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Simulating Artiﬁcial 1D Physics with Ultra-Cold Fermionic
Atoms: Three Exemplary Themes
Jacek Dobrzyniecki and Tomasz Sowiński *
model,[12] the Kitaev chain model,[13] the
toric code model,[14] the Kitaev honeycomb
model[15] etc. The situation changed drastically along with tremendous development
of experimental methods of precisely controlling interactions between light and matter on a subatomic scale. It turns out that
these simpliﬁed theoretical models and a
variety of their extensions and modiﬁcations are possible to engineer with atomic
systems, that is, appropriately prepared and
controlled ultra-cold atomic systems may
serve as almost perfect realizations of systems described by desired Hamiltonians.[16]
In this way, Richard Feynman’s brilliant
dream of creating quantum simulators[17]
can be realized and a new era of quantum engineering has
started. Importantly, such quantum simulators not only can
verify many theoretical predictions, but also shed light on longstanding questions that have not been satisfactorily answered by
theoretical analysis.
One example of the exciting developments in the ﬁeld is the
ability to engineer eﬀectively 1D quantum many-body systems.
This idea has long been of theoretical interest, including such
important models as the Tonks model of a gas of impenetrable
rods[18] or the Gaudin-Yang general solution for the ground state
of fermions.[19,20] Now, by utilizing the quantum simulator concept, many of the exotic physical phenomena characterizing 1D
systems can be explored experimentally for the ﬁrst time. With
advanced trapping techniques, atoms can be conﬁned in traps
of eﬀectively varying dimensionality by controlling the strength
of perpendicular conﬁnement. This includes optical lattices[21]
and single- and few-site potentials.[22–24] In particular, diﬀerent
1D systems of ultra-cold fermionic mixtures have been experimentally created in this way.[25,26]
In this review, we describe recent achievements in the domain
of one-dimensional fermionic ultra-cold atom systems. Our focus
is on the developments that have occurred in the past few years,
since the last comprehensive review from 2013 by Guan et al.[23]
Since the progress in the entire ﬁeld of 1D fermionic systems
is exceedingly broad and rapid, a full catalogue of all the major
advancements would be a tremendous undertaking. Therefore
we concentrate on three subjectively selected main research directions which are currently being heavily explored and, in our
opinion, will have signiﬁcant importance for the future capability of quantum technologies.
The organization of this article is as follows. In Section 2 we
describe the search for unconventional superconducting states in
1D systems, which are of considerable theoretical interest but are
still diﬃcult to pin down experimentally. In Section 3 we describe

For over twenty years, ultra-cold atomic systems have formed an almost
perfect arena for simulating diﬀerent quantum many-body phenomena and
exposing their non-obvious and very often counterintuitive features. Thanks
to extremely precise controllability of diﬀerent parameters they are able to
capture diﬀerent quantum properties which were previously recognized only
as theoretical curiosities. Herein, the current experimental progress in
exploring the curious 1D quantum world of fermions is traced from the
perspective of three subjectively selected trends being currently under
vigorous experimental validation: i) unconventional pairing in attractively
interacting fermionic mixtures, ii) fermionic systems subjected to the artiﬁcial
spin-orbit coupling, iii) fermionic gases of atoms with high SU( ) symmetry
of internal states.

1. Introduction
Physical sciences were born mainly to deliver an appropriate and
understandable description of the observable world. Typically, the
laws of physics were formulated after the discovery of related phenomena and eventually then their general consequences were
disclosed. However, from time to time, some artiﬁcial theoretical
models (frequently additionally reduced to one spatial dimension) were introduced without any experimental motivation—
just to expose some intriguing properties of the underlying
theory.[1] This kind of approach was intensiﬁed when quantum
mechanics was born since then many realistic problems were
considered as too complicated to be explained in a full quantummechanical treatment. This is how many interesting simpliﬁed
theoretical models were introduced. Let us mention here only
a few celebrated examples: the Dicke model,[2,3] the Schwinger
model,[4] the Hubbard model,[5] the Jaynes–Cummings model,[6]
the Lieb–Liniger model,[7,8] the Calogero–Sutherland model,[9,10]
the Harper–Hofstadter lattice model,[11] the Sachdev–Ye–Kitaev
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Institute of Physics
Polish Academy of Sciences
Aleja Lotników 32/46, Warsaw PL-02668, Poland
E-mail: tomsow@ifpan.edu.pl
The ORCID identiﬁcation number(s) for the author(s) of this article
can be found under https://doi.org/10.1002/qute.202000010
© 2020 The Authors. Published by WILEY-VCH Verlag GmbH & Co.
KGaA, Weinheim. This is an open access article under the terms of the
Creative Commons Attribution License, which permits use, distribution
and reproduction in any medium, provided the original work is properly
cited.

DOI: 10.1002/qute.202000010

Adv. Quantum Technol. 2020, 3, 2000010

2000010 (1 of 17)

© 2020 The Authors. Published by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

www.advancedsciencenews.com

www.advquantumtech.com

systems under the inﬂuence of artiﬁcial spin-orbit coupling. In
1D settings, this kind of coupling presents an interesting picture,
since there is in fact no “orbit” in the usual sense. Furthermore,
it has important applications, such as the simulation of topologically nontrivial models requiring higher dimensionality. In
Section 4 we describe the research on atomic systems with
higher-spin internal symmetries, which in the case of one spatial
dimension oﬀer a fascinating arena for exploring various exotic
many-body phases. Section 5 is the conclusion.

2. Unconventional Pairing Phases
The simplest properties of superconducting materials are typically described by the pairing mechanism of spontaneous
formation of correlated pairs of opposite-spin fermions. The
mechanism is appropriately described by the theory of superconductivity of Bardeen, Cooper, and Schrieﬀer (BCS).[27] However,
when there is no direct symmetry between opposite-spin components, certain more exotic pairing phases are possible. One
of them, the Fulde–Ferrell–Larkin–Ovchinnikov (FFLO) pairing
phase, has recently attracted signiﬁcant interest.
The FFLO phase was ﬁrst predicted in the 1960s by Fulde
and Ferrell[28] and independently by Larkin and Ovchinnikov,[29]
who considered the ground state of a solid-state superconductor
subjected to an external magnetic ﬁeld. The magnetic ﬁeld
causes a relative shift of the Fermi surfaces of both electron
spin components. If this shift is too high, the Cooper pairing
is destroyed and the transition from the superconducting to
the normal state occurs. However, Fulde, Ferrell, Larkin, and
Ovchinnikov showed that close to the transition (still in superconducting phase) an FFLO state can be formed. In this unusual
⃗ is
region the pairing of fermions with momenta k⃗ and −k⃗ + Q
favored over the standard BCS pairing of fermions with mo⃗ [30] The resulting Cooper pairs have a nonzero
menta k⃗ and −k.
⃗ which is (in general) proportional
center-of-mass momentum Q
to the magnitude of the mismatch between the Fermi wave
vectors.[31] A signature feature of the FFLO phase is that the
pairing order parameter Δ(⃗x) is no longer constant in space as in
the standard BCS phase, but rather has an oscillatory character,
⃗ ⋅ x⃗ ).[32]
Δ(⃗x) ∝ cos(Q
In the decades since the original proposals, the FFLO phase
has been extensively investigated. It has been the subject of several reviews,[30,32,33] including very recent ones.[31,34,35] The FFLO
state is currently invoked to explain the behavior of several superconducting systems, including heavy-fermion and organic materials, as well as the cores of neutron stars.[30,36] However, in spite
of its signiﬁcance, universally accepted experimental evidence for
the FFLO pairing has still not been obtained, although a number of experiments conducted in solid-state systems have shown
results highly suggestive of the FFLO state.[32,34,37–43] Quasi-1D
ultra-cold fermionic systems with attractive interactions oﬀer another promising route to its experimental demonstration.
2.1. Quantum Simulators in One-Dimensions
Lower-dimensional systems, such as (quasi-)1D systems, are
highly preferred in the experimental search for the FFLO phase.
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For 3D fermionic systems, mean-ﬁeld theoretical results indicate
that the FFLO state is very unstable, and may exist only in a tiny
sliver in the phase diagram.[44–46] On the other hand, in 1D systems the FFLO phase occupies a signiﬁcant portion of the phase
diagram.[47–50] One major reason for this diﬀerence is that the
stability of the FFLO state depends on the nesting between the
Fermi surfaces. The simplest argument comes from the observation that, in lower dimensions, the number of states with total
⃗ is signiﬁcantly reduced and therefore condensamomentum |Q|
⃗ is facilitated. Of
tion of pairs to the FFLO state with a particular Q
course, the rigorous picture is more complicated, but still the effect of dimensionality is crucial.[31,51,52] Another important eﬀect
arises for systems of charged particles (such as solid-state superconductors). Applying an external magnetic ﬁeld to the charged
particles typically causes orbital eﬀects, which is destructive to
superﬂuidity. However, in lower-dimensional systems this detrimental eﬀect is suppressed due to geometric constraints.[31,32,53]
As a result, (quasi-)1D systems are a good environment to search
for the elusive FFLO state.
For this reason, the unconventional FFLO pairing in ultracold 1D systems has recently been deeply investigated theoretically from various perspectives, for both conﬁned[54–57] and lattice
systems.[58–62] Quasi-1D quantum simulators created with ultracold neutral atoms constitute a highly controllable environment,
where the Fermi surface mismatch can be precisely tuned by
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Figure 1. The ground state phase diagram of an attractive homogeneous
Fermi gas, in the plane of average chemical potential 𝜇 = (𝜇↑ + 𝜇↓ )∕2 vs.
eﬀective magnetic ﬁeld h = (𝜇↑ − 𝜇↓ )∕2, where 𝜇↑ , 𝜇↓ are the chemical
potentials of individual spin components. 𝜇 and h are given in units of
binding energy 𝜖B . 𝜇c and 𝜇s designate the critical values of 𝜇 that separate the distinct phases. One can distinguish between the “partially polarized” phase (i.e. the FFLO-type phase), the “fully paired” phase (standard
BCS Cooper pairing), and the “fully polarized” phase (unpaired state).
The shaded region corresponds to the vacuum state. The arrow shows
the trajectory of local chemical potential for a system in a harmonic trap,
for which the local value of 𝜇(x) decreases away from the trap center. Inset: zoom of the phase diagram near the point O = (𝜖B ∕2, −𝜖B ∕2), with
asymptotic behavior of phase diagram boundaries marked with dashed
lines. Reproduced with permission from ref. [54]. Copyright 2007, American Physical Society.

changing the spin composition of the initial population, rather
than with external magnetic ﬁelds.[63–67] The relative spin populations can be tuned, for example, by driving radio-frequency
sweeps between the states at diﬀerent powers.[26]
One of the simplest models for such a 1D system is that of a
homogeneous Fermi gas with attractive contact interactions.[54] It
can be described by the Gaudin–Yang Hamiltonian of the form
H=−

N↓ +N↑
N↑ N↓
∑
∑
ℏ2 ∑ 𝜕 2
+
g
𝛿(xi − xj ),
1D
2m i=1 𝜕xi2
i=1 j=1

(1)

where N𝜎 is the number of fermions with spin 𝜎 ∈ {↑, ↓}, m is
the fermion mass, xi is the position of the i-th fermion and g1D
is the strength of the contact interaction (attractive for g1D < 0).
In the large particle number limit, one can deﬁne the chemical
potentials of individual spin components, 𝜇𝜎 = 𝜕E∕𝜕n𝜎 , as the
derivatives of system energy E over the density n𝜎 of the given
component. Shown in Figure 1 is the theoretical phase diagram
of this system at zero temperature, in the plane of the chemical
potential, 𝜇 = (𝜇↑ + 𝜇↓ )∕2, and the spin population imbalance,
h = (𝜇↑ − 𝜇↓ )∕2 (which is equivalent to the strength of the eﬀective magnetic ﬁeld). At low spin imbalance, the ground state of
this system is the standard BCS paired phase. When the imbalance is increased, the system transitions into the FFLO-paired
phase. At a high enough imbalance, the superﬂuid phase is destroyed and the system is in the normal, unpaired phase.
Figure 2 shows an analogous phase diagram for a 1D lattice
system in the tight-binding approximation,[59] described by the
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Figure 2. Grand canonical phase diagram of the 1D attractive Hubbard
model (for ﬁxed interaction U = −5t) in the plane of average chemical potential 𝜇 vs. eﬀective magnetic ﬁeld h. 𝜇 and h are given in units of tunneling amplitude t. The distinct phases visible are as follows: V – vacuum,
ED – unpolarized phase (standard BCS pairing), PP – partially polarized
phase (FFLO-type pairing), FP1 – fully polarized (unpaired) phase with low
ﬁlling n < 1, FP2 – fully polarized (unpaired) phase with ﬁlling n = 1. The
remaining phases correspond to the states where at least one of the components forms a band insulator. When this system is subject to additional
harmonic conﬁnement, the local chemical potential 𝜇(x) becomes smaller
as one goes from the trap center to the edges, for example as shown by
the two trajectories (red and blue lines). Reproduced with permission from
ref. [59]. Copyright 2010, American Physical Society.

Hubbard-like model
[
]
∑ ∑
†
−t ĉj,𝜎 (̂cj−1,𝜎 + ĉj+1,𝜎 ) + U n̂ j,↑ n̂ j,↓ ,
H=
j

(2)

𝜎

where t is the hopping amplitude between neighboring sites, U
is the on-site interaction energy, ĉi,𝜎 is the annihilation operator
†
for a fermion with spin 𝜎 at site i, and n̂ i,𝜎 = ĉi,𝜎
ĉi,𝜎 . Despite the
diﬀerences between the two systems, the overall structure of this
phase diagram is similar to the homogenous 1D gas case, with
the standard BCS-paired phase transitioning to the FFLO phase
at a ﬁnite spin imbalance, and a subsequent transition to the normal phase beyond a critical imbalance value.
One should remember that in the presence of external trapping, due to inhomogeneity, diﬀerent conﬁgurations predicted
by these phase diagrams may simultaneously co-exist at diﬀerent
locations in the trap. This phase separation can be understood in
the framework of the local density approximation picture, which
is useful when the particle density varies slowly in space. In this
approach, the local value of the chemical potential 𝜇(x) varies
along the system as 𝜇(x) = 𝜇 0 − V(x), where 𝜇 0 is the chemical
potential at the center of the trap and V(x) is the trap potential.[59]
In particular, for a harmonic trap, 𝜇(x) becomes smaller toward
the trap edges. Meanwhile, the eﬀective magnetic ﬁeld h(x) remains constant throughout the trap. The result is that diﬀerent
phases are realized at diﬀerent locations, and their arrangement
corresponds to a trajectory across the phase diagram, starting at
𝜇 0 and going downwards parallel to the 𝜇 axis. Examples can be
seen in Figure 1 and Figure 2, where the trajectories of the local
chemical potential across the trap length are shown as vertical
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lines which pass through several diﬀerent phases, indicating the
presence of diﬀerent phases at diﬀerent locations in the trap. For
a harmonically trapped 1D spin-imbalanced gas (whether with or
without a lattice), a typical conﬁguration is a two-shell structure,
where the center of the system exhibits an FFLO phase and the
edges of the system are in the unpaired phase or the standard
BCS phase.[54,58,59]
Depending on the structure of the phase diagram, more
complex phase-separation conﬁgurations can be obtained. This
possibility was explored in ref. [68], where it was shown how, by
appropriately modifying the parameters of the conﬁning trap,
one can engineer diﬀerent trajectories in the phase diagram.
In this way, a desired conﬁguration of separated phases can be
created.
This theoretical phase separation picture was conﬁrmed experimentally by the group of Randall G. Hulet and Erich J.
Mueller.[26] The experiment studied the nature of phase separation which occurred in fermionic systems conﬁned to 1D tubes
as the total spin imbalance of the system was tuned. Figure 3a depicts the theoretically predicted locations of the boundaries (red
and blue lines) between diﬀerent phases, shown in terms of the
radius from the trap center. The locations of the boundaries between the phases, and the particular phases realized, can be seen
to depend on the value of the spin polarization. Figure 3b compares these theoretical predictions with the experimentally measured locations of the boundaries (red and blue symbols). At low
spin polarization, below a critical value Pc , the center of the cloud
was occupied by a partially polarized state. Toward the edges of
the cloud, the system was fully paired. For values of polarization
close to Pc , the partially polarized phase extended across the entire trap. Finally, at high polarization P > Pc the state at the edge
of the cloud changed from fully paired to fully polarized, in agreement with the theoretical prediction.
Undoubtedly, the experiment showed the validity of the predicted phase separation. Nevertheless, it did not provide direct
evidence that the partially polarized state in the center of the
trap was indeed the elusive FFLO state. In anticipation of future
experimental work, several potential experimental signatures of
the FFLO state have been proposed. A well-established possibility is measuring the pair momentum distribution of the partially
polarized phase, with a peak at ﬁnite momentum q providing an
unambiguous signature of FFLO with pair momentum q.[26,55]
In recent years, there have been proposals based on surveying
the expansion dynamics of the cloud after switching oﬀ the
trapping potential.[69,70] Recently, it was also suggested[71] that
the FFLO state subject to a sudden quench of the interaction
strength should display characteristic, experimentally detectable
post-quench features. It has also been shown that the visibility of
the FFLO state should be greatly enhanced in 1D boson–fermion
mixtures with strong boson–fermion repulsion.[72]

2.2. Dimensionality Crossover
For future experimental work, promising perspectives are
opened by the implementation of systems with an “intermediate” dimensionality. Although here we focus on 1D systems, the
dimensional crossover technique oﬀers interesting perspectives
for the observation of FFLO and it is worth looking at recent de-
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Figure 3. a) Theoretical phase diagram of a homogeneous Fermi gas
trapped in an array of 1D tubes at zero temperature, as a function of the
spin polarization of the central 1D tube and the radius from the center of
the tube. The red and blue lines indicate the radii at which boundaries between the diﬀerent phases are predicted to occur. Pc is the critical polarization value where the boundaries cross. The distinct phases shown are: the
vacuum (white), fully paired (standard BCS-type) phase (green), partially
polarized (FFLO-type) phase (orange), and the fully polarized (unpaired)
phase (blue). b) Comparison of theoretical predictions (red and blue solid
lines) and the experimentally measured locations of the boundaries (red
and blue symbols) at temperature 175 nK. Reproduced with permission
from ref. [26]. Copyright 2010, Springer Nature.

velopments in this area. Experimentally, a system of this kind
can be implemented with an array of 1D tubes, where the amplitude of tunneling between neighboring tubes t⟂ can be tuned,
thus controlling the eﬀective dimensionality. In particular, in lattice systems the relevant parameter is the ratio t⟂ ∕t∥ (where t∥ is
the tunneling between sites of a single tube), which can range
from 0 (fully 1D) to 1 (isotropic 3D).[73,74] A quasi-1D regime,
where t⟂ is small but nonzero, is expected to be even better
suited to the observation of the FFLO state than a purely 1D system. It comes from the fact that, in such a regime, there can exist long-range order absent from purely 1D systems, stabilizing
the FFLO phase.[49,74] Furthermore, correlations induced by the
weak intertube tunnelings could synchronize the FFLO density

© 2020 The Authors. Published by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

www.advancedsciencenews.com

www.advquantumtech.com

Figure 5. a) An array of 1D tubes formed by a 2D optical lattice. By decreasing the optical lattice depth, the intertube tunneling rate t is increased. In
this way the system can be gradually tuned from a quasi-1D to a quasi3D regime. b) Phase separation in a trapped Fermi gas in quasi-1D (top)
and quasi-3D (bottom) regimes, at zero temperature and a small spin
imbalance. The phases are: SFP – FFLO superﬂuid, SF0 – standard BCS
superﬂuid, NPP – an unpaired phase with spin imbalance, NFP – an unpaired normal phase. Arrows indicate phase boundaries at the diﬀerent
radii R. Reproduced with permission from ref. [76]. Copyright 2016, American Physical Society.
Figure 4. Phase diagram of the model representing an array of coupled
one-dimensional Hubbard chains, in the plane of interchain coupling vs.
spin polarization. Interchain coupling is given as the ratio t⟂ ∕t∥ between
transverse and inter-site tunnelings. Phase III represents a two-shell structure, with an FFLO core and fully polarized, unpaired edges. Phase II represents a three-shell structure with an FFLO core, standard BCS superﬂuid
in the shoulders, and fully polarized edges. Phase I represents a threeshell structure with a standard BCS superﬂuid core, FFLO shoulders, and
fully polarized edges. Reproduced with permission from ref. [73]. Copyright 2012, American Physical Society.

modulations across diﬀerent tubes and thus enhance the overall
experimental signal from the array.[49]
The diﬀerence between diﬀerent dimensionalities manifests
itself in the phase separation of a trapped Fermi gas. As noted
above, in a quasi-1D trap one typically obtains a two-shell structure where the center of the trap is occupied by a partially polarized FFLO state while the edges are taken up by a polarized normal state. On the other hand, in a spherical 3D trap, a shell structure is predicted with the standard BCS superﬂuid occupying the
trap center.[75] Theoretical and experimental research has conﬁrmed that the crossover between 1D and 3D dimensionalities is
indeed reﬂected in the phase separation structure of the system.
For example, in ref. [73, 74] the phase diagram of a 3D array of 1D lattices with harmonic trapping was studied. The zerotemperature phase diagram of the relevant system can be seen in
Figure 4. At t⟂ ∕t∥ > 0, in addition to the familiar two-shell structure with FFLO in the center (region “III” in Figure 4), there appears the possibility of obtaining three-shell structures, in which
the gas in the center of the trap separates into two shells displaying FFLO and standard BCS phases (regions “I” and “II” in Figure 4). As the transverse coupling increases, the structure with
standard BCS pairing occupying the trap center (region “I” in
the trap center), characteristic of a quasi-3D regime, becomes
preferred.[73] It is argued that the approximate crossover point
between quasi-1D and quasi-3D physics, t⟂ ∕t∥ ≈ 0.3, is a “sweet
spot” where the FFLO state displays a highly uniform oscillation
amplitude across the entire 1D tube.[74] Above a critical temperature, which is approximately 1/3 that of the critical temperature for BCS superconductivity, the FFLO phase becomes fragile to losing its FFLO character and melting into standard BCS
pairing.[74]
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Recently the 1D–3D crossover scenario was successfully
realized experimentally with 6 Li atoms conﬁned in an array
of 1D tubes.[76] The array of 1D traps was formed with a 2D
optical lattice and the transverse tunneling rate could be tuned
by changing the 2D lattice depth (Figure 5a). The quasi-1D
and quasi-3D regimes could be distinguished by the local spin
polarization at the midpoint of the central 1D tube (Figure 5b):
a partially polarized core corresponded to the quasi-1D regime,
and an unpolarized core indicated a quasi-3D regime. It was
found that the critical tunneling value, corresponding to the
transition between the quasi-1D and quasi-3D regime, was
approximately tc ≈ 0.025𝜖b (where 𝜖b is the pair binding energy).
Finally, it is worth noting an alternative approach to the 1D3D crossover was proposed in ref. [77]. Here, only a single 1D
tube is considered, and the parameter controlling the dimensionality is the chemical potential 𝜇. When 𝜇 is small enough, transverse movement is conﬁned to the lowest oscillator level, that is,
the usual condition for quasi-1D dimensionality is fulﬁlled. For
large enough 𝜇 transverse modes are accessible and the dynamics become locally 3D. The authors ﬁnd that strong interactions,
which mix single-particle levels, cause 3D-like behavior to occur
at all densities.

2.3. Mass-Imbalanced Mixtures
A parallel direction of research on unconventional pairing concentrates on the relationship between mass-imbalanced 1D systems and FFLO. In the typically considered ultra-cold systems,
the source of mismatch between the two spin Fermi momenta
in the ultra-cold system is the imbalance between spin populations, which leads to a diﬀerence in the chemical potential 𝜇
and thus, in the magnitude of the Fermi momenta. However,
an alternate way to induce the diﬀerence between Fermi momenta is by using components with diﬀerent masses. The most
straightforward approach is creating a mixture of diﬀerent atomic
species with varying masses.[31] Alternatively, one can create a
system conﬁned in spin-dependent optical lattices, where the
two spin components exhibit diﬀerent tunneling amplitudes and
thus diﬀerent ”eﬀective mass.” Such an eﬀect can be achieved, for
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example, by the use of a magnetic ﬁeld gradient modulated in
time.[78] The occurrence of the FFLO phase in mass-imbalanced
1D fermionic systems was theoretically investigated in a number
of past works.[79–85]
Among recent works, a 3D phase diagram as a function of the
mass imbalance, spin imbalance and temperature was studied
in ref. [86] for a many-body system of attractive free fermions,
ﬁnding that FFLO-type phases occupy a large region of the parameter space. Another recent work[87] theoretically studied the
zero-temperature phase diagram for an attractive 6 Li-40 K mixture
conﬁned in a 1D harmonic trap. When the two mass-imbalanced
atomic species are treated as distinct pseudospin components,
a greater richness of phases emerges: one can now distinguish
between “light FFLO” or “heavy FFLO” phases, depending on
whether the heavier or the lighter species is an excess species
in the partially polarized phase.

2.4. Dynamical Response Technique
Finally, we note several recent works that focus on the dynamical properties of the system. Although most theoretical work
focuses on the ground-state properties of the system, a signiﬁcant area of research focuses on the time evolution of dynamical
systems after the sudden change (quench) of some parameter,
such as the external potential. For instance, an FFLO Fermi gas
with initial harmonic conﬁnement which is suddenly switched
oﬀ can be considered.[69] The resulting cloud expansion dynamics shows a clear two-ﬂuid behavior, where the cloud expansion
velocity of one of the two components (consisting of unpaired
majority fermions) is related to the FFLO momentum. This provides an experimental signature of FFLO pairing with nonzero
center-of-mass momentum of the pairs.
Another often considered area is the post-quench dynamics
after a change of interaction strength. Such a scenario was
considered in ref. [88] for a 1D lattice system. In particular,
after a quench from zero to attractive interactions, the postquench state shows characteristic FFLO oscillations of the pair
correlation, although with exponential decay of spatial correlations. On the other hand, after a suﬃciently fast quench
from attractive to repulsive interactions, the initial state’s FFLO
correlations can be imprinted onto repulsively bound pairs if the
ﬁnal interaction strength is high enough.
A diﬀerent case was considered in ref. [71], which analyzed
the dynamics of standard BCS and FFLO states quenched from
attractive to zero interactions, and analyzed the dynamics of spin
and charge correlations in the post-quench system. For a quench
from an initial standard BCS state, the spin correlations eventually thermalize to those of a free Fermi gas at a temperature
kT ∼ Uini , while the charge component does not. On the other
hand, for a quench from the FFLO state, neither component thermalizes.
Although experimental implementation of such schemes is yet
to be achieved, they are realizable with currently available techniques. For example, cloud expansion experiments with a clear
resolving between clouds of single and paired atoms have been
demonstrated recently.[89] Therefore, this approach may in the future provide the long-sought clear experimental evidence for the
FFLO state.
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3. Spin-Orbit Coupling
With current experimental techniques, it is possible to engineer
scenarios mimicking the existence of external gauge ﬁelds.[90,91]
In particular, artiﬁcial generation of spin-orbit (SO) coupling, that
is, the coupling between the internal and the motional degrees
of freedom of a particle, has been attracting increased interest
in recent years. In condensed matter systems, SO coupling plays
a crucial role in the formation of exotic, topologically nontrivial
phases associated closely with the quantum Hall eﬀect.[92–94] Recent progress in spintronics has also contributed to the interest
in SO coupling.[94,95]
Typically SO coupling is understood as a purely relativistic
eﬀect[96,97] which can be explained directly from the movement
of a spinful particle in the intrinsic electric ﬁeld of the sample.
The particle, in its comoving reference frame, experiences a magnetic ﬁeld that couples to the spin. It means that the resulting
spin-orbit coupling is determined by the intrinsic properties of
the material and is not easily tunable. However, ultra-cold systems of neutral atoms subject to synthetic SO coupling open an
alternate way to investigate this phenomenon, providing an experimentally controllable environment where the SO coupling
can be precisely engineered and tuned.[91,98,99] General reviews
concerning the realization of synthetic SO coupling in ultra-cold
atoms can be found in refs. [91, 94, 100–102].
Experimental implementation of artiﬁcial SO coupling in
ultra-cold gases is already well established. The ﬁrst realization
of synthetic SO coupling in ultra-cold atoms came in 2011, with
the realization of an SO coupling in a bosonic condensate at
NIST.[98] Very soon it was also successfully engineered in 3D
fermionic gases.[103–106] In this section, we will describe the recent
experiments with synthetic SO coupling in 1D fermionic gases.

3.1. Experimental Methods
First, let us describe the current experimental techniques for
the generation of artiﬁcial SO coupling in 1D systems. A wellestablished technique is the Raman laser scheme, originally
proposed in ref. [107] and used in the earliest experimental
realizations.[98,103–106] In this approach, two internal states of the
ultra-cold atoms are chosen to represent pseudospin states. Then
a pair of counter-propagating lasers is shined on the ultra-cold
atom system, inducing a two-photon Raman coupling between
the two states (see Figure 6). Due to the conservation of momentum during the absorption and reemission of photons, the
transition of an atom between the internal states is accompanied
by a change in the momentum. As a result, the motion of the
particle becomes coupled to the spin.[94] The magnitude of the
transferred momentum depends on the wavelength of the Raman beams, but it can be tuned by changing the relative angle of
their intersection.[91]
This laser coupling scheme results in the realization of a 1D
SO coupling, equivalent to an additional term in the singleparticle Hamiltonian of the general form ∝ q𝜎̂ y . Here q is the
momentum of the atom along the SO coupling direction, and
𝜎̂ y is the spin Pauli matrix. Additionally, eﬀective Zeeman terms
appear in the Hamiltonian, which can be written in the general
form (Ω∕2)𝜎̂ z + (𝛿∕2)𝜎̂ y . They are parametrized by the Raman

© 2020 The Authors. Published by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

www.advancedsciencenews.com

www.advquantumtech.com

Figure 6. A typical three-level Raman scheme for the generation of artiﬁcial
spin-orbit coupling in ultra-cold atoms. Two internal states of the atoms,
diﬀering in energy by ℏΩ, represent the two pseudospin states |e⟩ and
|g⟩. A pair of laser beams couples the two pseudospin states through an
intermediate excited state |E⟩. The lasers are detuned by 𝛿 from the Raman
resonance.

Figure 7. Changes of the energy-momentum dispersion of a homogeneous ultra-cold Fermi gas in the presence of the SO coupling. Upper
and bottom panels correspond to theoretical predictions and experimental
results from [104], respectively. With no SO coupling, the spectrum consists of two degenerate, parabolic energy bands corresponding to the two
spin states. The oﬀ-diagonal coupling term (linear in momentum) causes
a shift (leftmost plots), which together with the Zeeman splitting terms
leads to coupling between the two energy bands and opening a gap in the
spectrum (middle and rightmost plots). Colors indicate the spin composition of the states. Experimentally measured dispersions (for various Raman couplings Ω) reproduced with permission from ref. [104]. Copyright
2012, American Physical Society.

coupling Ω and the two-photon detuning 𝛿 from the bare transition frequency (for details see refs. [91, 98]).
The SO coupling has a characteristic eﬀect on the energy–
momentum dispersion relation. First, due to the counter-eﬀect
of momentum transfer for opposite spins, the two bands are split
and relatively shifted. Second, the Zeeman splitting term causes
a characteristic split around zero momentum and opens a gap in
the spectrum.[99,100] Importantly, the resulting characteristic dispersion and spin texture of the spectrum can be probed experimentally, for example by means of a spectroscopic spin-injection
technique[104] (see Figure 7).
For atoms conﬁned in a 1D lattice, an alternative technique of
synthesizing SO coupling has been developed in recent years. In
this approach, the atoms are subjected to an optical clock laser,
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Figure 8. Clock transition SO coupling setup in a 1D optical lattice, as
shown in ref. [111]. The fermionic 173 Yb atoms are conﬁned in an optical
lattice with wavelength 𝜆L . The clock laser with wavelength 𝜆C , applied at
angle 𝜃 to the optical lattice axis, drives a single-photon transition between
the two states |g⟩ = 1 S0 and |e⟩ = 3 P0 (treated as pseudospin states). The
momentum transfer 𝛿k = 2𝜋 cos(𝜃)∕𝜆C causes a coupling between the
momentum and the two pseudo-spin states. Reproduced with permission
from ref. [111]. Copyright 2016, American Physical Society.

which induces a single-photon coupling between the ground
atomic state and a long-lived, metastable excited state. When the
trapping lattice is set to an appropriately selected “magic wavelength,” such that the trapping is identical for both these pseudospin states, a SO coupling emerges (Figure 8). The SO coupling results from the fact that when the laser drives a transition
between the ground and excited state, it imprints on the atom
wave function an additional site-dependent phase, exactly as for
an atom in an external magnetic ﬁeld. Compared to the Raman
technique, the advantage of this method is its simpler conﬁguration (only one laser beam). It also avoids the detrimental eﬀect
of near-resonant intermediate states that would otherwise induce
strong heating and hinder the observation of many-body eﬀects.
It should be mentioned, however, that this method is only applicable to atoms that have a necessary long-lived excited state, such
as alkaline-earth atoms. Furthermore, the excited state population is vulnerable to losses due to inelastic collisions between the
atoms, which may be detrimental at longer timescales.[108]
Much like in the case of the Raman laser scheme, the
quasimomentum-energy dispersion undergoes a characteristic
modiﬁcation in the spin-orbit coupled 1D lattice system. It can
be regarded as two bands, shifted with respect to each other
and coupled (Figure 9a). This SO-coupled spectrum is characterized by divergences (Van Hove singularities[109] ) in the density of
states, which, as explained in ref. [110], occur at saddle points in
the energy diﬀerence between the band dispersion curves. This
results in the appearance of characteristic peaks in the excitation spectrum, at detunings comparable to the bandwidth (Figure 9b). They can be used as a spectroscopic signature of the SO
coupling.[108,110–112]
Apart from the two techniques described above, other methods
have been proposed for SO generation. One proposal involves
generating the eﬀective SO coupling by periodic spin-dependent
driving of atoms trapped in a lattice via a time-dependent magnetic ﬁeld. In this way, the atom tunneling amplitudes become
spin-dependent, and as a result, the characteristic SO splitting of
the energy spectrum appears. The strength of the resulting SO
coupling can be tuned by adjusting the driving amplitude.[113]
Another example is the so-called Raman lattice scheme proposed in [114] and later implemented experimentally in ref. [115].
In this approach, two laser beams are used. One laser beam
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Figure 9. a) The momentum-energy dispersion spectrum of an ultra-cold
Fermi gas in a lattice under SO coupling. Similarly to the free gas (Figure 7), the bands corresponding to the two spin states are shifted and coupled. The band splitting is given by the Rabi frequency Ω of the clock transition, and the bandwidth is equal to 4J where J is the lattice tunneling rate.
The Van Hove singularities in the density of states occur at quasimomenta
q ∼ 0 and q ∼ 𝜋 (indicated by the yellow and blue arrows) where a saddle
point occurs in the energy diﬀerence between the two bands. b) The |g⟩ →
|e⟩ excitation spectrum of the clock transition, as a function of the detuning
𝛿 from the bare atomic transition (in units of J). The Van Hove singularities
are manifested as peaks at the values 𝛿 ∼ ±4J (yellow and blue arrows).
Reproduced with permission from [112]. Copyright 2018, Springer Nature.

generates an optical lattice. The other perpendicular beam overlays the lattice with a periodic Raman potential inducing spinﬂipping hopping between the lattice sites. It thus leads to eﬀective spin-orbit coupling. In this approach, both beams can be
generated by a single laser source, which simpliﬁes the experimental setup.

3.2. Experimental Realizations
We now proceed to describe the recent experimental achievements of spin-orbit coupled 1D Fermi gases. We start by listing
the recent successful implementations of the clock lattice technique for generating the SO coupling. In an experiment by the
Fallani group in LENS,[111] a gas of ultra-cold 173 Yb atoms was
conﬁned in a 1D magic wavelength lattice potential, with identical band structures for both internal states |g⟩ = 1 S0 and |e⟩ = 3 P0
chosen as the spin states. A clock laser along the lattice direction
generated coherent coupling between the |g⟩ and |e⟩ states (Figure 8). In this case, the clock laser transition was used both to
implement the SO coupling and to probe the system spectroscopically. In particular, the authors conﬁrmed that – with increasing
SO coupling strength—the excitation spectrum of the clock transition displays a pair of characteristic peaks, corresponding to the
Van Hove singularities.
A similar experiment with SO-coupled 1D Fermi gas has been
performed with 87 Sr atoms in JILA.[110] In particular, the authors demonstrated that it is possible to selectively prepare atoms
with particular quasimomenta q, thanks to the q-dependence of
the clock transition frequency. In another recent experiment in
JILA[112] the authors focused on the eﬀects of strong many-body
interactions in the SO-coupled system, analyzing the inﬂuence
of the interactions on the collective spin dynamics.
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Figure 10. A synthetic two-leg ladder structure, realized by atoms in a 1D
lattice which have two pseudospin states |g⟩ and |e⟩ coupled by a clock
laser transition. Hopping between the sites of the lattice takes place with
a real amplitude t. The coupling between states |g⟩ and |e⟩ is equivalent to
hopping along a synthetic spin dimension. Due to the artiﬁcial spin-orbit
coupling, this interleg hopping has a complex amplitude with magnitude
Ω and phase j𝜙, which diﬀers depending on lattice site index j. The yellow
arrows indicate the eﬀective artiﬁcial magnetic ﬂux 𝜙 that pierces each
plaquette of the ladder. Adapted with permission from ref. [108]. Copyright
2016, American Physical Society.

3.3. Artiﬁcial Dimensions
An interesting aspect of such 1D lattice experiments is that
the spin degree of freedom can be interpreted as a “synthetic
dimension,” and transitions between the spin states can be interpreted as hoppings along this dimension.[116–118] In this framework, a 1D lattice loaded with fermions of  spin components
is interpreted as a 2D “ladder” with  “legs” (Figure 10). If the
atoms are subject to an artiﬁcial spin-orbit coupling, the hopping
in this synthetic dimension becomes complex, with a phase that
depends on the lattice site index. The phase imprinted by the
spin coupling varies between neighboring sites, with a value dependent on details of the 1D lattice potential and the artiﬁcial
SO coupling gauge ﬁeld. Then, in the synthetic dimension picture, the SO coupling corresponds to an eﬀective magnetic ﬁeld
ﬂux piercing each plaquette of the ladder.[108] The Hamiltonian
of such a system (with  = 2 legs) can be written as the Harper–
Hofstadter ladder Hamiltonian of the form[111]
H=

[
∑ ∑
j

𝛼

]
†
−t ĉj,𝛼
(̂cj−1,𝛼

+ ĉj+1,𝛼 ) −

†
Tj ĉj,e
ĉj,g

−

†
Tj∗ ĉj,g
ĉj,e

(3)

where t is the tunneling amplitude between neighboring sites on
the same leg, Tj = −Ωe−ij𝜙 is the site-dependent tunneling amplitude between two diﬀerent legs, and the operator ĉj,𝛼 annihilates
a fermion on site j on leg 𝛼 ∈ {e, g}. Frequency Ω is related to the
Rabi frequency associated with the clock excitation, and 𝜙 is the
eﬀective magnetic ﬂux per plaquette.
Such synthetic ladders with accompanying SO coupling have
attracted interest due to their potential application to study
topologically nontrivial states of matter in ultra-cold atoms that
are not attainable in standard condensed-matter systems. For
example, the two-leg ladder oﬀers a means to realize the Creutz
ladder model, one of the most important minimal models that
can realize topological insulator phases.[119,120] Detailed reviews
on the realization of topological phases with ultra-cold atoms can
be found in [121–123].
However, an even more interesting possibility oﬀered by the
synthetic dimension framework is using 1D lattices to emulate
2D systems.[117] The synthetic ladder can be interpreted as a fragment (a strip) of a larger 2D lattice. With the addition of the effective magnetic ﬂux from SO coupling, the ladder system can
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Figure 11. The realization of a Harper-Hofstadter strip by means of a
1D lattice with a synthetic spin dimension. See the main text for details. Reproduced with permission from ref. [125]. Copyright 2015, Science
(AAAS).

emulate the physics of the topologically nontrivial Harper–
Hofstadter lattice model,[11] which describes charged particles in
a 2D lattice in a uniform magnetic ﬁeld. In fact, it can be shown
theoretically that a two-leg ladder with SO coupling can accurately
reproduce the energies and wave functions of the edge states of
a real Hofstadter lattice.[124]
An excellent demonstration of these possibilities is given by
the experiment by the Fallani group in LENS.[125] Using 173 Yb
atoms in a 1D lattice, with Raman laser coupling between two or
three distinct spin states, the authors realized a two- or three-leg
ladder geometry (see Figure 11 for a pictorial view). For the twoleg ladder case, spin-resolved measurement of momentum distributions revealed the presence of edge chiral currents, travelling
in opposite directions along the two legs (Figure 12). These currents, which can be detected by analyzing spin-resolved momentum distributions, are analogous to the topological chiral modes
running along the edge of the 2D Hofstadter lattice. In fact, it can
be easier to experimentally investigate such edge-localized phenomena in such a 1D simulator as opposed to a real 2D structure,
since the momentum distribution for each spin component can
be measured individually.[122] By increasing the number of coupled spin states from two to three, one obtains a three-leg ladder geometry, which is an even closer approximation of a strip
of a 2D system. Compared to a two-leg ladder, which is “all edge
and no bulk”, the three-leg ladder has a “bulk” in the form of
the “central” leg. Momentum distribution measurements reveal
that no net chiral current is present in this “bulk” leg (Figure 13).
The experiment serves as a remarkable demonstration of how the
physics in a 1D spin-orbit coupled lattice system can be mapped
onto those of a 2D system.
With regard to artiﬁcial ladder geometries, it is worth mentioning that a more complex ladder structure was recently achieved
experimentally in Seul.[126] In a 1D lattice with 173 Yb atoms, the
authors realized a three-leg cross-linked ladder: a ladder that allows hopping between lattice sites with a simultaneous change
of orbital, corresponding to diagonal hopping across the ladder
plaquettes (Figure 14b). The system was implemented by overlaying the trapping optical lattice with a periodically oscillating
lattice potential, generated by a pair of Raman lasers with different frequencies. This induced couplings between the ﬁrst few
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Figure 12. Uncovering chiral edge currents of fermionic atoms in a twoleg ladder with eﬀective magnetic ﬂux. a) Top: Time-of-ﬂight images representing the momentum distribution of atoms in the two pseudospin states
m = −5∕2 and m = −1∕2. Middle: Integrated momentum distributions
n(k). Bottom: The imbalances h(k) = n(k) − n(−k). The nonzero imbalance reveals the presence of a chiral current for the atoms in a given pseudospin state, with the opposite directions for both pseudospins. b) The
momentum distribution and imbalance h(k) for atoms in the m = −1∕2
state, for two opposite directions of the eﬀective magnetic ﬁeld. It can be
seen that the direction of the chiral current is inverted as the eﬀective ﬁeld
is turned in the opposite direction. c) Visualization of the two chiral currents (orange arrows) along the two legs of the ladder that correspond to
the two spin states. Reproduced with permission from ref. [125]. Copyright
2015, Science (AAAS).

excited orbitals of the optical lattice sites, which played the role
of pseudospin, so that an “orbital-momentum” coupling played
the role of spin-orbit coupling (Figure 14a). The diagonal hopping was achieved by ensuring a signiﬁcant overlap of the orbital
wave functions corresponding to each site.
The rapid experimental development in this area has been accompanied by theoretical developments as well. The ladder structures can also be used for more involved applications. For example, as proposed in ref. [127], a two-leg ladder with the two
legs interpreted as ”particle” and ”hole” states can exhibit properties similar to that of a topologically nontrivial superconducting
wire. Another interesting concept has been presented in ref. [128]
where it was shown how a topologically nontrivial system can be
implemented via a quantum walk of ultra-cold atoms on a 1D lattice. It was argued that in certain parameter regimes the system
can be mapped onto the Creutz ladder.[119]
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Figure 13. Same as Figure 12, but for a ladder with three legs corresponding to the pseudospin states m = −5∕2, m = −1∕2 and m = +3∕2.
Chiral currents are only present for atoms on the two “edge” legs (m =
−5∕2, +3∕2), while the “middle leg” (m = −1∕2) is characterized by a net
zero current. Reproduced with permission from [125]. Copyright 2015, Science (AAAS).

Figure 14. a) Schematic of the experimental setup realizing orbitalmomentum coupling in a 1D optical lattice. The stationary 1D lattice potential V(x) with lattice constant 𝜋∕kL is overlaid with an oscillating lattice
potential 𝛿V(x, t) with lattice constant 𝜋∕kR . The moving lattice induces
two-photon Raman transitions between the diﬀerent orbital states of the
lattice. b) The lattice as a ladder, with the orbital states s, p, d playing the
role of the synthetic dimension. The particles can hop along the real dimension x (black solid lines) and along the orbital dimension 𝛼 (green
solid lines), but “diagonal” hopping is possible as well (dashed lines). Because of the spatial modulation of the complex tunneling amplitude, an effective magnetic ﬂux Φ = 2𝜋(kR ∕kL + 1) per plaquette is created. The diagonal hopping additionally divides each plaquette into four sub-plaquettes
with the magnetic ﬂux distributed between them. Reproduced with permission from ref. [126]. Copyright 2018, American Physical Society.

3.4. Topological Superﬂuids
We now move on to another possibility opened by the application of SO coupling to 1D fermions, namely, the creation of
topological superﬂuid phases. A topological superﬂuid phase features Cooper pairing between the fermions (analogously to the
BCS phase) but also displays nontrivial topological characteristics. In particular, it can host zero-energy edge states with properties analogous to properties of the famous Majorana fermions—
non-existing, but theoretically possible realizations of neutral
particles obeying fermionic statistics being compatible with the
relativistic quantum mechanics.[129,130] In contrast to standard
Dirac particles, Majorana fermions are their own antiparticles.
Although Majorana particles were never observed as quantum
particles, it is commonly argued that in some speciﬁc scenarios they may give an eﬀective and appropriate description of excitations of many-body systems. In such cases, they are particularly interesting from a quantum information perspective, as
they are highly resistant to decoherence and have been suggested
as a vital element in fault-tolerant quantum computation.[13,131]
Topological superﬂuids represent a signiﬁcant opportunity to
generate Majorana fermions controllably.
Majorana fermions are known to occur eﬀectively in certain 2D superconductors characterized by p-wave interparticle
interactions.[132] A conventional 2D s-wave superconductor
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under artiﬁcial spin-orbit coupling can also harbor Majorana fermions.[133–135] 1D topological superﬂuids have been
successfully created in heterostructures, consisting of a 1D
semiconductor wire subject to strong spin-orbit coupling and
brought in the proximity of a bulk s-wave superconductor.[136–138]
Experiments with such structures have uncovered evidence for
the appearance of Majorana fermions in the wire.[139–143]
Schemes for creating Majorana fermions in ultra-cold atoms
have been proposed as well, for example in systems of spin-orbit
coupled 1D fermions inside a background 3D BEC.[144] In recent
years, a number of theoretical studies have explored the possibility of using SO coupling to obtain a topological superﬂuid phase
in a solitary 1D system of attracting ultra-cold fermions, without
the need to couple to external systems. In refs. [145, 146] the case
of a 1D fermionic gas in a harmonic trap, subjected to spin-orbit
coupling and a Zeeman ﬁeld, was analyzed. It was found that
when the Zeeman ﬁeld and the spin-orbit coupling are strong
enough, the system can pass from a topologically trivial BCS
superﬂuid phase into a topological superﬂuid phase (Figure 15).
This phase supports several zero-energy edge states, which have
the Majorana-like symmetry. Analogous results were obtained in
[147] for 1D gas in a lattice. Additionally, it has been shown that
a topological FFLO superﬂuid state, with a non-uniform pairing
order parameter, can be obtained in this setup as well.[148–150]
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4. Higher-Spin Systems

Figure 15. The smallest eigenenergy min{|E𝜂 |} of the Bogoliubov quasiparticle spectrum of a one-dimensional Fermi gas as a function of the Zeeman ﬁeld h under presence of the SO coupling of a ﬁxed strength. Along
with increasing Zeeman ﬁeld the system transitions from a topologically
trivial BCS superﬂuid ﬁrst to a topological superﬂuid, and ﬁnally to a normal state. Insets show the quasiparticle energy spectrum at h∕EF = 0.3
and 0.5. It can be seen that near-zero-energy edge modes are present in the
topological superﬂuid phase. Reproduced with permission from ref. [145].
Copyright 2012, American Physical Society.

Other works have investigated the possibility of manipulating
the Majorana fermions generated in the topological superﬂuid.
In particular, it has been proposed that Majorana fermions could
be moved through the trap by manipulating the Zeeman ﬁeld
strength. Bound Majorana-like states can be generated at desired
locations as well, by inserting impurities into the system.[151,152]
Other theoretical proposals involve dark solitons in the superﬂuid, which can also support Majorana fermions bound to their
locations. Thus, they provide an indirect way to manipulate Majorana fermions or to identify the topological nature of the state
through the ﬁlling status of the solitons.[153–155]
It is also worth noting an interesting proposal for obtaining
topological superﬂuids which was made in ref. [156]. The work
considers a 1D lattice with SO coupling that realizes a ladder geometry. It is proposed that two chiral edge states on the opposite
legs of the ladder can undergo Cooper pairing, leading to a BCSlike superﬂuid phase with zero-energy Majorana modes localized
at ends of the lattice.
Finally, we wish to draw attention to a recent experimental realization of a symmetry-protected topological (SPT) phase with
fermionic 173 Yb atoms in a 1D lattice in ref. [115]. SPT phases
are a subset of topological phases, distinguished by the fact that,
while ordinary topologically ordered phases are robust against
any local perturbations, SPT phases remain intact only against
perturbations that respect speciﬁc protecting symmetries. Theoretical schemes for obtaining SPT phases in 1D Fermi systems
were considered for spin-orbit coupled fermions in a Raman
lattice[114] as well as for 1D fermions with SO coupling induced by
Raman laser couplings.[157] From the experimental point of view,
the Raman lattice scheme was implemented and an SPT phase
was successfully created in the 1D Fermi system.[115] Strikingly,
when the conﬁning lattice potential was spin-dependent, the obtained topological phase was one of a new, exotic type, outside of
the traditional Altland-Zirnbauer classiﬁcation[158] which is typically used to classify 1D SPT phases.

Adv. Quantum Technol. 2020, 3, 2000010

2000010 (11 of 17)

Due to the obvious historical reasons, most research on
fermionic systems concerns spin-1/2 systems with only two distinct spin states, governed by a SU(2) symmetry. In this way,
a very close analogy to the electronic systems is kept. However, current experimental achievements in the ﬁeld of atomic
physics allow the exploration of higher-spin systems, which can
be used to realize a rich variety of interesting phases being completely beyond the range of solid-state physics.[24,159,160] An important subset of such higher-spin systems are  -component systems with an SU( ) symmetry. The physics of higher SU( )
symmetries are of interest to many branches of physics and
can lead to new connections with high-energy physics. For instance, an SU(3) symmetry underlies the description of quarks
in quantum chromodynamics,[161] while an SU(6) symmetry has
been used to describe the ﬂavor symmetry of spinful quarks.[162]
In fact, it has been proposed that systems of ultracold SU(3)
fermions may be used to simulate some aspects of quantum
chromodynamics.[163,164] As another example, models with SU(4)
symmetry can be used to study electron systems with orbital
degeneracy.[165–167]
From a theoretical point of view, the study of 1D SU( )
fermions dates back to the work by Sutherland,[168] who extended
Gaudin and Yang’s 1D fermionic gas model[19,20] to an arbitrary number of spin components,  , giving the solution in
terms of  nested Bethe ansatzes. The ground-state solution of
the attractive case, which has the form of a  -particle bound
state, was given in ref. [169]. Since then, 1D SU( ) multicomponent fermionic systems have been thoroughly explored theoretically. Examples include the three-component SU(3) Fermi
gas,[170–172] SU(4) spin-3/2 fermions,[173–175] and systems with
even higher symmetries.[176–183] General reviews concerning
ultra-cold fermionic systems with higher spin symmetries can
be found in refs. [159, 160].
Achieving enlarged SU( ) symmetry in condensed matter
systems is usually very diﬃcult, as it requires ﬁne-tuning of the
interaction parameters. Ultra-cold fermionic systems, thanks to
their tunability, oﬀer a very good environment for studying the
higher SU( ) physics experimentally.
4.1. Toward SU( ) Symmetry
Let us look closely at the conditions necessary for obtaining
SU( ) symmetry with spin-S ultra-cold atoms. A two-body
interaction between two spin-S fermions depends on their total
spin F, which can assume possible values F = 0, 1, 2, … , 2S.
Assuming contact interactions via s-wave collisions, the two-body
interaction term between two spin-S fermions can be written
as [184]
V(⃗r , r⃗′ ) = 𝛿(⃗r − r⃗′ )

∑

2S−1

gF PF ,

(4)

F=0,2⋯

where PF is a projection operator on states with total spin F,
and the coupling constants gF depend on the s-wave scattering
lengths aF . Note that, due to fermionic quantum statistics, only
even F values allow for non-vanishing interactions via s-wave
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collisions. Therefore the system exhibits S + 1∕2 distinct s-wave
scattering lengths aF = a0 , a2 , … a2S−1 . The SU( ) symmetry is
obtained only when all these scattering lengths are simultaneously equal.[159]
Alkaline-earth atoms, and atoms with a similar electronic
structure such as ytterbium, are particularly well suited to this
purpose.[159,185,186] In the ground state 1 S0 of alkaline-earth atoms,
as well as in the metastable excited state 3 P0 , the total electronic
angular momentum is zero. As a result, the hyperﬁne interaction
vanishes and the electronic shell conﬁguration becomes decoupled from the nuclear spin. Since the diﬀerences in aF depend
mainly on the electronic wave functions of the colliding atoms,
this decoupling causes aF to become almost independent of the
nuclear spin. More precisely, the nuclear-spin-dependent correction of the scattering lengths is on the order of ∼ 10−9 in the 1 S0
state and on the order of ∼ 10−3 in the 3 P0 state.[186] Thanks to
this independence of scattering lengths on the spin, the system
eﬀectively exhibits a SU(2S + 1) symmetry.[160]
Alkaline-earth and alkaline-earth-like atoms have been successfully used to experimentally realize systems with higher
SU( ) symmetries. In particular, experiments in 3D and 2D setups have realized SU(6) symmetry with 173 Yb atoms[187–189] as
well as SU(10) symmetry with 87 Sr atoms.[190,191]
Of course, it should be noted that high-spin systems without a full SU( ) symmetry can also be of signiﬁcant interest. For example, a three-component fermionic system with
anisotropic scattering lengths was studied theoretically in [192],
and fermionic systems with spin S ≥ 3∕2 and inequal scattering lengths were investigated in ref. [193]. In this class, a particularly interesting case is the four-component spin-3/2 system,
which notably exhibits a high SO(5) symmetry even for inequal
scattering lengths a0 ≠ a2 .[194–196] The phases of such a spin-3/2
fermionic system (with a0 > 0, a2 < 0) were studied recently in
refs. [197, 198].

4.2. 1D Realizations
For 1D systems, a breakthrough experimental achievement was
performed by the Fallani group.[199] In this experiment, a 1D liquid of repulsively interacting 173 Yb atoms with an arbitrarily tunable number of spin components was obtained (Figure 16a). The
number of spin components  was set during the preparation of
the sample, by means of optical spin manipulation and detection
techniques. The authors have explored the physics of this system for a varying number of components, from  = 1 to  = 6
(Figure 16b), while keeping the number of atoms per spin component constant.
It was found that with an increasing number of spin components, the system properties deviate from those of a spin-1/2
Luttinger liquid that is typically used to describe 1D fermionic
systems.[200] In particular, as  increases, the Pauli principle is
increasingly less important and the system gradually takes on
the properties of a system of spinless bosons (conﬁrming earlier
theoretical predictions[201,202] ). This was experimentally conﬁrmed by measuring the frequency of breathing oscillations of
the cloud after a sudden change of the trap frequency. The authors have also analyzed the momentum distribution of the system and showed that it broadens monotonically as the number of
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Figure 16. Experimental creation of one-dimensional SU( ) fermionic
systems with tunable number of spin components. (a) A 2D optical lattice is used to create an array of independent 1D tubes of ultra-cold 173 Yb
atoms with up to six diﬀerent nuclear spin orientations. (b) The number of
spin components is fully tunable and can be determined via optical SternGerlach detection. Reproduced with permission from ref. [199]. Copyright
2014, Springer Nature.

components is increased. This can be explained qualitatively: as
the number of spin components increases, the role of repulsions
between the atoms is increased, which decreases the space available to the atoms (in a manner similar to the Pauli repulsion) and
forces the occupation of higher-momentum states. The authors
also probed the excitation spectra by means of the Bragg spectroscopy, ﬁnding that, for larger numbers of components, the results for the excitation frequency deviate from the predictions of
the Luttinger liquid theory.
4.3. Plethora of Various Phases
In anticipation of future experiments, we will now point out the
various interesting phases possible to create in high-spin SU( )
systems. In the case of multicomponent systems with attractive
interactions, their phase diagrams admit new types of binding
beyond pair formation. Systems with  > 2 components allow
the possibility of three-fermion (trions), four-fermion (quartets)
and even larger clusters, as well as mixed phases with various
combinations of such clusters.[174]
To see an example of the rich possibilities, we may consider
the higher-spin equivalent of the FFLO system considered in
Section 2. Let us consider a homogeneous gas with attractive
interactions and a spin imbalance, subjected to a magnetic ﬁeld
H. The phase diagram for such a system with spin-1/2 was considered in the previous sections (Figure 1). The phase diagrams
for equivalent systems with higher spin symmetry are shown in
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Figure 18. Radial structure of a spin-3/2 SU(4) 1D Fermi gas with attractive interactions trapped in a harmonic trap. Roman numbers indicate the
phases present in the diﬀerent regions of the trap. Black lines labelled with
nq indicate densities of q + 1-particle states, line labelled with Np ∕L is the
total particle density, line labelled with M∕L is the magnetization density. A
complex phase separation pattern is clearly visible. Reproduced with permission from ref. [175]. Copyright 2012, American Physical Society.

in Section 2, can be described by a two-shell structure with one
phase in the center and another in the wings.
A rich variety of possible phases exists in high-spin lattice systems as well. In the tight-binding limit they can be described by
the multicomponent SU( ) variant of the Hubbard model, described by a Hamiltonian of the form[176]
Figure 17. The ground state phase diagram of a spin-3/2 SU(4) (upper
plot) and spin-5/2 SU(6) (bottom plot) homogeneous one-dimensional
Fermi gas with attractive interactions, in the plane of chemical potential 𝜇 vs. magnetic ﬁeld H. The Roman numbers indicate diﬀerent possible phases made up of bound states of the corresponding number of
fermions. The unlabelled region is the vacuum state. Multiple roman numbers added together indicate mixed phases with coexistence of diﬀerent
states. The vertical dashed lines indicate the trajectories of local chemical
potential for systems in a harmonic trap. For clarity, compare to the SU(2)
phase diagram in Figure 1. Both ﬁgures reproduced with permission from
ref. [175] and ref. [183], respectively. Copyright 2012, American Physical
Society.

Figure 17. The spin-1/2 system admits three phases—a polarized phase of singlet atoms, a fully paired phase, and a partially
polarized phase which contains both pairs and unpaired atoms.
However, a system with  > 2 spin components admits more
phases—a polarized phase of singlet atoms, a phase consisting
of  -fermion clusters, and numerous mixed phases in which
various combinations of clusters with diﬀerent particle numbers
coexist. The resulting phase diagram is highly complex.[175,183]
Such a complex phase diagram also allows for highly intricate phase separation in inhomogeneous systems, since a cut
across the phase diagram can cross many phase boundaries.[183]
Figure 18 shows an example of a complicated phase separation
structure in a trapped spin-3/2 attractive gas. The phaseseparated system can be described as a four-shell structure,
displaying four distinct phases. It is useful to compare this case
with the case of a trapped spin-1/2 attractive gas, which, as noted
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H=

[
∑ ∑
𝜎

j

†
−t ĉj,𝜎
(̂cj−1,𝜎

]
U ∑
+ ĉj+1,𝜎 ) +
n̂ n̂ ′ ,
2 𝜎 ′ ≠𝜎 j,𝜎 j,𝜎

(5)

where 𝜎, 𝜎 ′ are the spin components. For  > 2 this model admits various interesting phases, depending on the lattice ﬁlling,
the interaction strength, and the sign of the interaction (repulsive
or attractive). For example, at  > 2 and a ﬁlling of  ∕2 atoms
per site, the Hubbard model displays a charge-density wave phase
when the interactions are attractive, and a dimerized spin-Peierls
phase on the repulsive side. An extensive description of the various possible phases can be found in ref. [160].
In the context of 1D fermionic systems two aspects are particularly worth noting. One is related to the Mott transition in higher
spin models. It is known that, in contrast to higher spatial dimensions, exactly in 1D case the ground state of the SU(2) Hubbard
model at half-ﬁlling is a Mott insulator for any positive interaction U and it undergoes the Mott transition to the metalic phase
exactly at U = 0.[203,204] However, the situation is substantially different for  > 2, where the transition occurs for ﬁnite repulsion
U > 0, similarly as in higher dimensions.[205] The other aspect
appears in the opposite limit of high interactions U∕t ≫ 1 and
exact ﬁlling of one particle per lattice site. Exactly under these
conditions, the eﬀective low-energy Hamiltonian of the system
(obtained in the second-order perturbation theory) is equivalent
to the SU( ) Heisenberg model written as [176, 181, 205]
H = −J

∑∑
i

𝜇,𝜈

Ŝ 𝜈𝜇 (i)Ŝ 𝜇𝜈 (i + 1),

(6)
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†
where operators Ŝ 𝜈𝜇 (i) = ĉi,𝜇
ĉi,𝜈 represent the SU( ) generators.
The eﬀective coupling J ∼ −t2 ∕U is negative and therefore it favors antiferromagnetic spin ordering. This correspondence between both systems has practical importance, as direct experimental control of the SU( ) antiferromagnets requires cooling to very low temperatures, kT ≲ J. However, such low temperatures may be more attainable in higher-spin cold atom systems. Numerical studies indicate that, when atoms are loaded
adiabatically into an optical lattice, the ﬁnal temperature decreases with increasing  .[206,207] It comes from the fact that, in
the case of atomic systems, the additional spin degrees of freedom can help to “absorb” the entropy from motional degrees
of freedom[188] leading eﬀectively to a lower ﬁnal temperature.
Higher-spin SU( ) systems may therefore provide an easier way
to investigate exotic quantum magnetism.
Higher-spin systems also allow the possibility of extending
the idea of the FFLO phase to larger fermion clusters. In the
SU(4) system made up of an array of tubes with weak tunneling
between them, a theoretical calculation shows that the mixed
phases (where clusters of diﬀerent length coexist) can display
characteristic FFLO-like oscillations in the order parameters.[175]
A recent theoretical investigation[208] of the phase diagram of the
SU(4) attractive Hubbard model at quarter ﬁlling has found two
distinct FFLO-like phases, a “paired-FFLO” and a “quartet-FFLO”
phase. The latter is an equivalent of the normal FFLO state, for
bound particle quartets as opposed to pairs. The “quartet FFLO”
phase appears at lower interaction strengths, but at higher interactions, it transitions into a phase-separated state where quartets
and pairs coexist (see ref. [208] for a detailed discussion).

4.4. Orbital Physics of Higher-Spin Fermions
Intriguing physics can be revealed in models which, in addition
to the nuclear spin degree of freedom, explicitly take into account
an additional orbital degree of freedom. For alkaline-earth atoms,
the most natural candidates for this orbital degree of freedom
are the electronic ground and excited states |g⟩ = 1 S0 and |e⟩ =
3
P0 .[186] Without breaking the SU( ) symmetry, such a system
allows for four distinct interaction strengths depending on the
orbital states of the interacting fermions. Systems with this kind
of two-orbital dynamics have been studied experimentally in 3D
settings.[189,191]
The physics of such a two-orbital higher-spin system in the
1D case has been theoretically explored in ref. [209] where the
authors analyzed the case of atoms with SU(10) symmetry. At incommensurate ﬁlling, the phase diagram in the plane of diﬀerent
interaction strengths is quite intricate. Interestingly, the system
presents the possibility of realizing a novel form of an FFLO state,
where the ﬁnite momentum of the pairs does not come from the
spin imbalance but rather from the diﬀerence of Fermi momenta
of the two orbital states.
Instead of using the two |g⟩ = 1 S0 and |e⟩ = 3 P0 states, an alternative way to realize a two-orbital system is to exploit the transverse single-particle modes of the trapping potential which is
used to realize quasi-1D geometry. Speciﬁcally, if the atoms may
occupy the ﬁrst-excited degenerate states px , py of the transverse
potential, these states can play the role of the two orbitals.[210,211]
The phase diagram for a two-orbital fermionic system conﬁned
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in a 1D lattice with incommensurate ﬁlling was explored theoretically in ref. [212], for both the 1 S0 ∕3 P0 and the px ∕py twoorbital models.
Under certain circumstances, two-orbital higher-spin systems
mentioned above may support topologically nontrivial phases, including symmetry-protected ones. For example, as shown in ref.
[213], the interplay between the orbital and nuclear spin degree
of freedom for a 1D optical lattice system at half-ﬁlling may lead
to an interesting analogue of the Haldane phase.[214] Creating
symmetry-protected topological phases in SU( ) 1D lattice systems was also explored in ref. [215, 216]. This path of exploration
is still ongoing and awaits experimental conﬁrmation.

5. Conclusion
It is a matter of fact that the 1D many-body quantum systems are
no longer only theoretical divagations. Due to the rapid experimental progress in controlling atoms and molecules in the ultracold regime, they become realistic systems having their own and
very often exotic properties. It is highly possible that these unique
features will ﬁnd unconventional applications in the nearest future and will change many technological aspects.
With this short review, we have summarized current progress
in three directions which, in our opinion, are important not
only from the point of technological exploitation but also have
fundamental importance for developing our understanding of
quantum many-body systems. Nonetheless, research in the ﬁeld
of 1D fermionic systems includes many other topics which we
have not discussed here. One example is systems with long-range
interactions, such as dipolar gases.[217] The interesting eﬀects
of long-range interactions in 1D dipolar Fermi gases have received considerable interest in the recent years.[218–221] Another
example is systems described by spin chain models, such as
the Heisenberg spin model. Such models are closely associated
with lattice systems, but have recently been considered as an effective description of strongly interacting 1D atoms without a
lattice potential.[222–225] Another interesting topic is the physics
of 1D Bose–Fermi mixtures, which have been recently studied
theoretically.[226–229]
Quantum simulators start to play a major role in various
branches of physics. One can expect they will continue to be
an increasingly versatile and useful tool. As an example of
their potential, quantum simulators based on lattice models
might help to understand the Holy Grail of modern condensed
physics—the high-temperature superconductivity. Although this
phenomenon has been observed for many years, its underlying
mechanisms are still not completely understood. Quantum simulators of high-temperature superconductor models may get us
closer to unveiling this mystery.[230] Another example is the use
of quantum simulators to study topological phases of matter. The
current advances in generating artiﬁcial gauge ﬁelds enable major possibilities in this area.
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Juzeliūnas, M. Lewenstein, Phys. Rev. Lett. 2014, 112, 043001.

Adv. Quantum Technol. 2020, 3, 2000010

2000010 (16 of 17)

[118] H. M. Price, O. Zilberberg, T. Ozawa, I. Carusotto, N. Goldman,
Phys. Rev. Lett. 2015, 115, 195303.
[119] M. Creutz, Phys. Rev. Lett. 1999, 83, 2636.
[120] J. Jünemann, A. Piga, S. J. Ran, M. Lewenstein, M. Rizzi, A.
Bermudez, Phys. Rev. X 2017, 7, 031057.
[121] N. Goldman, J. C. Budich, P. Zoller, Nat. Phys. 2016, 12, 639.
[122] N. R. Cooper, J. Dalibard, I. B. Spielman, Rev. Mod. Phys. 2019, 91,
015005.
[123] D.-W. Zhang, Y.-Q. Zhu, Y. X. Zhao, H. Yan, S.-L. Zhu, Adv. Phys. 2018,
67, 253.
[124] D. Hügel, B. Paredes, Phys. Rev. A 2014, 89, 023619.
[125] M. Mancini, G. Pagano, G. Cappellini, L. Livi, M. Rider, J. Catani, C.
Sias, P. Zoller, M. Inguscio, M. Dalmonte, L. Fallani, Science 2015,
349, 1510.
[126] J. H. Kang, J. H. Han, Y. Shin, Phys. Rev. Lett. 2018, 121, 150403.
[127] L. Mazza, M. Aidelsburger, H.-H. Tu, N. Goldman, M. Burrello, New
J. Phys. 2015, 17, 105001.
[128] S. Mugel, A. Celi, P. Massignan, J. K. Asbóth, M. Lewenstein, C.
Lobo, Phys. Rev. A 2016, 94, 023631.
[129] E. Majorana, Nuovo Cimento 1937, 14.
[130] L. H. Ryder, Quantum Field Theory, University Press, Cambridge
1996.
[131] C. Nayak, Steven H. Simon, A. Stern, M. Freedman, S. Das Sarma,
Rev. Mod. Phys. 2008, 80, 1083.
[132] D. A. Ivanov, Phys. Rev. Lett. 2001, 86, 268.
[133] C. Zhang, S. Tewari, R. M. Lutchyn, S. D. Sarma, Phys. Rev. Lett. 2008,
101, 160401.
[134] M. Sato, Y. Takahashi, S. Fujimoto, Phys. Rev. Lett. 2009, 103, 020401.
[135] M. Sato, Y. Takahashi, S. Fujimoto, Phys. Rev. B 2010, 82, 134521.
[136] Y. Oreg, G. Refael, F. V. Oppen, Phys. Rev. Lett. 2010, 105, 177002.
[137] R. M. Lutchyn, T. D. Stanescu, S. D. Sarma, Phys. Rev. Lett. 2011,
106, 127001.
[138] L. Fidkowski, R. M. Lutchyn, C. Nayak, M. P. A. Fisher, Phys. Rev. B
2011, 84, 195436.
[139] V. Mourik, K. Zuo, S. M. Frolov, S. R. Plissard, E. P. A. M. Bakkers,
L. P. Kouwenhoven, Science 2012, 336, 1003.
[140] L. P. Rokhinson, X. Liu, J. K. Furdyna, Nat. Phys. 2012, 8, 795.
[141] M. T. Deng, C. L. Yu, G. Y. Huang, M. Larsson, P. Caroﬀ, H. Q. Xu,
Nano Lett. 2012, 12, 6414.
[142] A. Das, Y. Ronen, Y. Most, Y. Oreg, M. Heiblum, H. Shtrikman, Nat.
Phys. 2012, 8, 887.
[143] A. D. K. Finck, D. J. V. Harlingen, P. K. Mohseni, K. Jung, X. Li, Phys.
Rev. Lett. 2013, 110, 126406.
[144] L. Jiang, T. Kitagawa, J. Alicea, A. R. Akhmerov, D. Pekker, G. Refael,
J. I. Cirac, E. Demler, M. D. Lukin, P. Zoller, Phys. Rev. Lett. 2011,
106, 220402.
[145] X.-J. Liu, H. Hu, Phys. Rev. A 2012, 85, 033622.
[146] R. Wei, E. J. Mueller, Phys. Rev. A 2012, 86, 063604.
[147] Y. Li-Jun, L. Li-Jun, L. Rong, H. Hai-Ping, Commun. Theor. Phys 2015,
63, 445.
[148] X.-J. Liu, H. Hu, Phys. Rev. A 2013, 88, 023622.
[149] C. Chen, Phys. Rev. Lett. 2013, 111, 1.
[150] S. Wang, J.-S. Pan, X. Cui, W. Zhang, W. Yi, Phys. Rev. A 2017, 95,
043634.
[151] X.-J. Liu, P. D. Drummond, Phys. Rev. A 2012, 86, 035602.
[152] X.-J. Liu, Phys. Rev. A 2013, 87, 013622.
[153] Y. Xu, L. Mao, B. Wu, C. Zhang, Phys. Rev. Lett. 2014, 113, 130404.
[154] X.-J. Liu, Phys. Rev. A 2015, 91, 023610.
[155] X. Fan, X. Zhang, Z. Ren, C. Xu, Phys. Rev. A 2019, 99, 013612.
[156] Z. Yan, S. Wan, Z. Wang, Sci. Rep. 2015, 5, 15927.
[157] X. Zhou, J.-S. Pan, Z.-X. Liu, W. Zhang, W. Yi, G. Chen, S. Jia, Phys.
Rev. Lett. 2017, 119, 185701.
[158] A. Altland, M. R. Zirnbauer, Phys. Rev. B 1997, 55, 1142.
[159] M. A. Cazalilla, A. M. Rey, Rep. Prog. Phys. 2014, 77, 124401.

© 2020 The Authors. Published by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

www.advancedsciencenews.com

www.advquantumtech.com

[160] S. Capponi, P. Lecheminant, K. Totsuka, Ann. Phys. 2016, 367, 50.
[161] W. Greiner, S. Schramm, E. Stein, Quantum Chromodynamics,
Springer Berlin Heidelberg, Berlin, Heidelberg 2007.
[162] B. Sakita, Phys. Rev. 1964, 136, B1756.
[163] Á. Rapp, G. Zaránd, C. Honerkamp, W. Hofstetter, Phys. Rev. Lett.
2007, 98, 160405.
[164] Á. Rapp, W. Hofstetter, G. Zaránd, Phys. Rev. B 2008, 77, 144520.
[165] Y. Q. Li, M. Ma, D. N. Shi, F. C. Zhang, Phys. Rev. Lett. 1998, 81,
3527.
[166] B. Frischmuth, F. Mila, M. Troyer, Phys. Rev. Lett. 1999, 82, 835.
[167] P. Azaria, A. O. Gogolin, P. Lecheminant, A. A. Nersesyan, Phys. Rev.
Lett. 1999, 83, 624.
[168] B. Sutherland, Phys. Rev. Lett. 1968, 20, 98.
[169] M. Takahashi, Prog. Theor. Phys. 1970, 44, 899.
[170] X. W. Guan, M. T. Batchelor, C. Lee, H. Q. Zhou, Phys. Rev. Lett. 2008,
100, 200401.
[171] P. He, X. Yin, X. Guan, Murray T. Batchelor, Y. Wang, Phys. Rev. A
2010, 82, 053633.
[172] C. C. N. Kuhn, A. Foerster, New J. Phys. 2012, 14, 013008.
[173] S. Capponi, G. Roux, P. Lecheminant, P. Azaria, E. Boulat, S. R.
White, Phys. Rev. A 2008, 77, 013624.
[174] X. W. Guan, M. T. Batchelor, C. Lee, J. Y. Lee, EPL 2009, 86, 50003.
[175] P. Schlottmann, A. A. Zvyagin, Phys. Rev. B 2012, 85, 205129.
[176] E. Szirmai, J. Sólyom, Phys. Rev. B 2005, 71, 205108.
[177] K. Buchta, Ö Legeza, E. Szirmai, J. Sólyom, Phys. Rev. B 2007, 75,
155108.
[178] X.-J. Liu, H. Hu, P. D. Drummond, Phys. Rev. A 2008, 77, 013622.
[179] E. Szirmai, Ö Legeza, J. Sólyom, Phys. Rev. B 2008, 77, 045106.
[180] X. W. Guan, J.-Y. Lee, M. T. Batchelor, X.-G. Yin, S. Chen, Phys. Rev.
A 2010, 82, 021606(R).
[181] S. R. Manmana, K. R. A. Hazzard, G. Chen, A. E. Feiguin, A. M. Rey,
Phys. Rev. A 2011, 84, 043601.
[182] X. Yin, X.-W. Guan, M. T. Batchelor, S. Chen, Phys. Rev. A 2011, 83,
013062.
[183] P. Schlottmann, A. A. Zvyagin, Phys. Rev. B 2012, 85, 024535.
[184] T.-L. Ho, Phys. Rev. Lett. 1998, 81, 742.
[185] M. A. Cazalilla, A. F. Ho, M. Ueda, New J. Phys. 2009, 11, 103033.
[186] A. V. Gorshkov, M. Hermele, V. Gurarie, C. Xu, P. S. Julienne, J. Ye,
P. Zoller, E. Demler, M. D. Lukin, A. M. Rey, Nat. Phys. 2010, 6,
289.
[187] S. Taie, Y. Takasu, S. Sugawa, R. Yamazaki, T. Tsujimoto, R. Murakami, Y. Takahashi, Phys. Rev. Lett. 2010, 105, 190401.
[188] S. Taie, R. Yamazaki, S. Sugawa, Y. Takahashi, Nat. Phys. 2012, 8,
825.
[189] F. Scazza, C. Hofrichter, M. Höfer, P. C. De Groot, I. Bloch, S. Fölling,
Nat. Phys. 2014, 10, 779.
[190] S. Stellmer, R. Grimm, F. Schreck, Phys. Rev. A 2013, 87, 013611.
[191] X. Zhang, M. Bishof, S. L. Bromley, C. V. Kraus, M. S. Safronova, P.
Zoller, A. M. Rey, J. Ye, Science 2014, 345, 1467.
[192] P. Azaria, S. Capponi, P. Lecheminant, Phys. Rev. A 2009, 80, 041604.
[193] P. Lecheminant, E. Boulat, P. Azaria, Phys. Rev. Lett. 2005, 95,
240402.
[194] C. Wu, J.-p. Hu, S.-c. Zhang, Phys. Rev. Lett. 2003, 91, 186402.
[195] C. Wu, Phys. Rev. Lett. 2005, 95, 266404.
[196] C. Wu, Mod. Phys. Lett. B 2006, 20, 1707.

Adv. Quantum Technol. 2020, 3, 2000010

2000010 (17 of 17)

[197] G. Barcza, E. Szirmai, Ö. Legeza, J. Sólyom, Phys. Rev. A 2012, 86,
061602.
[198] G. Barcza et al, Eur. Phys. J. Spec. Top. 2015, 224, 533.
[199] G. Pagano, M. Mancini, G. Cappellini, P. Lombardi, F. Schafer, H.
Hu, X.-J. Liu, J. Catani, C. Sias, M. Inguscio, L. Fallani, Nat. Phys.
2014, 10, 198.
[200] T. Giamarchi, Quantum Physics in One Dimension, Oxford University
Press, Oxford 2003.
[201] C. N. Yang, Y. Z. You, Chin. Phys. Lett. 2011, 28, 020503.
[202] X.-W. Guan, Z.-Q. Ma, B. Wilson, Phys. Rev. A 2012, 85, 033633.
[203] E. H. Lieb, F. Y. Wu, Phys. Rev. Lett. 1968, 20, 1445.
[204] F. H. L. Essler, H. Frahm, F. Göhmann, A. Klümper, V. E. Korepin,
The One-Dimensional Hubbard Model, Cambridge University Press,
2005.
[205] R. Assaraf, P. Azaria, M. Caﬀarel, P. Lecheminant, Phys. Rev. B 1999,
60, 2299.
[206] L. Bonnes, K. R. A. Hazzard, S. R. Manmana, A. M. Rey, S. Wessel,
Phys. Rev. Lett. 2012, 109, 205305.
[207] L. Messio, F. Mila, Phys. Rev. Lett. 2012, 109, 205306.
[208] E. Szirmai, G. Barcza, J. Sólyom, Ö. Legeza, Phys. Rev. A 2017, 95,
013610.
[209] E. Szirmai, Phys. Rev. B 2013, 88, 195432.
[210] K. Kobayashi, M. Okumura, Y. Ota, S. Yamada, M. Machida, Phys.
Rev. Lett. 2012, 109, 235302.
[211] K. Kobayashi, Y. Ota, M. Okumura, S. Yamada, M. Machida, Phys.
Rev. A 2014, 89, 023625.
[212] V. Bois, P. Fromholz, P. Lecheminant, Phys. Rev. B 2016, 93, 134415.
[213] H. Nonne, M. Moliner, S. Capponi, P. Lecheminant, K. Totsuka, EPL
2013, 102, 37008.
[214] L. D. Carr, Understanding Quantum Phase Transitions, CRC Press,
London 2011.
[215] V. Bois, S. Capponi, P. Lecheminant, M. Moliner, K. Totsuka, Phys.
Rev. B 2015, 91, 075121.
[216] H. Ueda, T. Morimoto, T. Momoi, Phys. Rev. B 2018, 98, 045128.
[217] M. A. Baranov, M. Dalmonte, G. Pupillo, P. Zoller, Chem. Rev. 2012,
112, 5012.
[218] T. N. De Silva, Phys. Lett. A: Gen. At. Solid State Phys. 2013, 377, 871.
[219] Z. Xu, L. Li, S. Chen, Phys. Rev. Lett. 2013, 110, 215301.
[220] H. Mosadeq, R. Asgari, Phys. Rev. B 2015, 91, 085126.
[221] T. Graß, Phys. Rev. A 2015, 92, 023634.
[222] F. Deuretzbacher, D. Becker, J. Bjerlin, S. M. Reimann, L. Santos,
Phys. Rev. A 2014, 90, 013611.
[223] L. Yang, L. Guan, H. Pu, Phys. Rev. A 2015, 91, 043634.
[224] J. Levinsen, P. Massignan, G. M. Bruun, M. M. Parish, Sci. Adv. 2015,
1, e1500197.
[225] S. Murmann, F. Deuretzbacher, G. Zürn, J. Bjerlin, S. M. Reimann,
L. Santos, T. Lompe, S. Jochim, Phys. Rev. Lett. 2015, 115, 215301.
[226] L. Guan, H. Hu, S. Chen, New J. Phys. 2016, 18, 025009.
[227] J. Decamp, J. Jünemann, M. Albert, M. Rizzi, A. Minguzzi, P. Vignolo,
New J. Phys. 2017, 19, 125001.
[228] F. Deuretzbacher, D. Becker, J. Bjerlin, S. M. Reimann, L. Santos,
Phys. Rev. A 2017, 95, 043630.
[229] A. S. Dehkharghani, F. F. Bellotti, N. T. Zinner, J. Phys. B: At. Mol.
Opt. Phys. 2017, 50, 144002.
[230] A. Klein, D. Jaksch, Phys. Rev. A 2006, 73, 053613.

© 2020 The Authors. Published by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

