Z point, with a visible gap even for significantly thick NWS. We intend to investigate
this matter in future research to acquire a more profound understanding of the underlying
cause behind the observed effect.

5.4.2 Square cross-section nanowires grown along [001] direction

In order to assess the effect of hybridization on edge proximity, we extend our investiga-
tion to a square cross-section NWs grown along the [001] crystallographic axis. Recent
research has indicated the emergence of hinge modes in SnTe materials when examin-
ing the electronic band structures of cubic rocksalt NWs along the [001] axis [105]. Here,



110 Chapter 5. Results

(a) (b)

\o@o«»o«ro ‘yoyo«ro*o
¢ Q+ 409 o—‘wo—yo#o*
o+@#o+o 00906090
M, --¢-0-9v-009-- M, -°.f.°_"°f_°_?_
o¢o+a¢o $-99-0-409-9
6090060 99-9-9-0-90-9
Yy 60&0&’0 9-0—9-0-6-0-%0
i 00060000
X M
z i My

Figure 5.38: Cross-sections of [001]-oriented square NWs, taken along (001) atomic planes. Gray and
yellow denote cations and anions, respectively. Panels (a) and (b) show the first and the second class of
square NWs, respectively. My and Mj;;) denote selected mirror plane symmetries of the structures, while

M’y denotes a glide plane symmetry.

we will recover the electronic band structures of SnTe model and discuss hinge (edge)

proximity effect for square cross-section NW.

There is a freedom to choose the atomic kind in the corner of square NWs which
eventually gives rise to two different classes, namely, C4 symmetry and 4, screw axis
symmetry presented in Fig. 5.38. In the C4 symmetric wires all corner atoms are the
same species in a fixed (001) atomic plane. The NWs with second class (4, screw axis
symmetry) in a fixed plane possess two opposing corners host cations, while the other
two host anions. In [001]-oriented NWs all four L points from the 3DBZ are projected onto
the edge of the 1DBZ at the Z = 71/4(0,0,1) point. Its vicinity accommodates both the
surface states localized on the NW faces, as well as hinge states, on which the following
analysis is focused.

We used a TB model that exclusively considers p orbitals to perform electronic struc-
ture calculations for both the first (C4) and second (4,) classes of square nanowires (NWs)
in the SnTe compound. These calculations were carried out for 41 (40) atomic thicknesses,
and the results are presented in Fig. 5.39 and 5.40 for the first and second classes of NWs,
respectively. Our findings demonstrate the presence of surface (hinge) states in the vicin-
ity of Z with an open gap for both classes. Therefore, there are no nontrivial gapless
modes within C4-symmetric NWs due to hinge hybridization. However, as the thickness
of the wire increases, the degree of hybridization gradually decreases. Consequently,
each hinge can be treated as an isolated entity that is not influenced by others. For a suffi-
ciently thick wire, the hinges will decouple and form four nearly degenerate topological
hinge states protected by the bulk nature of the {110} mirror plane symmetry, as shown
in Fig.5.41 [17].
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Figure 5.39: Band structure calculation of C4-symmetric square SnTe NWs. The spectrum obtained by 41-

atomic thickness. Right: The close-up view of shaded region (left) shown by local density of states denoted
by red dot. The hybridization of hinges open the gap near Z point.
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Figure 5.40: Band structure calculation of 4,-screw-axis-symmetric square SnTe NWs. The spectrum
obtained by 40-atomic thickness with alternative atomic types. Right: The close-up view of shaded region

(left) shown by local density of states denoted by red dot. The hybridization of hinges open the gap near Z
point.
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We utilize k.p analysis near the Z point to examine the impact of hybridization of four
pairs of counter-propagating edge modes. Assuming that each NW hinge contains a pair
of localized states at Z with opposite spin polarization, we select them as the basis and
establish the gauge such that their wave function phase is zero at a hinge cation. The spec-
tra of hybridized hinge states for C4-symmetric square NWs and 4;-screw-axis-symmetric
square NWs are displayed in Fig. 5.42(a) and Fig. 5.42(b), respectively. The hybridization
leads to a gapped Dirac spectrum for both classes where the full Hamiltonian features
twice degenerate spectra for each band. We note that the resulting symmetry analysis is

reliably corroborated with TB calculations in the vicinity of Z point. °

Based on TB calculations and complementary symmetry analysis, we can conclude
that in systems with n-odd C, rotation symmetry, such as a pentagonal wire, the hy-
bridization effect of spin-polarized hinge states results in the existence of a single sub-
space with nondegenerate states. These states remained unaffected and are not mixed
with other subspaces by the mirror plane ¢,,. Conversely, in systems with n-even rotation
symmetry, such as Cy4, the Dirac spectrum becomes gapped, indicating hybridization with

other symmetries.

>The low-energy analysis performed by Rafat Rechciriski and the details are not included in the thesis.
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Figure 5.42: (a) Sample spectra of hybridized hinge states in C4-symmetric square NWs. (b) Sample
spectra of hybridized hinge states in 4,-screw-axis-symmetric square NWs.
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Chapter 6

Summary

In the present dissertation, within theoretical framework, the topological properties of
selected geometry of IV-VI SnTe class of nanostructures were studied within tight bind-
ing approximation. Firstly, a comprehensive survey has been conducted on topological
phenomena, accompanied by pedagogical examples, utilizing band theory. Second, the
TB model presented based on the Slater-Koster approximation, providing the TB hop-
ping parameters for both nearest and next nearest neighbors for various IV-VI rocksalt
crystal structures. Subsequently, for each geometry explored in the study, an examination
of topological properties was conducted through electronic band structure calculations.
The recursive Green’s spectral function method was employed to calculate spectra for a
semi-infinite system. The corresponding topological invariants were presented for both
3D and 2D systems. In the case of the 1D system, however, a symmetry k.p analysis was

provided.

In the first study, we expanded the research on the impact of lattice defects on the
electronic structure topology to include TPs within a supercell framework. The theoret-
ical analysis of the SnTe class of TCI materials demonstrates that a TP defect along the
[111] direction functions as a 2D topological system protected by (111) mirror symme-
try. The topological phases are exhibited through the (111) mirror Chern number, with
the cationic TP featuring C,, = 2 and the anionic TP featuring C;, = 1. To further con-
tirm the observed effect for a single twin boundary, a (111)-oriented slab with a single
TP positioned at the center was considered. The slab is large enough to suppress any
hybridization between states localized on the surfaces and on the TP. Nevertheless, the
(111) surface of SnTe TCI exhibits gapless surface states, making it challenging to directly
characterize the TP. To overcome this obstacle, both magnetic and non-magnetic surface
perturbations are employed to induce the opening of the Dirac cones on the surfaces. It
turns out that the topology of the entire slab relies on the topology of the incorporated
TP. The {110} mirror symmetry still exists in the structure while it is broken on top and
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bottom surface layers. It was shown that the topological invariants for a gapped surface
states perfectly align with those obtained for the TSL systems. The topologically dis-
tinctive feature that sets apart the cationic and anionic TPs is attributed to the opposite
sign of the Berry curvature observed around the I" point in the 2D BZ. It has been proven
that each type of TP forms the 2D mirror-plane-protected topological crystalline insulator.
Performing similar calculations with the trivial compound (PbTe) reveals that the TP is
topologically trivial in such case. This implies that the nontrivial properties of TPs stem
from the introduction of a new mirror plane within an already topologically nontrivial
bulk, where the bulk topology is determined by the inverted gap at the L points.

Motivated by the experimental synthesis of pentagonal NWs Pb;_,Sn,Te) with five
{111} twin boundaries in their cross-section, an investigation was carried out to examine
the topological properties of these NWs. The study specifically focused on analyzing the
influence of TPs on the NWs. It was shown that NWs with a pentagonal cross-section
composed of SnTe class compounds harbor robust Dirac states within their core and cor-
responding states on their surfaces and hinges at I’ point. These states emerge only if
the bulk topological phase of the compound is non-trivial and when the five twin planes
dividing the NW segments are cationic. In n-odd C, rotation symmetry, such as a pen-
tagonal wire, the hybridization effect of spin-polarized hinge (core) states results in the
existence of a single subspace with nondegenerate states. As a result, the core (hinge)
supports only one, rather than five, Dirac crossing. In addition, the low-energy spectrum
of the pentagonal NWs features surface states originating from the TCI phase of the bulk
compound. For a sufficiently thick NW, say, 14 nm (35 nm) in case of SnTe (Pbg ¢Sng 4Se),
the core states are well separated in space from the surface bands. However, the hinge
modes hybridize strongly with the surface bands which effectively couple the five hinges.
Upon opening the surface gap by adding perturbation Hamiltonian to those atoms where
located at the faces of wire, one can recover the five hinge modes. It was verified by low-
energy theory that the Dirac modes are protected by the time-reversal symmetry and are
therefore robust against non-magnetic disorder, imperfections and distortions of the crys-

talline structure.

In light of the influence exerted by a TP on the topological phases in the previously
mentioned systems, we proceeded to explore the effect of TP in the realm of ultrathin
tilms. The topological phase transition was determined through Z, invariant and (111)
mirror Chern number, which ranged from 3 to 60 for films with an odd number of atomic
heights. We have shown that TP topology combined with finite-size effects influence
how the topological invariants change with growing film thickness in comparison with
previously studied (111)-SnTe films without TP.
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The promising findings of these studies call for further research both in simula-
tion and experiment. It is especially interesting to determine what is the energetically
favourable kind of twin boundaries can be observed in experiment, and whether it can
be controlled by growth conditions. Further studies are needed also to assess which of
the SnTe class compounds and solid solutions can form stable NW and TSL structures
in the presence of TPs. The current theoretical studies propose to possible measurement
of transport properties of the topological materials in different geometries studied in this

thesis.
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Appendix A

TP and TSLs

A.1 Electronic structures along high-symmetry lines in ALH

plane

To corroborate the findings presented in section 5.1, we conducted a further investigation
into the electronic structures of cat-cat/an-an TSLs along different paths in the 3DBZ.
Specifically, we examined the spectra of cat-cat/an-an TSLs along the A-L-H-A high-
symmetry lines, as illustrated in Fig. A.1, for a 200-monolayer supercell height [133]. The
structures observed were highly similar to those obtained in the I'MK plane for each type
of TSL. Notably, the states localized in the vicinity of the TPs, indicated by the color red
in the figure, exhibited the same dispersion as in the 'MK plane. However, as shown
in Table 5.1, the calculated mirror Chern numbers were distinct between MK and ALH,

and were found to be zero in the latter plane for TSLs containing the same type of TPs.

This result arises from the fact that upon mirror reflection, the wave functions corre-
sponding to the ALH plane acquire a phase difference of —1 between the two TPs present
in the supercell, rendering this plane trivial for cat-cat/an-an TSLs.

A.2 Projection rule of M points in arbitrary edge of the 2D

hexagonal lattice

Here, we present a general principle to determine whether the I' point and M points are

always paired in any crystallographic direction. It is important to note that the same

principle also applies to the A and L points. To construct infinitely periodic lattices in real

space, we define the 2D primitive lattice vectors as ?1 = a(0, \/§) and f, = a <%, \/Tg) . The
27 V3

corresponding reciprocal lattice vectors are 51 = —1 ¥3) and 52 = 27 (2 ), which
P g % a 3/73 a \3
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Appendix A. TP and TSLs

cat-cat

Figure A.1: Band structures of 200-monolayer-height [111]-oriented SnTe TSLs along the A-L-H-A high-
symmetry lines of the 3DBZ. The TSLs are created with either all-cationic or all-anionic TPs, and the
color scale from red to blue represents the degree of wave function localization on the TPs and bulk-like

atoms [133]. Copyright (2023) by the American Physical Society.
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define a 2D hexagonal BZ. The net vectors of the M; points (i = 1,2,3) and the I' point are
defined as follows [133]:

r=aG, (A.1)

M %(El +b)+G, (A.2)
M, = %52 +G, (A3)

M; = —%El +G. (A.4)

The direction of projection, denoted as d, is determined by d= —pt1 + qf2. This direction
is perpendicular to the d, = pby + qby, where G represents the reciprocal net vector
n'by + m'by, and n' and m’ are integers. It is important to mention that the edge indices
(p,q) need to be coprime. To achieve the projection in pairs, the following conditions
must be satisfied

(M; — Z\7I]~) d, =0, (pair of M points), (A.5)
M - dl =0, (pair of I & M points). (A.6)

Through the analysis of all possible combinations of M points and leveraging the charac-
teristics of coprime edge indices (p,q), it can be observed that the I' point and the three
M points are consistently projected into two distinct pairs, as follows:

1. (M, M3) and (I', M;), when both p and g are odd.
2. (My, M) and (T', M3), when p is even and g is odd.
3. (M1, M3) and (T', M3), when p is odd and g is even.
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