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Dynamicalconnectivitygraphs,which describedynamicaltransitionratesbetweenlocal energyminima of
a system,can be displayedagainstthe backgroundof a disconnectivitygraphwhich representsthe energy
landscapeof the system.The resulting supergraphdescribesboth dynamicsand staticsof the systemin a
uni®edcoarse-grainedsense.We give examplesof the supergraphsfor severaltwo-dimensionalspin and
protein-relatedsystems.We demonstratethatdisorderedferromagnetshavesupergraphsakin to thoseof model
proteinswhereasspin glassesbehavelike randomsequencesof aminoacidsthat fold badly.
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I. INTRODUCTION

Theconceptof energylandscapeshasplayeda signi®cant
role in elucidatingthe kinetics of protein folding @1,2#. An
energylandscapecan be visualizedby using the so-called
disconnectivitygraphs@3# that show patternsof pathways
betweenthe local energyminima of a system.A pathway
consistsof consecutivemovesthat are allowed kinetically.
The pathwaysindicated in a disconnectivitygraph are se-
lected to be those which provide a linkage at the lowest
energycostamongall possibletrajectoriesbetweentwo des-
tinations.Thus at eachpredeterminedvalue of a threshold
energy,the local energyminima are representedas divided
into disconnectedsetsof minima which aremutually acces-
sible throughenergybarriers.The local minima which share
the lowestenergybarrierare joined at a commonnodeand
aresaid to be a part of a basincorrespondingto the thresh-
old.

Thedisconnectivitygraphshaveprovedto beusefultools
to elucidatethe energylandscapeof a modelof a shortpep-
tide @3#andof severalsimplemolecularsystems.In particu-
lar, Wales,Miller, and Walsh @4# haveconstructeddiscon-
nectivity graphsfor the archetypalenergy landscapesof a
clusterof 38 Lennard-Jonesatoms,themoleculeof C60, and
20 moleculesof water.The work on the Lennard-Jonessys-
tems has been recently extendedby Doye et al. @5#. The
graphfor a well folding protein is expectedto havean ap-
pearanceof a ``palm tree.'' This pattern has a well-
developedbasinof the groundstateandit alsodisplayssev-
eral branchesto substantially higher lying local energy
minima.Sucha structureseemsnaturallyassociatedwith the
existenceof a folding funnel.Theatomiclevel studiesof the
four-monomerpeptideconsideredby BeckerandKarplus@3#
yield a disconnectivitygraph which suggeststhat this ex-
pectedbehaviormay be correct.Bad foldersareexpectedto
have disconnectivitygraphssimilar to either a ``weeping
willow'' or a ``banyantree'' @3,4# in which therearemany
competinglow lying energyminima.

We accomplishseveraltasks in this paper.The ®rst of
these,asaddressedin Sec.II, is to constructdisconnectivity
graphsfor two latticeheteropolymersthedynamicsof which
have been already studied exactly @6#. One of them is a

modelof a protein,in the sensethat it hasexcellentfolding
properties,andwe shallreferto it asa goodfolder.Theother
hadvery poorfolding properties,i.e., it is a badfolder,andis
thusa modelof a randomsequenceof aminoacids.We show
that, indeed,only the good folder hasa proteinlike discon-
nectivity graph.

In Sec. III, we study the archetypalenergy landscapes
correspondingto small two dimensional~2D! Ising spinsys-
temswith the ferromagneticand spin glassyexchangecou-
plings. We demonstratethat disorderedferromagnetshave
proteinlike disconnectivitygraphswhereasspin glassesbe-
havelike badfolders.This is consistentwith the conceptof
minimal structuralfrustration@7#, or maximalcompatibility,
thathasbeenintroducedto explainwhy naturalproteinshave
propertieswhich differ from thosecharacterizingrandomse-
quencesof aminoacids.It is thusexpectedthat spin systems
which havethe minimal frustrationin the exchangeenergy,
i.e., the disorderedferromagnets,would be the analogsof
proteins.In fact, we demonstratethat the kineticsof ``fold-
ing,'' i.e., the kineticsof gettingto the fully alignedground
stateof the ferromagnetby evolving from a randomstate,
dependson temperature,T, theway a proteindoes.Findinga
groundstateof a similarly sizedspin glasstakesplacesig-
ni®cantlylonger.

The disconnectivitygraphscharacterizethe phasespace
of a systemand,therefore,they relateprimarily to the equi-
librium propertiesÐthedynamicsis involvedonly througha
de®nitionof what kinds of moves are allowed, but their
probabilitiesof being implementedare of no consequence.
Note that evenif the disconnectivitygraphsindicatesa fun-
nellike structure,thesystemmaynot getthereif thetempera-
ture is not right. Thusa demonstrationof the existenceof a
funnelmustinvolve anactualdynamics.In fact,anotherkind
of connectivity graphs betweenlocal energy minima has
been introduced recently precisely to describe the
T-dependentdynamical linkages@8# in the context of pro-
teins. We shall use the phrase ``dynamical connectivity
graph'' to distinguishthis conceptfrom that of the ``discon-
nectivity graph'' of BeckerandKarplus.Theideabehindthe
dynamicalconnectivitygraphsis rootedin a coarsegrained
descriptionof thedynamicsthroughmappingof thesystem's
trajectoriesto underlying effective states.In Ref. @8#, the
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effectivestatesarethelocalenergyminimaarisingasa result
of the steepestdescentmapping. In Ref. @9#, the steepest
descentprocedureis followed by anadditionalmappingto a
closestmaximally compactconformation.The steepestde-
scentmappinghasbeenalreadyusedto describeglasses@10#
and spin glasses@11# in termsof their inherent,or hidden,
valley structures.

In thedynamicalconnectivitygraphs,the linkagesarenot
uniform in strength.Their strengthsare de®nedby the fre-
quencywith which the two effective statesare visited se-
quentially during the temporalevolution. The strengthsare
thusequalto the transitionratesand they vary signi®cantly
from linkageto linkageandasa functionof T. An additional
characteristicused in such graphs is the fraction of time
spentin a given effectivestate,without makinga transition.
This canbe representedby varying sizesof symbolsassoci-
atedwith the state.

In the contextof thesedevelopments,it seemsnaturalto
combine the two kinds of coarse-graininggraphs,equilib-
rium and dynamical, into single entitiesÐthe supergraphs.
Suchsupergraphscanbeconstructedby placingtheinforma-
tion abouttheT-dependentdynamicallinkageson theenergy
landscaperepresentedby the disconnectivity graph. This
procedureis illustrated in Sec. IV for the caseof the two
heteropolymersdiscussedin Sec.II. The procedureis then
appliedto selectedspin systems.In eachcase,knotsof sig-
ni®cantdynamicalconnectivitieswithin the groundstateba-
sin developarounda temperatureat which the speci®cheat
hasa maximum.Theseknotsdisintegrateon lowering the T
if thesystemis a spinglassor a badfolder. For goodfolders
andnon-uniformferromagnetsthedynamicallinkageswithin
the groundstatebasinremainrobust.

We hopethat this kind of combinedcharacterization,by
the supergraphs,of both the dynamicsandequilibrium path-
waysexisting in manybody systemsmight prove revealing
alsoin the caseof othersystems,e.g.,suchasthe molecular
systemsconsideredin Ref. @4#.

II. ENERGY LANDSCAPES IN 2D LATTICE PROTEINS

Lattice modelsof heteropolymersallow for an exactde-
terminationof thenativestate,i.e., of thegroundstateof the
system,andareendowedwith a simpli®eddynamics.These
two featureshaveallowedfor signi®cantadvancementin un-
derstandingof proteinfolding @12#.

Here,we considertwo 12-monomersequencesof model
heteropolymers,A and B, on a two-dimensionalsquarelat-
tice.Thesesequenceshavebeende®nedin termsof Gaussian
contactenergies~themeanequalto 2 1 andthedispersionto
1, roughly! in Ref. @6#. Theyhavebeenstudied@6,8#in great
detail by the masterequationand Monte Carlo approaches.
SequencesA andB havebeenestablishedto bethegoodand
bad folders, respectively.Among the 15037 different con-
formationsthat a 12-monomersequencecan take, 495 are
the local energy minima for sequenceA and 496 for se-
quence B. The minima are either V or U shaped.The
U-shapedminima are thosein which a move that doesnot
changethe energyis allowed,providedthereare no moves
that lower theenergy.Both kindsof minimaariseasa result
of the steepestdescentmappingfrom statesgeneratedalong
a Monte Carlo trajectoryandboth kinds are includedin the
disconnectivitygraphs.

Constructinga disconnectivitygraphrequiresdetermina-
tion of the energybarriersbetweeneachpair of the local
energyminima. We do this throughan exactenumeration.
We divide theenergyscaleinto discretepartitionsof resolu-
tion DE ~we consider DE5 0.5! and ask between what
minimathereis a pathwaywhich doesnot exceedthethresh-
old energysetat the top of the partition. Theseminima can
then be groupedinto clusterswhich are disconnectedfrom
eachother.Local minima belongingto oneclusterarecon-
nectedby pathwaysin which the correspondingbarriersdo
not exceeda thresholdvalue of energywhereasthe local
minima that belongto different clustersareseparatedby en-
ergy barrierswhich arehigherthanthe thresholdlevel. At a
suf®cientlyhigh value of the energythresholdall minima
belongto onecluster.Enumerationof thepathwaysinvolves
storinga tableof size150373 14 becauseeachconformation
mayhaveup to 14 possiblemoveswithin thedynamicscon-
sideredin Ref.@6#. ~16-monomerheteropolymerscanalsobe
studiedin this exactwayÐwithin any resolutionDE.!

Figure 1 showsthe resulting disconnectivitygraphsfor
sequenceA. For clarity, we show only this portion of the
graphwhich involves the local minima with energieswhich
aresmallerthan2 5 ~thereare206 suchminima!. Through-
out this paper, the symbol E denotesenergymeasuredin
terms of the coupling constantsin the Hamiltonian and is
thus a dimensionlessquantity. The native state,denotedas
NAT in Fig. 1, belongsto themostdominantvalley.Onecan
seethat the graph containsa remarkablepalm tree branch
that providesa linkage to the native state.This branchis a
placewithin which a dynamicallyde®nedfolding funnel is
expectedto be con®ned.The largesizeof this branchasso-
ciated with a big energygap betweenthe native stateand
other minima indicates large thermodynamicstability. At
low temperatures,the glassyeffectsset in andcontributions
dueto non-nativevalleysbecomesigni®cant.Thelocal mini-
mum denotedby TRAP in Fig. 1 hasbeenidenti®edin Ref.

FIG. 1. Thedisconnectivitygraphfor the12-monomersequence
A. The dotted area is shown again in Fig. 10 togetherwith the
dynamicalconnectivities.Nc is a symbolicnotationfor a labelof an
energyminimum, basedon computergeneratedlisting.
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@6#asgiving rise to the longestlasting relaxationprocesses
in the limit of T tendingto 0.

The disconnectivitytree for sequenceB is shownin Fig.
2. Again,only theminimawith energiessmallerthan2 5 are
displayed~thereare203suchminima!. In this case,thereare
severallocal energyminima which are bound to compete
with thenativestate.Thecorrespondingbrancheshavecom-
parablelengthsandmorphologies.The dynamicsis thusex-
pectednot to becon®nedmerelyto thenativebasin.Instead,
the systemis boundto be frustratedin termsof what branch
to chooseto evolve in. At low T's the valley containingthe
TRAP conformationis responsiblefor the longestrelaxation
andpoor folding properties.

Otherexamplesof disconnectivitytreesfor proteinrelated
systemshavebeenrecentlyconstructedwith the useof Go-
like models@13,14# ~in which the amino acid±amino acid
interactionsare restrictedonly to the native contacts! and
they con®rmthe generalpatternof differencesin morphol-
ogy betweengoodandbadfoldability asillustratedby Figs.
1 and2.

It shouldbe notedthat thereare many ways to map out
the multidimensionalenergylandscapeof proteins.In par-
ticular, extensiveenergylandscapeexplorationsfor the HP
lattice heteropolymershave beendone with the use of the
pathwaymaps@15±17#. The pathwaymapsshowthe actual
microscopicpathsthroughconformations.Thepathsareenu-
meratedeither exactly or statistically, and thus provide a
detailedbut implicit representationof the energylandscape.
The resulting``¯ow diagrams'' indicatepatternsof allowed
kinetic connectionsbetweenactual conformations,together
with theenergybarriersinvolved.Theycanalsobeaddition-
ally characterizedby Monte Carlo determinedprobabilities
to ®nda givenpathat a temperatureunderstudy.In this way,
preferablepathwaysand important transition statescan be
identi®ed.This approachis similar in spirit to theoneunder-
takenby Leopold et al. @18# in which the folding funnel is
identi®edthroughdeterminationof weightsassociatedwith
pathsthat leadto the nativestate.

Thecoarsegrainedrepresentationof energylandscapesin
proteinlikesystemsthroughthedisconnectivitytreesis quite
distinct from that obtainedthroughthe pathwaymaps.The
disconnectivitygraphsindicate only the one best path for
eachpair of the local energyminima by showingthe termi-
nal points and the value of the energybarrier necessaryto
travel this path.This reducedinformation is preciselywhat
allows one to provide an explicit and essentiallyautomatic
visualizationof the energylandscapes.

TheT-dependentfrequenciesof passagesbetweenconfor-
mationsin thepathwaymapsgive anaccountof thedynam-
ics in the system.This information on the dynamics,how-
ever, does not easily ®t the description provided by the
disconnectivitygraphs.The steepestdescentmappingto the
local energyminima that we proposehere is, on the other
hand,a perfectmatch.

III. ENERGY LANDSCAPES IN 2D SPIN SYSTEMS

We now considerthe spin systems.The Hamiltonian is
given by H5 ( î j &Ji j SiSj whereSi is 6 1, andthe exchange
couplings,Ji j , connectnearestneighborson the squarelat-
tice. The periodic boundaryconditionsare adopted.When
studyingspin systems,a frequentquestionto ask aboutthe
dynamics is what are the relaxation timesÐcharacteristic
timesneededto establishequilibrium.Here,however,we are
interestedin quantitieswhich areanalogousto thoseaskedin
studiesof proteinfolding. Speci®cally,what is the ®rstpas-
sagetime t0? The ®rstpassagetime is de®nedas the time
neededto comeacrossthegroundstateduringa MonteCarlo
evolution that starts from a random spin con®guration.A
meanvalue of t0 in a set of trajectories~here,we consider
1000trajectoriesfor eachT! will bedenotedby t̂0&andthe
medianvalueby tg . tg is ananalogueof the folding time, t f
of Ref. @6#. At low temperatures,the physicsof relaxation
andthephysicsof folding essentiallyagree@6#. At high tem-
peratures,however,therelaxationis fastbut ®ndinga ground
stateis slow dueto a largeentropy.Both for heteropolymers
andspin systemsthe T dependenceof the characteristic®rst
passagetime is expectedto be U shaped.The fastestsearch
for the ground state takes place at a temperatureTmin at
which the T dependencehasits minimum.

TheU-shapeddependenceof t f originatesin the ideaof a
low T glassyphasein heteropolymersadvocatedby Bryngel-
son and Wolynes@7# within the contextof the randomen-
ergy model. It was subsequentlycon®rmedin numerical
simulationsof latticemodels@15,19,17#. This shapeis, actu-
ally expectedfor most disorderedsystems,including those
involving spins.However,experimentalistsmeasuringspin
systemstypically would not askaboutthe ®rstpassagetime
~at high T!.

This overall behavior is illustrated in Fig. 3 for two
53 5 spin systems.The Gaussiancouplingsof zero mean
andunit dispersionareselectedfor the spin glassy~SG! 2D
system.The disorderedferromagneticsystem~DFM! is en-
dowedwith the exchangecouplingswhich are the absolute
valuesof the couplingsconsideredfor SG. Figure 3 shows
that tg doesdependon T in the U-shapedfashion.Tmin for
SG and DFM are comparablein valuesbut the ``folding''
timesfor DFM aremorethanfour timesshorterthanfor SG.

FIG. 2. Similar to Fig. 1 but for sequenceB. The dottedareais
shownexpandedin Fig. 11.
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Thetimesarede®nedin termsof thenumberof MonteCarlo
stepsper spin.

Figure 3 establishessomeof the analogiesbetweenthe
heteropolymersand the spin systems.We now considerthe
disconnectivitygraphsfor selectedL3 L spin systemswith
L5 4 and 5. For both systemsizes,the list of the local en-
ergy minima is obtainedthroughan exactenumeration.De-
termination of an energy barrier betweentwo minima re-
quiresadoptingsomeapproximations.Supposethat the two
minima differ by n spins.Thereare thenn! possibletrajec-
tories which connectthe two minima assumingthat ~a! no
spin is ¯ipped more than once and ~b! no other spins ~or
``external'' spins! areinvolved in a pathway.Thesetrajecto-
ries can be enumeratedfor L5 4 but not for L5 5. In the
latter casewe adoptthe following additionalapproximation.
We ®rst identify the n(n2 1)(n2 2)(n2 3) list of the ®rst
four possiblestepsin anytrajectorytogetherwith thehighest
energyelevationreachedduring thesefour steps.We choose
m5 1500 trajectorieswhich accomplishthe smallesteleva-
tion. We thenconsiderthenext two-stepcontinuationsof the
selectedtrajectoriesandamongthem(n2 4)(n2 5) continu-
ations again selectm which result in the lowest elevation,
andsoon until all n spinsareinverted.The lowestelevation
amongthe®nalsetof them trajectoriesis anestimateof the
energythresholdusedin the disconnectivitydiagram.This
approximatemethod, when applied to the L5 4 systems,
generatesresultswhich agreewith the exact enumeration.
Figure4 showsthat our methodclearly beatsthe determina-
tion of barriersbasedon totally randomtrajectories~but are
still restrictedto overturningof the n differing spins!.

Flipping of theexternalspinswasfoundto give rise to an
occasionalreduction in the barrier height. We could not,
however,comeup with a systematicinclusionof suchphe-
nomenain the calculationsandthe resultingdisconnectivity
graphshavebarrierswhich are meantto be estimatesfrom
above.Thetopologyof thegraphis expectedto dependlittle
on detailsof suchapproximations.

In somecases,the barrier for a direct travel from one

minimumto anotherwasfoundto behigherthanwhenmak-
ing a similar passagevia an intermediatelocal energymini-
mum.An exampleof this situationis shownin Fig. 5. How-
ever,this lack of transitivity, resultingfrom theapproximate
natureof thecalculations,doesnot affect thedisconnectivity
graph becausethe statesg and b of Fig. 5 are mutually
accessibleat energyEbg . Then, at a higher energyEag ,
statea is thus also accessible.If, at this energylevel, the
systemcan transferbetweenthe statesa and g then it can
alsotransferto stateb. We now presentspeci®cexamples
of disconnectivitygraphsfor severaldistinct spin systems.

Figure 6 showsthe caseof a 43 4 uniform ferromagnet
~FM!. The energylandscapeof the FM is not analogousto

FIG. 3. The main ®gureshowsthe T dependenceof tgÐthe
mediantime to ®ndthe groundstateÐfor 53 5 DFM andSG sys-
tems.Thetop insetcomparestg to t0 on the logarithmictime scale.
The divergenceof the two times at low T indicatesa substantial
spreadingout of the distributionof t0 . This distribution,P(t0), is
shownin the lower inset for temperaturescorrespondingto Tmin .

FIG. 4. Distributionof energybarriers~highestelevationpoints!
acrosstrajectories.The solid line is for the 43 4 DFM system.It
showsbarriersfor all trajectorieswhich connectlocal minimum a
to anotherlocal minimum b. The lowestof them,Eab , is usedas
threshold in the disconnectivitygraph. The dotted line is for a
53 5 DFM andfor trajectorieswhich go from a local energymini-
mum f to the ground state.The energybarrier Ef 0 is obtained
throughthe approximateenumerationasdescribedin the text. The
othervaluesareobtainedby generating50000 randomconnecting
trajectories.

FIG. 5. Examples of pathways between three local energy
minima, a, b, and g, in a 43 4 DFM. The correspondingspin
con®gurationsare shownby arrows.The resultingdisconnectivity
graphis shownon the left.
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thatof a proteinbecauseuniform exchangecouplingsgener-
ate stateswith high degreesof degeneracies.Thesedegen-
eraciescanbe split eitherby a randomization.Figure6 also
showsa graphfor a L5 4 DFM' systemin which the Ji j 's
arerandomnumbersfrom the @0.9, 1.1#intervalÐthis is the
caseof a smallperturbationawayfrom theuniform FM. The
graphfor DFM' hasan overall appearancelike the one for
FM exceptfor the lack of a high energylinkage to a setof
statewhich ceaseto be minima. Another differenceis the
disappearanceof all remainingU-shapedminimaandforma-
tion of newtrueminimaat somewhatspreadout energies.In
the uniform L5 4 ferromagnet,thereare ®veV-shapeden-
ergy minima: one is the ground state and the other four
higher energystatesare degenerate.In addition, there are
346 stateswhich are the U-shapedenergyminima. An ex-
ampleof what happensin a U-shapedminimum is shownin
Fig. 7. Here, the systemcan move betweenthe three-and
four-spindomainswithout a changein theenergy.The four-

spin domainforms a U-shapedminimum but the three-spin
stateis not a minimum becausethereis a move to a lower
energy state. Only the four-spin domain stateswould be
shownin the disconnectivitygraph.

Figure 8 showsthe disconnectivitygraphsfor two L5 4
spin glassysystems.The right-handpanelshowsthe caseof
Ji j 56 1. The left-handpanelshowsa spin glass~SG'! with
the exchangecouplings which are randomly positive or
negativeandwith their magnitudescomingfrom the interval
@0.9, 1.1#Ðthis is the randomsign counterpartof the DFM'
system.In both spin glassysystemsof Fig. 8 the allocation
of signs to the couplings is identical. In the 6 1 case,all
minima,includingthedegenerategroundstate,areU shaped.
The SG' system,on the other hand, has a graph with an
overallstructureakin to thatcorrespondingto the6 1 system
with oneimportantdifference:thegroundstateis not degen-
erateandthusthegroundstatebasinsplits into severalcom-
petingvalleys.

The differencesbetweenthe good and bad spin folders

FIG. 6. The disconnectivity graphs for the FM and DFM'
43 4 systems,asde®nedin the text. Thearrowsin theboxesshow
examplesof the correspondingspin con®gurations.The numbers
indicatethe degreeof degeneracyand the numbersin bracketsin-
dicate numberof distinct geometriesfor the inverted domainsto
takeat theenergyconsidered.For a uniform antiferromagneticsys-
tem the disconnectivitygraphlooks qualitativelysimilar to the one
characterizingFM but the groundstateis the only V-shapedlocal
energyminimum of the system.

FIG. 7. Examplesof spincon®gurationsin the43 4 FM system.

FIG. 8. The disconnectivitygraphsfor the 43 4 spin glassy
systems:with the Gaussian~SG'! and with the 6 1 couplings
~SG 6 !. The numberscorrespondto the number of U-shaped
minima at an energyshownin the graph.

FIG. 9. The disconnectivitygraphsfor the 53 4 DFM andSG
systems~thetop panels! andthecorrespondingrepresentationof the
energylandscapes~the bottompanels!.
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amplify as the systemsize is increased.As an illustration,
Fig. 9 showsthe disconnectivitygraphsfor the 53 5 DFM
and SGÐwith the Gaussiancouplings.The DFM systems
hasa very stableandwell developedvalley correspondingto
thegroundstatewhereastheSGsystemhasmanycompeting
valleys. Thus indeed,DFM is a spin analogueof a protein
whereasSG is an analogueof a randomsequenceof ami-
noacids.

The disconnectivitygraphscan be representedin a form
that givesa betterillusion of an actuallandscape,asshown
in thebottompanelsof Fig. 9. Thelinesshownthereconnect
the local energyminima to their energybarriersandthento
the next minimum, and so on, forming an envelopeof the
original graph.This form is lessclutteredandwill beusedin
Sec. V. This envelope representationshows merely the
smallestscalevariationsin energyand omits passageswith
largebarriers.

IV. DYNAMICAL CONNECTIVITY GRAPHS
FOR LATTICE HETEROPOLYMERS

We now construct the supergraphsfor the lattice het-
eropolymersdiscussedin Sec. II. The strengthsof the dy-
namicallinkageshavebeenalreadydeterminedin Ref. @8#at
severaltemperatures.Here,however,we plot thelinkageson
the graphsthat representthe energylandscapes,i.e., we re-
arrangethe labelsassociatedwith the local energyminima.
We discussonly thecaseof T5 Tmin which is equalto 1.0for
both sequencesA andB.

Figures10 and11 showsthesupergraphsfor sequencesA
andB, respectively.The sizesof the circlesareproportional
to an occupancyof the minimum during the folding time.
Similarly, the thicknessesof the lines connectingthe circles
are proportionalto the connectivity~the linking frequency!
betweenthem. For clarity, we do not show connectivities
which accountfor lessthan 1% of all combineddynamical
connectivities.The disconnectivity graphs themselvesare

drawn in dottedlines. All relevantdynamicsis con®nedto
theseportionof theof thedisconnectivitygraphswhich were
marked,in Figs. 1 and 2, by the dotted lines and are now
magni®edin Figs.10 and11.

An inspectionof the supergraphsclearly shows differ-
encesbetweenthe two sequences.SequenceA hasmanyin-
tervalley linkagesbut the linkagesto the native basin,and
the occupanciesof conformationswithin that basin,aresub-
stantial.Thesearemanifestationsof a fast folding dynamics.
For sequenceB, on the other hand, the linkages tend to
wither uncooperativelyin multiple valleys. In addition, the
combinedoccupanciesawayfrom thenativevalley outweigh
the dynamical effects within the valley. On lowering the
temperature,linkages in various valleys become discon-
nectedandtendto avoid thenativevalley moreandmore,as
discussedin Ref. @8#.

V. DYNAMICAL CONNECTIVITY GRAPHS
FOR SPIN SYSTEMS

We now generatedynamical linkagesfor two spin sys-
tems,L5 5 DFM andSG of Sec.III, andplacethemon the
plots of the energylandscape.The ``envelope'' form of the
representationof the landscapeis chosenhere, mostly for
aestheticreasons.Theconnectivitiesaredeterminedbasedon
200 Monte Carlo trajectoriesof a ®xedlengthof 5000steps
per spin.The durationof thesetrajectoriesexceedsthe fold-
ing time many times, at the temperaturesstudied,and thus
the connectivitiesdisplayedrefer to the essentiallyequilib-
rium situations~the equilibrium dynamics for heteropoly-
mers A and B is illustrated in Ref. @8#!. The connectivity
rateswereupdatedany time ~in termsof singlespin events
andnot in termsof stepsper spin! thereis a transitionfrom
a local energyminimumto a local energyminimum,afterthe
steepestdescentmapping.Again, the 1% displaycutoff has
beenimplementedwhenmakingthe ®gure.

The main partsof Figs. 12 and13 showthe supergraphs
obtainedat a temperaturewhich correspondsto the T loca-
tion of the peakin speci®cheat.Thesetemperatures,1.8 for
DFM and1.4 for SG,arealsocloseto Tmin . Theinsetsshow

FIG. 10. Dynamical connectivity graph for sequenceA at T
5 1.0 plotted againstthe backgroundof the disconnectivitygraph.
Thedynamicallinkagesarerestrictedto thedottedregionof Fig. 1
andonly this portion of the disconnectivitygraphis shown.

FIG. 11. Similar to Fig. 10 but for sequenceB.
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the dynamically relevant parts of the energy landscapeat
lower temperatures.For the DFM, the dynamicsbecomes
increasinglycon®nedto thegroundstatebasinwhenthetem-
peratureis reduced.On the other hand,for the SG, the dy-
namicsin the groundstatebasinbecomeslessand lessrel-
evant, with a higher local energyminimum absorbingthe
majority of moves.This is indeedwhat happenswith bad
folding heteropolymers.

If we restrict countingof the transitionratesonly to the
folding stage,i.e., until the groundstateis encountered,the
qualitativelook of thesupergraphfor T closeto Tmin is asin
the equilibrium case.The statesinvolved are mostly the
samebut thereis, by de®nition,only onelink to the ground
stateper trajectory.

The dynamical connectivity graphs in 3D 103 103 10
DFM systemsarequalitativelysimilar to the 2D graphsbut
the underlyingdisconnectivitygraphsare harderto display
dueto a substantiallylargernumberof the energyminima.

In this paperwe havepointedout the existenceof many
analogiesbetweenproteinfolding anddynamicsof spinsys-
tems. Theseanalogieshave restrictions.For instance,the
simpleIsing spinsystemsin 3D havecontinuousphasetran-
sitions, in the thermodynamiclimit, and not the ®rst-order-
like thatareexpectedto characterizelargeproteins@20#. This
difference,however,is not crucial in the caseof small sys-
tems.More accuratespin analogsof proteins,with the ®rst
order transition, can be constructedbut the object of this
paperwasto discussthe basictypesof spin systems.

On the other hand, it should be pointed out that these
analogiesarealsomoreextensive.Consider,for instance,the
Thirumalai @21# criterion for good foldability of proteins.
The criterion considerstwo quantities:the speci®cheatand
the structuralsusceptibilityof a heteropolymer.The latter is
a measureof ¯uctuations in the structuraldeviationsaway
from the native state.Both quantitieshavepeaksat certain
temperatures.Thecriterionspeci®esthat if the two tempera-
turescoincidea heteropolymeris a goodfolder. This is quite
similar to whathappensin uniform anddisordered3D ferro-
magnets:the peaks~singularities! in magneticsusceptibility
andspeci®cheatarelocatedat thesamecritical temperature.
On theotherhand,in spinglasses,thebroadmaximumin the
speci®cheat is locatedat a temperaturewhich is substan-
tially above the freezing temperatureassociatedwith the
cusp in the susceptibility. Also in this sensethen, spin
glassesbehavelike bad folders.The coarse-grainingsuper-
graphsthat analyzedynamicsin the contextof the system's
energylandscapemay becomea valuabletool to understand
complexbehaviorof manybody systems.
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