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Motivation
Metal nanostructures posses the unique ability to resonate with electromagnetic waves.
They offer many interesting possibilities in terms of fundamental sciences and applications.
Noble metal nanoparticles or flat metal–dielectric interfaces are examples of such fundamental structures, as they support surface plasmons (SP) in the optical frequency range
(400–750 nm).
Surface plasmons are commonly defined as coherent electron oscillations (e.g. [1–3])
which form the surface charge density waves at the metal–dielectric interface. SP charge
density waves at optical frequencies cannot be observed experimentally. However, in principle, surface plasmons are recognized for their intense electromagnetic (EM) fields trapped
to the surface. The term plasmons refers in practice rather to light confined to a metal–
dielectric interface [3–8], with appealing characteristics of shortened wavelength and enhanced field strength. SP features are usually described within classical electrodynamics, by looking for solutions of Maxwell equations under appropriate boundary conditions.
Sharp boundary between metal and dielectric and homogeneity of both media is assumed.
Such EM description ignores the existence of charge density waves, because it is based on
Maxwell equations that exclude the presence of net charge at any point of space (including the interface). It is rather assumed, that the interaction between EM fields and the
surface conduction electrons in metals [1, 6] is included in the dielectric function of a bulk
metal. However, surface plasmon charge density waves are not included in the model of
the dielectric function. Consequently, the localized SP are usually represented as a handmade illustrations representing harmonic displacements of the conduction electron cloud in
respect to the positive spherical background. Despite the fact that collective free-electron
charge oscillations lie at the heart of SP phenomena, the surface charge density waves are
usually represented in the form of hand-made schematic illustrations (see Fig. 2) only
(e.g. [3,9,10]), while the quantitative characterization of surface charge density waves is not
possible from such description.
The motivation of this work was to describe the intriguing interplay between the surface charge density waves and EM fields on the basis of the classical electrodynamics in the
framework of a simple model. Our aim was to estimate the number of surface electrons
involved in SP wave oscillations, displacements of the electrons undergoing the collective
movement and spatial distributions of surface charge densities. Numerical imaging of surface plasmon waves is aimed to deepen our understanding of what a surface plasmon really
is, what is the meaning of the wavelength of surface plasmon on spherical surface and how
do the electric fields look like on such surface in near- and far-field region. We aimed to
illustrate the diversity of the near-field images of a plasmonic spherical particle illuminated
by a homogeneous light field at frequencies close to and equal to the frequencies of dipole,
quadrupole and hexapole plasmons and to understand, what the localization of the surface
plasmon means in the case of spherical interface. We chose Au spheres of radii of 10 nm
and 100 nm, because of their contrasting features like being a good absorbing and good
scattering plasmonic nanostructure respectively. 100 nm radius particle allows observation
of higher than usually studied dipole plasmon resonance in the visible range.
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The issues studied in this thesis are based on the previous studies of my colleagues from
the Laser and Spectroscopy group in Institute of Physics PAS, which are dedicated to SP
resonance properties of spherical metal particles as a function of particle size [11–22].
Spherical metallic surfaces have an advantage in direct excitation of localized SP by light
in contrast to infinite planar interface plasmons (usually called surface plasmon polariton)
for which the well-known wavevector selection rules (e.g. [3, 4]) prevent direct coupling of
light. In addition, the localized SP properties and the associated phenomena can be tailored by particle size [9, 20, 22–24]. Plasmonic nanospheres represent the simplest and the
most fundamental structures for studying the basis of plasmon phenomena. Understanding
resonant interaction of light with plasmonic nanoparticles is also essential for applications,
e.g. for designing of useful photonic devices. Excitations of SP in nanoparticles at plasmon
resonance frequency give rise to a variety of effects, such as frequency dependent absorption and scattering [9, 20, 25–27] or concentration and near-field enhancement which can be
exploited in various applications (see some reviews [8, 24, 28, 29]) such as surface-enhanced
Raman scattering (SERS), high-resolution microscopy, nano-optical antennas, solar cells,
non-diffraction limited nanoscopic waveguides and high-sensitivity biosensors. Understanding of the SP phenomenon is the basis for the realization of thin films, arrays of nanoholes
or more complex nanostructures (e.g. superlenses [30, 31]) or metamaterials.
We were also interested in numerical visualization of the near-field images of a plasmonic
spherical particle illuminated by a homogeneous light field at frequencies close to and equal
to the multipolar frequencies SP multipolar resonances. Such study referred to the nearfield imaging techniques such as near-field scanning optical microscopy (NSOM) [32–34] and
photon scanning tunneling microscopy (PSTM) [35] that allows imaging of the structure of a
sample with nanometer resolution, well below the diffraction limit. However, interpretation
of images still poses some problems in many applications. One of the reasons is that the
electric field at the scanning tip can be highly non-homogeneous. An even more fundamental
problem is the question what is the near-field homogeneous image itself, that is how the
near-field distribution, characterizing the object, looks like and how it reflects the optical
plasmonic properties of that structure.
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Introduction
Metal nanoparticles have been known for centuries due to their unique optical properties
and ability of effective light scattering and absorption. The noble metals colloidal nanoparticles have been know to craftsmen for brilliant colors in stained glass windows. One of
the most famous and oldest example of gold nanoparticles in glass is the Lycurgus Cup
www.britishmuseum.org (Fig. 1). Lycurgus Cup is a Roman cup made of ruby glass in IV
century. When viewed in reflected light, it appears green. However, when a light is transmitted through the glass, it appears red. The Romans knew about the optical properties
of tiny gold and silver droplets, typically 5–60 nm in size, and used them to achieve desired
optical effects. In medieval ages metallic nanoparticles where widely used in stained glass
in churches which haven’t lost their colors till now.
Scientific research on metal nanoparticles dates at least to Michael Faraday [36]. Later
in 1908, Gustav Mie presented a solution to Maxwell equations that describes scattering of
light on spherical particles of arbitrary size (see [37–39]). This allowed better understanding
of extraordinary optical properties of spherical metal nanoparticles: their change of colors
with size and observation methods.
In modern days the interest in optical properties of metal nanoparticles has increased
even more. They have attracted great attention due to their potential application in chemical and biochemical sensing [40, 41] medical diagnostics and therapeutics [42, 43] and biological imaging [44,45] due to their unique optical properties, in particular due to near field
enhancement.
The field of optical study of nanoparticles has become one of the most interesting and
active research areas that enables numerous fundamental studies and applications. The
ability to tailor the size, shape, and environment of metal nanostructures is the key component in controlling the plasmonic properties of individual or aggregated nanostructures.
The ability of metal nanostructures to support surface plasmons, generated by the coupling of incident electromagnetic waves with the conduction electrons, is the vital element
of plasmonics.
The collective excitation of the conduction electrons by an external electromagnetic
field is transformed into an oscillating type of behavior with distinct resonances, called

Figure 1. Lycurgus cup.
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Figure 2. Hand-made illustration of dipole oscillation of electron gas induced by the incident
planar electromagnetic wave.
surface plasmon. Oscillation frequency depends on the kind of the metal, the shape and
the associated size of the nanoparticle. Surface plasmon in a metal nanosphere is defined
as an oscillation of the electron gas and surface electromagnetic fields confined to the
dielectric–metal interface (Fig. 2), [3, 9, 10]. This confinement leads to an enhancement
of the electromagnetic field at the interface and its vicinity. It is commonly accepted that
resonant coupling of incident light to the collective oscillation mode of the conduction
surface electrons in the metal nanoparticles is responsible for the observed maxima in the
optical absorption [46] or scattering spectra [47, 48]. The magnitude of the scattering
efficiency and their relative contribution to the total extinction, absorption and scattering
varies with the particle size and shape, metal composition, and surrounding medium [22].
The optical scattering on metal nanostructures is useful in imaging methods to detect
attached bio-systems and has been used, for example, in the diagnostics of cancer cells
[42,45]. For a small nanoparticle, optical absorption has a dominant effect and the absorbed
light energy generally undergoes a thermal dissipation process which gives rise to localized
heat that can be used in biomedical therapeutic applications.
The most straightforward way of understanding the plasmonic properties of nanoparticles is within the classical electrodynamics description by looking for solutions of Maxwell
equations under appropriate boundary conditions (see Section 1). Sharp metal–dielectric
boundary and homogeneity of both media is assumed. However, as commonly in literature
(e.g. [1–3]), such description is not adequate if surface plasmons are understood as coherent
electron oscillations which form the surface charge density waves at the metal–dielectric
interface. Such electromagnetic (EM) description ignores the existence of charge density
waves, while it is based on Maxwell equations excluding the presence of net charge at any
point of the space (including the interface).
Current work is devoted to numerical imaging of localized surface plasmon (SP) waves
on spherical particles of gold. The localized surface plasmon waves are understood as the
standing surface free-electron waves and their associated electromagnetic fields. We stay
within the frames of classical electrodynamics and assume the metal–dielectric interface to
be sharp in defining continuity relations for EM fields at the boundary.
In order to model localized SP charge-density waves, electrodynamic description have
to exceed the assumptions of Mie theory (Section 3) by introducing the surface local polarization to the model [49] (Section 4.3). The Mie solutions for EM fields are used. The
Lorentz–Drude framework of the dielectric permittivity was modified in order to include
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resonances in the interaction of EM fields with the surface conduction electrons. That
enabled the modeling of the electron microscopic dynamics in the very proximity of the
interface by introducing resonances in the displacement of electrons at plasmon multipolar
frequencies due to the action of the radial electric fields. The SP resonance frequencies and
the SP spectral linewidths result from solving the dispersion relation for the surface EM
modes of a spherical particle [19, 50]. Any restrictions on the particle radius in relation to
the wavelength of light is applied. The study goes far beyond the particle size for which
the quasistatic approximation is justified.
The dissertation includes numerical visualization of surface free-charge multipolar distributions and their dynamics with quantitative examination of the amplitudes of free-electron
surface densities waves in successive modes (Section 4). We present the 3D images of the
charge density standing waves exited by the incoming light wave of frequency corresponding to the dipole, quadrupole and hexapole plasmon resonance frequencies correspondingly.
We give the estimates of an electron charge (number of electrons) involved in the collective
plasmonic motion, as well as their displacements, spatial distribution and dynamics. We
present also the local 3D distribution of the normal (radial) to the surface components of
the electric field coupled with the charge density waves, light induced local surface polarization and phase shift between the incoming field, polarization and surface charge density
oscillations . This part of the dissertation allows visualization the localized SP charge density waves which cannot be observed in real life. But they carry information about what
surface plasmon really is, what the meaning of the wavelength of surface plasmon wave
on spherical surface could be, how do the electric fields look like on such surface and in
far-field region. Additionally, we acquired such quantities as surface plasmon penetration
depth into the surrounding medium and surface plasmon enhancement of electric field, etc.
(Section 5).
The second part of dissertation is aimed at the analysis of how localized SP charge
density waves are manifested in the optical properties of a plasmonic particle which can be
experimentally accessible (Section 6). It includes numerical visualization of the near-field
images of a plasmonic spherical particle illuminated by a homogeneous light field at frequencies close to and equal to the frequencies of dipole, quadrupole and hexapole plasmons. We
chose Au spheres of radii of 10 nm and 100 nm, as an example of a good absorbing and good
scattering plasmonic nanostructure respectively. This part of our study refers to the nearfield imaging techniques such as near-field scanning optical microscopy (NSOM) [32–34] and
photon scanning tunneling microscopy (PSTM) [35] that allows imaging of the structure of
a sample with nanometer resolution, well below the diffraction limit.
The near-field images resulted from the spatial distribution of the light intensity that
is proportional to the normal to the detection plane component of the full mean Poynting
vector. The detection scanning plane was placed in the particle proximity. Monochromatic
images at frequencies close to and equal to the plasmon dipole, quadrupole and hexapole
resonance frequencies are discussed. The change in the images with distance between
nanosphere and detection surface is also discussed. While the near-field radial component
of the electromagnetic field is coupled with the SP waves at the particle surface we completed
our consideration by the spatial distribution of that component over the scanning plane and
the analysis of its role in the image formation.
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1
1.1

Maxwell equations in description of surface plasmon
electromagnetic fields
General formulation of Maxwell equation

In these thesis the picture of classical electrodynamics is used to describe the features of
surface plasmon charge density waves and the associated electromagnetic fields (for example, see [51]). Classical electrodynamics is based on Maxwell equations, which form a set
of partial differential equations in two major variants: the ”microscopic” set of Maxwell
equations which uses total charge and total current, and the ”macroscopic” set of Maxwell
equations which uses the electric induction D and the magnetic field H in addition and free
charges and currents only. Both formulations are actively used for research and education.
While the distinction of the special cases and formulation of the constitutive relation is
crucial in description of surface plasmon EM fields and charge density waves in this thesis,
we begin with the introduction specifying the starting point for farther discussion.
”Microscopic” formulation. In ”microscopic” formulation the properties of gross matter are assumed to result from the postulated behavior of atomic constituents. The electric
and magnetic fields E(r, t) and B(r, t) are coupled by the equations:
∇ · E = ρ/ε0 ,

∇ · B = 0,

∂B
,
∂t
1 ∂E
+ µ0 j,
∇×B= 2
c ∂t

(1)

∇×E=−

√
where c is the speed of light in vacuum, c = 1/ µ0 ε0 . In the presence of a medium it
is convenient to separate the sources of the fields (the charge and current densities) into
an induced part, due to the response of the medium to the electromagnetic fields, and an
extraneous, due to free charges and currents not caused by the material properties:
ρ = ρind + ρf ,

(2)

j = jind + jf .

(3)

”Macroscopic” formulation. The electric and magnetic properties of the material are
often described by the electric polarization P and the magnetization M. In terms of these,
the induced sources are described by:
∂P
+ ∇ × M,
∂t
= −∇ · P.

jind =

(4)

ρind

(5)

To fully describe a certain situation, one also need constitutive relations that define how P
and M depend on E and B. These are generally empirical relations, different for different
media.
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By introducing the fields:
D = ε0 E + P,
B
− M,
H=
µ0

(6)
(7)

the ”microscopic” Maxwell equations (1) take the form known as ”macroscopic” Maxwell
equations:
∇ · D = ρf ,

(8)

∇ · B = 0,

(9)

∇×E = −

(10)

∂B
,
∂t
∂D
+ jf .
∇×H =
∂t

1.2

(11)

Boundary conditions

Across two different media, the properties of the field change according to the various
boundary conditions. A sadden change in material properties is usually assumed at the
boundary, and the boundary is treated as infinitesimally narrow. In such case, there is a
discontinuity of material properties at the boundary.
Starting with D fields and Gauss’ law (8) in the integral form and the charge Qf =
R
(dr)ρf (r, t) in a volume V [52]:

V

I

Ddn = Qf ,

(12)

S

applied to an infinitesimally tiny pillbox extending just slightly into the metal and dielectric
on the both sides of the boundary (Fig. 3), one obtains:
Dout · n − Din · n = σf n,

(13)

where σf is the surface charge density. The edge of the pillbox contributed nothing in the
limit as it thickness goes to zero. Thus, the component of D that is perpendicular to the
interface is discontinuous in the amount:
in
Dout
⊥ − D⊥ = σf .

(14)

Figure 3. Metal–dielectric interface.
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In absence of free charges the normal component of D is continuous at an interface. Normal
component of B also continuous:
in
Bout
⊥ − B⊥ = 0.

(15)

Similar reasoning applied to the E field and Faraday’s law (8) result in continuity of the
tangential component of the E field:
in
Eout
|| − E|| = 0.

(16)

Similarly, tangential components of B are continuous:
in
Bout
|| − B|| = 0.

1.3

(17)

Basis for description of EM fields at metal–dielectric interface
of neutral media

In many problems of linear optics for nonmagnetic media, the equations (8–11) are complemented with the constitutive equations of the medium in their most common form:
D = ǫE,
1
H =
B,
µ0
jf = σE E.

(18)
(19)
(20)

In ”macroscopic” formulation, the theory takes no cognizance of the atomic structure of
matter, but rather regards matter as a continuous medium that is completely characterized
by the three constants: dielectric permittivity ǫ = ε0 ε (ε0 is permittivity of free space, ε
is the relative medium permittivity), permeability of free space µ0 (µ = 1), and conductivity σE . For sinusoidal steady state problems, the assumed material parameters are often
frequency dependent.
The macroscopic formulation is usually used as a basis for description of the surface
plasmon EM fields. A metal is described as an aggregate of the free-electron gas and a
positively charged, stiff and massive background of atomic nuclei and core electrons. The
free electrons are uniformly distributed over the interior of the sphere. The positive charges
are assumed to be smudged out to form a uniform static background what maintains total
charge neutrality. A sharp boundary between a metal and a dielectric is assumed. Due to
the assumed charge neutrality in both media there is no external charge ρf nor current jf
densities and the Maxwell equations in the ”macroscopic” formulation read:
∇ · D = 0,

(21)

∇ · B = 0,

(22)

∇×E = −

(23)

∂B
,
∂t
∂D
,
∇×H =
∂t

(24)
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with
ρf = 0,

(25)

jf = 0.

(26)

With the constitutive relations (18, 19) at all points where ǫ is continuous, eqs. (21–24) for
the harmonic wave-like solutions E(r, t) = E(r)e−iωt and B(r, t) = B(r)e−iωt take the form:
∇ · E = 0,

(27)

∇ · H = 0,

(28)

∇ × E = iωµ0H,

(29)

∇ × H = −iωε0 ε(ω)E,

(30)

where ε(ω) is the dielectric function of the medium which have to be introduced as an
external parameter of the theory.
The assumed constitutive relations cause, that not only the electric displacement field
D but also the electric field E is divergent free. Let us note, that from the ”microscopic”
formulation of Maxwell equations (1) results, that ∇ · E = (ρf + ρind )/ε0 = 0. That means,
that not only ρf = 0 but also the induction charge density ρind = 0 in any point of the
space, if the constitutive relations (18, 19) are valid. That means, for divergent free electric
fields, that if ρf = 0 is assumed, the induction charge density ρind = 0 in any point of the
space, if the constitutive relations (18, 19) are valid.
After the standard transformation [38] Maxwell equations lead to the wave equations
for the electric and magnetic fields:
∇2 E + k 2 E = 0,
∇2 H + k 2 H = 0,

(31)

with
k 2 = ω 2 µ0 ε0 ε(ω) =

ω2
ε(ω),
c2

(32)

with ε = n2 , where n is complex index of refraction. Continuity relations at the boundary
between both electrically neutral media (14, 16) with ρf = 0 lead to:
in
Dout
⊥ − D⊥ = 0,

Eout
||

−

Ein
||

(33)

= 0.

(34)

These continuity relations form the starting points for the usual description of the dispersion
of surface plasmons at the flat (Section 2.1) and spherical (Section 2.2) metal–dielectric
boundary and for Mie theory (Section 3) which are discussed farther in this theses. A plane
linearly polarized wave:
E(r, t) = E0 exp i(kr − ωt + ϕ),

(35)

H(r, t) = H0 exp i(kr − ωt + ϕ),

(36)

and their linear combinations are particular solutions of the wave eq. (31) which are widely
used to describe optical phenomena.
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The consequences of the fact, that the divergent free electric field E exclude the surface
charge density waves (surface plasmons) from the description seems to be be usually ignored
in plasmon literature. This fact and a wish to complete the picture (as described in Motivation) was an inspiration for the proposed modeling of the surface charge density waves
on spherical metal particle enabling numerical imaging of the plasmon related quantities
(Section 4).
In the case where time-varying charge and current densities Maxwell equations can be
written in the form of a inhomogeneous electromagnetic wave equation (or often ”inhomogeneous electromagnetic wave equation”) with sources. In such formulation the solution to
many optical problems complicates.
We intend to avoid the complexity in modeling the surface charge density waves due to
inhomogeneity of wave equations. In (Section 4) we will keep the solutions of the homogeneous wave equations for the fields E(r, t) and H(r, t) calculated with the constitutive
equations (18) and (19). The resulting light wave intensities are checked to well predict the
experimental results. But we will reconsider the constitutive equation (18) in order to find
the polarization P(r, t) at the ”physical” boundary from the relation (6).
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2
2.1

Dispersion relation for surface plasmon modes
Surface plasmons on a flat metal–dielectric interface

This thesis is dedicated to surface plasmon on spherical particles but it is useful to preface
the discussion of these effects with a brief summary of surface plasmons on a flat interface
between dielectric and metal, often named surface plasmon polariton (SPP) (Fig. 4). In
classical description of surface plasmon at flat surface the derivation of the SP dispersion
relation is based on assumption that SP are coherent charge oscillations propagating on both
sides of the semi-infinite interface between two nonmagnetic media (metal and dielectric)
with frequency-dependent dielectric functions εm for metal and εd for dielectric separated
by a planar interface [53]. The Maxwell equations for such structure are given by (21–24)
in both media, which form the semi-infinite interface (see [52]). Solutions of equations can
generally be classified into s-polarized (the electric field Ei being parallel the interface)
and p-polarized (the magnetic field Hi being parallel the interface) electromagnetic modes.
Only the p-polarized wave excites SP wave, since SP wave propagates along the surface
(along x-axis) an E⊥i must exist. Because of that, s-polarized wave electric field doesn’t
allow SP propagation (for s -polarized wave E⊥i = 0).
Choosing the x-axis along the propagating direction:
i

i

Ei = (Exi , 0, Ezi )ekz z ei(kx x−ωt) ,

(37)

and
i

i

Hi = (0, Hyi , 0)ekz z ei(kx x−ωt) ,

(38)

where i is the metal or dielectric component, z < 0 for metal and z > 0 for dielectric, kxi
is a wave number of a vector parallel to the surface. Vector kxi describes the propagation
of electromagnetic wave along the interface and vector kzi — damping of this wave along
direction normal to the surface, in other words the electromagnetic wave is localized near the
interface. Additional relation are imposed by the continuity of the in-plane electromagnetic
field components: Exd = Exm , Hyd = Hym .

Figure 4. Scheme of surface plasmon polariton propagation.
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Now combining eqs. (21–24) with (37, 38) one finds:
ω
εd Exd = 0,
(39)
c
ω
(40)
kzm Hym − εm Exm = 0,
c
√
where εm and εd are the dielectric functions of metal and dielectric respectively, c = 1/ ε0 µ0
is the vacuum speed of light. Combining these equations with continuity equations we
obtain the SP dispersion relation:
kzd Hyd +

kzd kzm
+
= 0.
εd
εm

(41)

This equation shows that the condition for the SP existence is that it propagates at the
interface of two media with opposite signs of the dielectric permittivity. This means that
one of the two media must have a negative dielectric permittivity, as in the case of metals
2
at optical frequencies. From homogeneous wave equation (kzi )2 + (kxi )2 = εi ωc2 and the
continuity condition (41) for the in-plane wavenumber (kxd = kxm = kSP ), we obtain the
total wavenumber in medium i as:
i 2

2

(k ) = (kSP ) −

ω2
= εi 2 .
c

(kzi )2

(42)

Dispersion relation can be rewritten in the form [54]:
r
ω
εm εd
.
kSP (ω) =
c εm + εd

(43)

Considering that in the dielectric the permittivity is real (εd > 0), and in the metal the
′
′′
dielectric permittivity is complex (εm = ε′m +iε′′m ), and ε′′m < |ε′m |, we have kSP = kSP
+ikSP
.
So real and imaginary parts of SP wavenumber are the following:
′
kSP
(ω)

ω
=
c



ε′m εd
ε′m + εd

′′
kSP
(ω)

ω
=
c



ε′′m
2ε′2
m
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,

ε′m εd
ε′m + εd

(44)
 32

.

The SP wavelength is defined as λSP =
λSP

2πc
=
ω

s

(45)
2π
′
kSP

. Thus we get:

ε′m + εd
.
ε′m εd

(46)

This solution demonstrates that for a metal with a negative permittivity, with |εm | > εd
we have:
λSP < λ0 ,
where λ0 =

2πc
√ ω
εd

(47)
is the wavelength of the excitation of SP, incident from the dielectric

side of the metal–dielectric interface. The ratio
15

λSP
λ0

is always lesser than 1 and depends on

Figure 5. Dispersion relation for surface plasmon at the flat interface between a Drude
metal and dielectric (air) with εd = 1 and Imεm = 0.
the metal, the dielectric and the excitation wavelength. The SP dispersion in the form of
ω = ω(kSP ) is given by:
r
ωp4
ωp2
2
2
2
4
+ kSP c −
+ kSP
c4 .
(48)
ω (kSP ) =
2
4
If the metal is assumed to be an ideal conductor with Imεm = 0, which means that dielectric
function of the metal (see Appendix A.2) is simplified to:
εm = 1 −

ωp2
.
ω2

(49)

For a metal–dielectric interface with the dielectric characterized by εd , metal — by εm the
dependence ω(kSP ) of eq. (43) has a slope equal to √cεd above the argument kSP = 0 and is
√SP and for large kSP
a monotonic increasing function of kSP , which is always smaller than ck
εd
ωp
√
is asymptotic to the value ωSP = 2 (Fig. 5). This is the non-retarded surface plasmon
ω
condition (equation with kxm = kxd = kSP ), which is valid as long as the phase velocity kSP
is much smaller than the speed of light c. This result means that SP wave vector is bigger
than the wave vector of photon in free medium, in other words the wavelength of SP is
smaller than excitation wavelength λSP ≤ λ0 .
But as mentioned before, excitations of the conduction electrons of real metals suffer
both from free-electron and interband damping and, therefore, εm and kSP are complex.
The traveling SP is damped with propagation length L = (2ImkSP )−1 . The penetration
depth into the dielectric, at which amplitude of evanescent (exponentially decaying with
distance from the boundary) SP field is equal half the amplitude at the surface of metal, is
determined from δppd (ω) = 1/|kzd | (Fig. 6). Thus, the penetration depth of surface plasmon
into the dielectric surroundings is expressed by following equation:
s
ε′m + εd
c
.
(50)
δppd (ω) =
ω
ε2d
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Figure 6. Schematic illustration of surface plasmon penetration depth at the flat interface
between metal and dielectric.
For example, from eq. (50) the penetration depth in air, considered as a dielectric over
silver, is in the 450–2500 nm range for a wavelength in the 500–1500 nm range, and increases
with the excitation wavelength [55].

2.2

Dispersion relation of surface plasmon modes on spherical
interface

If we would like to write the surface plasmon dispersion relation for spherical particles in a
same way we did that for flat surface, we would face the difficulty of deriving it. Additional
degree of freedom for propagation (3D problem on a sphere) of surface wave (in spherical
coordinates k = k(R, θ, ϕ)) makes it impossible to describe surface plasmon on the spherical
interface of metal and dielectric the way we do that in case of flat interface. This brings
the problem of defining the wave vector and wavelength of surface plasmon on the spherical
surface. This problem will be discussed farther in Section 4.
The eigenvalue problem of finding the eigen values of gold spherical nanoparticles was
formulated in the absence of external, incoming fields [56], in analogy to the description of
surface plasmons at a flat metal–dielectric interface. This differs the eigenvalue problem
from Mie scattering theory formulation. The dispersion relation for the electromagnetic
TM wave at the spherical metal–dielectric interface was treated as a central problem. This
solution was acquired in our scientific group in Institute of Physics PAS [22, 57, 58] on the
basis of [56]. But it plays significant role in current work so it is important to recall it
briefly.
Let a sphere of radius R and dielectric function εin (ω) be embedded in a medium with
a dielectric constant εout . We look for solutions of the wave equation (31) in both media.
The corresponding wave numbers are:
ωp
k in =
εin (ω),
(51)
c
ω√
k out =
εout .
(52)
c

17

The well known scalar solution of the corresponding scalar equation (e.g. [38], [59]) in
spherical coordinates (r, θ, ϕ) reads:
ψlm (r, θ, ϕ) = Zl (qr)Ylm(θ, ϕ),

(53)

where l = 1, 2, . . . , m = 0, ±1, ..., ±l, Ylm (θ, ϕ) are spherical harmonics, and Zl (qr) are
spherical Bessel functions jl (qin r) inside the sphere and the spherical Hankel functions
hl (qout r) outside the sphere. From scalar solution ψlm one can construct two independent
solutions of the vectorial wave eq. (31), one with vanishing radial component of the magnetic
field:
E(r) = Blm (1/q)∇ × ∇ × (rψlm ),

H(r) = Blm (q/iq0 )∇ × (rψlm ),

(54)

and the other with vanishing radial component of the electric field:
E(r) = Alm ∇ × (rψlm ),

H(r) = Alm (1/q0 )∇ × ∇ × (rψlm ),

(55)

in
out
Alm and Blm are constants that take different values Ain
lm and Blm inside and Alm and
out
Blm
outside the sphere. The explicit expressions for the solution with the nonzero radial
component of the electric field Er 6= 0 (and the magnetic field tangent to the sphere surface
Hr = 0), which is named transverse magnetic (TM) mode in analogy to the flat surface
interface case (p-polarization, or ”electric wave” in terminology of [39]) read:

Er (r, θ, ϕ) = Blm l(l + 1)(kr)−1 Zl (kr)Ylm(θ, ϕ),

(56)

Eθ (r, θ, ϕ) = Blm (kr)−1 [krZl (kr)]′ ∂Ylm /∂θ,

(57)

−1

′

Eϕ (r, θ, ϕ) = Blm im(kr sin θ) [krZl (kr)] Ylm (θ, ϕ),

(58)

Hr (r, θ, ϕ) = 0,

(59)

Hθ (r, θ, ϕ) = Blm [ε(ω)]1/2 (m/ sin θ)Zl (kr)Ylm(θ, ϕ),

(60)

Hϕ (r, θ, ϕ) = iBlm [ε(ω)]1/2 Zl (kr)∂Ylm /∂θ.

(61)

The expression for the orthogonal solution with Er = 0 results from eqs. (55) (and is named
transverse electric (TE) mode in analogy to the flat surface interface case (s-polarization)).
The prime indicates differentiation in respect to the argument, which is kin r or kout r correspondingly. We focus our attention on TM mode only.
The continuity relations at the sphere boundary for the tangential components of the
electric field (the continuity of Eθ and Eϕ ) lead to the same condition:
in
out
Blm
(zB )−1 [zB jl (zB )]′ = Blm
(zH )−1 [zH hl (zH )]′ ,

(62)

while the tangential components of the magnetic field (the continuity of Hθ and Hϕ ) lead
to the condition:
in √
out √
Blm
εin jl (zB ) = Blm
εout hl (zH ),

(63)
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where:
zB = kin R =

ω √
R εin ,
c

(64)

is the argument of the Bessel function jl for r = R, and
√
εout
ω √
zH = kout R = R εout = zB √ ,
c
εin

(65)

is the argument of the Hankel function for r = R. The non-trivial solutions (e.g. non-zero
field amplitudes Blm inside and outside the sphere) of the set of eqs. (62) and (63) exist
when the corresponding determinant is zero, it is only when:
[zB jl (zB )]′
[zH hl (zH )]′
=
.
εin jl (zB )
εout hl (zH )

(66)

We are interested in the properties of the sphere in the frequency regime of anomalous
dispersion εin (ω) < 0. In that region only the TM eigenmodes exist, while the equation
dispersion relation for TE mode has no solution for εin (ω) < 0 ( [60] or [56]). Zl (kr) =
jl (kin r) is then a function of a complex argument and the solutions given by eqs. (56–61)
are called ”surface modes”. The fields are maximal at the sphere surface, with exception
of the l = 1 mode which is uniform throughout the sphere ( [38] or [56]).
On writing down the dispersion relation for the TM mode (66) in terms of the more
(1)
compact Riccati–Bessel function ψl (z) = z · jl (z) and ξl (z) = z · hl (z), the dispersion
relation for the electromagnetic TM mode reads:
√

εin ξl′ (k out R)ψl (k in R) −

√

εout ξl (k out R)ψl′ (k in R) = 0,

(67)

with l = 1, 2, 3 . . .
Solutions of the dispersion eqs. (67) exist only for discreet complex frequencies Ωl =
′
ωl + iωl′′ , l = 1, 2, 3 . . ., which define the resonance frequencies ωl′ and damping rates |ωl′′|
(ωl′′ < 0) of the surface EM modes for a sphere of radius R. They define discrete eigenmode
frequencies ωl′ and damping rates ωl′′ for the TM mode being the sum of corresponding
components of (56–61) multiplied by exp(iΩl t) = exp(iωl′ t) exp(−|ω|′′l t).
The electromagnetic surface plasmons oscillations and damping of these oscillations are
treated as the inherent property of a conducting metallic sphere [50, 61]. This property
is abstracted from the quantity, which can be observed . Excitation of surface plasmon
oscillations is a resonant phenomenon that arises when the frequency of the incident light
is close to the characteristic eigen frequencies ωl′ (R), l = 1, 2, 3, ... of a plasmonic sphere
of a radius R with l = 1 for dipole, l = 2 for the quadrupole and l = 3 for hexapole
plasmon mode. The dynamically induced surface charge density distributions can be of
diverse complexity. With the increasing sphere surface, multipolar distributions of higher
than dipole distribution can be induced [58]. If excited, plasmon oscillations are damped
at the corresponding rates |ωl′′ (R)|.
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2.3

Dielectric function

Optical properties of perfect metals can be satisfactorily described within the simple freeelectron gas Lorentz–Drude–Sommerfeld model of the dielectric function (see Appendix
A.2). The Drude dielectric function is the simplest form of the analytic function describing
the wavelength dependence of optical properties of free-electron metals, that can be used
in modeling the metal optical properties. In the framework of this model, with an external
field applied, the conduction electrons move freely between independent collisions occurring
at the average rate of γ. However, in many metals, and noble metals in particular, the interband transitions constitute important contribution to the optical properties. The frequency
dependence of the optical properties of a simple bulk metal change with free electron density, electron relaxation rates, and the contribution of bound electrons to the polarizability.
The frequency dependent dielectric function ε(ω) of Lorentz–Drude–Sommerfeld model is
following:
ε(ω) = ε∞ −

ωp2
,
ω 2 + iγω

(68)

where ε∞ — phenomenological parameter that includes contribution of bound electrons
to the polarizability. In case when only the conduction band electrons contribute to the
dielectric properties ε∞ = 1, ωp is the plasma frequency. The choice of right parameters in
the dielectric function is crucial for predicting plasmon resonance characteristics. In current
work the parametrization of ε(ω) is chosen in order to correspond to one of the most widely
available data sets in the literature for the optical properties of Au, coming from the paper
of Johnson and Christy [62]:
ε∞ = 9,84eV,

ωp = 9,01eV,

γ = 0,072eV.

(69)

This parameters satisfactorily reproduce the experimental values of Re[n(ω)]2 [62] in the
visible light frequency ranges 1,6 – 3,2 eV, and we will use it in further in this thesis.

2.4

Resonance oscillation frequencies and damping rates as a
function of radius

SP resonance frequencies ωl′(R) as a function of size for gold nanospheres used here are
first derived in [50]. The complete plasmon size characteristics result from self-consistent
rigorous electromagnetic approach described above and derived for gold nanoparticles in
[22, 50, 61]. The example of size dependence of multipolar plasmon oscillation frequencies
ωl′(R) completed by the corresponding damping rates |ωl′′(R)| are shown in Fig. 7 a, b for
gold sphere.
Dipole mode (ωl′ (R), l = 1) SP resonant frequency is the decreasing function of radius
in the studied size range, the same applies to the quadrupole and higher polarity plasmon
mode frequencies. Plasmon oscillations are always damped. With increasing particle size,
the damping rate |ωl′′(R)| initially grows starting from the value γ/2 in each mode. The
initial increase of the plasmon oscillation damping rate |ωl′′(R)| with size is followed by
the subsequent decrease for sufficiently larger spheres. When plasmon is excited, a sphere
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acts as a receiving or radiating antenna [22], depending on the relative contribution of the
radiative damping rate γlrad which is size dependent and non-radiative damping γ/2 to the
total plasmon damping rate |ωl′′ (R)|.

Figure 7. a) Multipolar (l = 1, 2, 3) plasmon resonance frequencies ωl′ (R) of gold nanosphere
as a function of particle radius R. b) Multipolar damping rates |ωl′′(R)|.
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3
3.1

Mie theory
Introduction

In 1908 Gustav Mie presented his universal solutions describing light scattering on spherical,
nonmagnetic particles [37–39]. He assumed that homogeneous, isotropic, nonmagnetic,
spherical particle is illuminated by a plane, linearly polarized monochromatic wave (eqs.
(35), (36) along the x-axis. Maxwell’s equations (27–30) with the divergent free electric field
∇ · E = 0 are the starting points of the description with the constitutive relations (18, 19)
and the continuity relations (33, 34) at the sphere boundary. In such case, the harmonic
solutions E(r, t) = E(r)e−iωt and H(r, t) = H(r)e−iωt for the electric and magnetic field
outside and inside the particle must satisfy the homogeneous wave equations (31).
The electric and magnetic fields outside the sphere in nonconducting, nonmagnetic
medium are assumed to be a superposition of incident fields and scattered by the sphere
fields:
Eout = Einc + Escat ,
Hout = Hinc + Hscat .

(70)

The incident plane wave as well as the scattered and internal fields are expanded into
spherical vector wave functions in spherical polar coordinates (r, θ, ϕ). Solutions of vector
wave equation (31) can be written in form of a sum of vectors of spherical harmonics Ml
and Nl [38]:
Ml = ∇ × (rψl ),

(71)

kNl = ∇ × Ml ,

where ψl denotes generating functions that satisfy the scalar wave equation in spherical
coordinates (72):
∇2 ψl + k 2 ψl = 0.

(72)

The appropriate generating functions (135) (see Appendix A.1) are used to expand the
incident plane wave (linearly polarized along x-axis) into a series of vector harmonics and
to express the electric Einc and magnetic Hinc field as a linear superpositions of these
harmonics. The same scalar function are used to expand the electric Ein and magnetic Hin
field inside the sphere. Another scalar solution of (72) corresponding to the outgoing wave
in his radial part (140) (see Appendix A.1) is used to construct the vector solution for the
scattered electric Escat and magnetic Hscat fields with al and bl coefficients of the expansion.
By enforcing the boundary condition on the spherical surface, the expansion coefficients of
the scattered field can be found (see Appendix A.1). In particular, al and bl coefficients
reads:
al = −
bl = −

jl (mx)[xjl (x)]′ − [mxjl (mx)]′ jl (x)

,
(1)
(1)
jl (mx)[xhl (x)]′ − [mxjl (mx)]′ hl (x)
m2 jl (mx)[xjl (x)]′ − [mxjl (mx)]′ jl (x)
(1)

(1)

m2 jl (mx)[xhl (x)]′ − [mxjl (mx)]′ hl (x)
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(73)
,

(74)

Figure 8. Spherical coordinates and light field illumination geometry used in 3D modeling
of surface plasmon.
where:
x=

2πnout R
,
λ

m=

nin
.
nout

(75)

x is the size parameter, m — relative refraction index of the particle, R — particle radius,
√
λ — vacuum wavelength of the incident light, nin = µin εin — particle refractive index,
√
nout = µout εout — surrounding medium refractive index. To simplify coefficients (73–74)
(1)
we can replace Bessel jl and Hankel hl functions by Rikkati–Bessel functions (149):
ψl (x) = xjl (x),

(76)

(1)

ξl (x) = xhl (x).

The explicit formulas for the component of electric and magnetic field outside (incident Einc = (Erinc , Eθinc , Eϕinc ), Hinc = (Hrinc , Hθinc , Hϕinc ) and scattered Escat =
(Erscat , Eθscat , Eϕscat )) and inside the particle as a function of (r, θ, ϕ) are shifted to the Appendix A.1 due to their bulkiness. They play basic role in this work, and are also mentioned
in the text of this work where needed.

3.2

Mie theory and surface plasmon resonances

In Introduction we mentioned the unique optical properties of metal nanostructures and
that the main reason of this uniqueness are the excitations of surface plasmons. Mie theory
is the basic tool for describing the scattered and absorbed light intensities. [37–39,63]. But,
unfortunately, it doesn’t deal with the problem of surface electron density oscillations. It
neither deals with the localized electromagnetic fields coupled to surface plasmons. Mie
theory can reproduce well the maxima positions in the observed scattering and absorption
spectra (Fig. 9), but these maxima do not necessarily reproduce correctly the frequencies
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of SP resonances. Positions of maxima in Mie theory scattering cross-sections spectra do
not adequately correspond to the positions surface plasmon resonances.
Usually, experimentally acquired resonance frequencies of the dipole surface plasmon
are obtained from measuring the positions of maxima in the scattered or absorbed by
the particle spectra (see [64–67]). Accordance with predictions, made on the base of Mie
theory, are reported. However, maxima in absorbed or scattered by a plasmonic particle
light spectra are only manifestations of excitation of surface charge oscillations. Positions
of maxima in optical signals depend on the quantity, which is studied and do not define the
exact surface plasmon resonance frequency, especially for larger particle sizes [22, 50, 57].
Only maxima in absorption spectra coincide with the surface plasmon resonances. For
reminder, Mie theory deals with solutions of homogeneous wave equation which is derived
from Maxwell equation with no charge densities nor currents allowed at any point of the
space and time (see Section 3).
One of our main aims is to extend the Mie theory to include collective oscillations of
surface free-electron densities and image surface charge collective oscillations. In order to
do that we use the rigorous description of optical properties of plasmonic spherical particle
as a function of size [22, 57, 58] (Section 2.4).

3.3

Mie absorption and scattering spectra for gold nanoparticle

Metal nanoparticles, with sizes significantly smaller than the wavelength of the incident
light, are characterized by a wide, intense absorption band in the visible range of the spectrum. The bandwidth, the peak height, and the position of the absorption maximum depend
on the size, size distribution, surface state, surface coverage, and surrounding environment
of the given nanoparticle. Mie theory gives the following relations for extinction, absorption and scattering cross-sections (hypothetical area which describes the probability of light
being scattered by a particle). Cext — extinction,Cabs — absorption, Cscat scattering:
Cscat = Qscat · πR2 =
Cext

∞
2π X
(2l + 1)(|al |2 + |bl |2 ),
2
kout
l=1

∞
2π X
(2l + 1)Re(a2l + b2l ),
= Qext · πR = 2
kout
2

(77)

(78)

l=1

Cabs = Cext − Cscat ,

(79)

where Qscat and Qext are scattering and extinction efficiency respectively. Qscat , Qext are
dimensionless magnitudes, while Cscat , Cext and Cabs are measured in [nm2 ], al and bl —
Mie scattering coefficients (73).
Figure 9 shows an example of cross-section spectra per unit surface [nm2 ] as function
of frequency ω. Showing as an example, positions of surface plasmons resonances differ
from positions of scattering cross-section maxima. This frequency shift is bigger if the
spectral width of the maximum is larger. It is due to the dispersion of the metal and
complex interference of scattered fields of many multipolar orders of TM and TE modes
contributing to the maximum [50]. Positions of the maxima in absorption spectra, on the
other hand, match the positions of surface plasmon resonances.
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For sample gold nanosphere of 100 nm radius the assumption of the position of the
maximum in the scattered light intensity as the surface plasmon resonance position can be
inaccurate in case of dipole (l = 1) resonance. But quadrupole and hexapole resonance
positions make a good match with total scattering cross-sections maxima (because these
maxima are narrower). As we mentioned, these maxima in absorption/scattering crosssections spectra usually are interpreted as surface plasmon resonances positions, which is
not correct. The size dependency of the position of the surface plasmon resonances peaks
in absorption band of metallic nanospheres can be accommodated by implementing size
dependent dielectric functions (see Section 2.4).
In addition, maxima in the total scattering cross-sections can be ”blue shifted” [50] in
respect to the multipolar plasmon position derived from eigenvalue problem and presented in
Fig. 7. The frequency shift is bigger if the spectral width of the maximum is larger. It is due
to the dispersion of the metal and complex interference of scattered fields of many multipolar
orders of TM and TE modes contributing to the maximum. The broadening of the maxima
′′
is approximately proportional to ωl=1,2
(R = 100nm) . Therefore, the assumption of the
position of the scattered light intensity maximum as the surface plasmon resonance position
is not correct.
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4
4.1

Numerical modeling of surface plasmon waves
Nanospheres studied in this work

As we know, optical properties of metal particles change with size. However, the spacial
distribution of SP charge density waves and the corresponding EM fields studied farther
scales with size and is of the same character for small and large particles in the dipole
mode. However, contribution of higher (than dipole) order SP modes with the decreasing
size vanishes.
We decided to chose Au spheres of radii R = 100 nm as a main object to study. In
some cases we present simulations also for Au spheres of radii R = 10 nm (quasistatic
approximation holds). Some results are presented as a function of particle radius in the
range from 10 to 100 nm.
For large R = 100 nm particle the quasi-static approximation (when scattering object
size is much smaller then the wavelength) certainly does not work. According to the data
in Fig. 7, a particle of that size is characterized by significant plasmon radiative rates
′′
ωl=1,2
(R = 100nm) in both dipole and quadrupole plasmon modes. A particle with a large
radiative rate is an efficient radiative antenna, that is able to scatter the light effectively [22].
Both dipole and quadrupole plasmon resonance frequencies fall in the visible range and are
spectrally easy to resolve. Small 10 nm radius nanosphere on the contrary has very small
plasmon radiative rates (Fig. 7) and is characterized by absorbing properties (receiving
antenna). Those where main factors for choice of two gold nanospheres that have different
optical properties.
Plasmonic features, that we could derive from plasmon size characteristics presented
in Fig. 7, are reflected in the spectra of the total absorption and scattering cross-sections
calculated for a sphere of R = 100 nm with help of Mie theory [37–39] and presented in
Fig. 9. However, Mie theory does not deal with the notion of collective surface density
oscillations. Thus, Mie theory is not a handy tool in studying the size dependence of
plasmon resonances.
To describe the real properties of metal, and noble metals in particular, we use Drude–
Sommerfeld dielectric function described in Section 2.3. The interband transitions constitute important contribution to the optical properties. The frequency dependence of the
optical properties of a simple bulk metal change with free electron density, electron relaxation rates, and the contribution of bound electrons to the polarizability. We omit the
surface scattering effect, because of its low influence on the studied phenomena.
4.1.1

Estimation of equilibrium free electron densities in gold nanosphere

A density of valence electrons nv can be calculated using the relation:
nv = RA

Zv ρD
,
A

(80)

where RA is Avogadro’s number (6,02214×1023 atoms/mol), Zv is valence, A atomic weight
(A = 196,967 g/mol for gold), ρD is density (ρD = 19,3 × 10−21 g/nm3 for gold). The
resulting volume valence-electron density for gold is nv = 59/ nm3 [68].
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Figure 9. Scattering and absorption cross-sections spectra for gold nanosphere of a) R = 10
nm and b) R = 100 nm radius. Dashed vertical lines show the positions of surface plasmon
resonances (l = 1, 2, 3 — dipole, quadrupole and hexapole modes respectively) according
to the solutions of SP dispersion relation (see Section 2.4).
Assuming that the effective plasma frequency ωp = 9,010 eV accounts for the effective
volume density n∗v of free electrons, each with effective mass m∗e and charge qe , the effective
volume density of free-electrons is than as small (and well countable) as n∗v ∼
= 60/ nm3 . The
effective density n∗v of free electrons n∗v < nv as expected in non-ideal metals as gold, where
not all valence electrons contribute to the free electron gas of the Drude model (68). The
number of free electrons NR contained in a gold nanosphere of R = 10 nm and R = 100
nm is than N10 = 25 × 102 and N100 = 25 × 105 correspondingly.
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The volume per one free electron is defined by inverse of the volumetric free-electron
density and can be expressed by the volume of the corresponding sphere of the Wigner–Seitz
radius:
re = (3/4πn∗v )1/3 .

(81)

In case of gold Wigner–Seitz effective radius of and electron is re ∼
= 0,159 nm, eq. (81), the
size which is not much smaller than the radii R of metal particles under study.
The effective volume density of free electrons n∗v allows to estimate the equilibrium surface density σeq of free-electrons in a nanometer scale. Surface plasmon waves σSP (R, θ, ϕ, t)
studied farther arise as a spatial and temporal disturbance in free electron density σeq that
will be expressed farther as a function of the parameters R, θ, ϕ, t in spherical coordinates.
The optical properties of a metal are usually described in a model assuming homogeneous
medium composed of many free electrons filling the positive background. The number of
the free-electrons Ns adjacent to the interface can be estimated by comparing the volume
of a gold shell of thickness 2re with the volume of Wigner–Seitz sphere:
Ns =

R3 − (R − 2re )3
,
re3

(82)

and for gold nanosphere of R = 10 nm is Ns = 22850 and R = 100 nm is Ns = 23520 · 102 .
The homogeneous surface free-electron density σs for a nanosphere can be estimated from
relation:
σs =

Ns
,
4π(R − re )2

(83)

and for gold nanoparticle of radius R = 100 nm the homogeneous equilibrated surface freeelectron density σ is σs . 19 electrons/nm2 . The number of electrons at the circumference
of a nanosphere can be estimated as:
Ns (R) =

(R2 − (R − 2re ))2
,
re2

(84)

making linear charge density αL (R) on the circumference of the sphere equal:
αL (R) =

NL (R)
≈ 4 electrons/nm.
2π(R − re )

(85)

Table 1. Surface electrons concentration in gold
Geometry n∗v , electrons
nm3
Cubic
Spherical

σs , electrons
nm2

αL (R), electrons
nm

58,88

15,13

3,89

-

18,80

3,99
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4.1.2

Homogeneity of material properties and surface effects

The classical electrodynamics of metal bulky media treats free electrons as the numerous
dimensionless points forming the homogeneous, non-granulated plasma. The negatively
charged plasma uniformly distributed over the interior of the solid. Our estimations (Section
4.1.1) show that in nanometer scale surface electrons are not countless and homogeneous
up to the sharp border, but we can distinguish a shell-like structure of finite thickness
which is not infinitesimally small compared to the dimensions of a particle. Therefore,
there are some reasons for abandoning the classical model of bulky media usually used
in electrodynamic description (Mie theory) of metal nanoparticles in this surface shell-like
region and treat it locally. We will use such a picture in farther modeling of SP charge
density waves, keeping the assumption of continuous charge distribution carried by surface
free-electrons undergoing the wave-like dynamics.
In Section 4.3, material properties of metal sphere are assumed to be the same as in the
standard Drude-like model of interacting free-electrons filling the sphere. The ionic charges
are assumed to be smudged out to form a uniform static positive background and the volume
electron density are assumed to be uniformly distributed in space. It maintains total charge
neutrality with exception of a dynamic local disturbance introduced by coupling of surface
free-electrons with the normal to the surface component of the total electric field [49].
Such procedure will allow us to depart from the unsatisfactory ”standard” electromagnetic
description (Section 4.2) and to introduce the dynamic surface charge density oscillations
which produce the local net charge of the well defined distribution at the boundary and
time dependence following the changes of the electric field.

4.2

”Standard” electromagnetic description

For our sample gold nanosphere we can obtain distribution of electric and magnetic fields on
the surface of the sphere, and also acquire additional values such as surface charge density
involved in collective oscillation, energy of electromagnetic field density etc. Such quantities
are interesting in terms of better understanding of surface plasmonic oscillations nature.
The electric field components normal to the surface at the infinitesimally narrow metal–
dielectric interface at r = R change with θ, ϕ as described by Mie theory (see Appendix
A.1):
Erinc (r, θ, ϕ) = −
Erscat (r, θ, ϕ) =

∞

sin θ cos ϕ X l+1
i (2l + 1) · ψl (kout r) · πl (θ),
E0
2
r2
kout
l=1

sin θ cos ϕ
E0
2
r2
kout

Erin (r, θ, ϕ) = −

(86)

∞
X

il+1 (2l + 1) · al (kin r, kout r) · ξl (kout r) · πl (θ),

l=1
∞
X

sin θ cos ϕ
E0
2 2
kin
r

l=1

(87)

il+1 (2l + 1) · dl (kin r, kout r) · ψl (kin r) · πl (θ). (88)

Erout is the normal to the surface component of the electric field outside the sphere: Erout =
Erinc + Erscat and Erin is the normal to the surface component of the electric field inside the
sphere. Let us remember, that the ”Mie” fields (150)–(167) (Appendix A.1) have been
calculated under assumption of divergent free electric field (see Section 1.3) and with the
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constitutive relations (18,19). We accept the value of amplitude of the incident field in this
V
work as E0 = 10000 m
. It corresponds to standard laboratory laser power of W = 300 mW
used for spectroscopic purposes.
The integral form of Gauss’s law applied to an infinitesimally small ”pillbox” of vanishing
thickness and with upper and lower surfaces parallel to the interface [52] tells us that the
normal component of the electric displacement vector D changes discontinuously across the
interface by an amount given by the surface charge density σf (14). As we use a complex
notation for the fields (150–167), we will denote the complex surface charge density wave
by σ
e(R, θ, ϕ, t).
According to eq. (14) at the spherical interface at r = R:
σ
e(R, θ, ϕ) = Drout (R, θ, ϕ) − Drin (R, θ, ϕ).

(89)

σ
eM (R, θ, ϕ) = ε0 εout Erout − ε0 εin Erin ≡ 0,

(90)

Mie theory deals with the solutions of the homogeneous wave equation (72). Therefore, the
demand that the tangential components of the electric and magnetic fields must be continuous across the surface of the sphere implies also the continuity of the radial components:
εout Erout = εin Erin . The surface density distribution expressed by Mie fields is therefore
(Fig. 12):

as illustrated in Fig. 10 for ϕ = 0 with θ(0, π) and ϕ = π with θ(0, −π)). Above consideration leads to the conclusion that the notion of collective surface free-electron waves
(SP) can not be enclosed in frames of Mie theory. Therefore, Mie theory does not prove
that the maxima in scattering or absorption spectra are connected with surface plasmons,
understood as surface free-electron waves. In spite, this connection is stated in many publications from the strongly emerging field of surface plasmon studies (e.g. [46–48]) without
any proof. The same applies to the surface plasmon notion in the case of flat interface, thin
films and nanoholes (e.g. [30, 31]).
Our study presented below is aimed for better understanding the connection between
surface plasmon waves and the results of measurements of light intensity (e.g. absorbed or
scattered light spectra), which are usually well described by Mie theory.

4.3

Surface polarization

We extend the model over the assumptions of Mie theory by introducing the local surface polarization to the model. We maintain total charge neutrality of a nanosphere with
exception of a dynamic local disturbance introduced by coupling of surface free-electrons
with the normal to the surface component of the total electric field (Section 3). We allow
a deformation of a free-electron liquid filling the sphere in respect to the spherical positive
background. This deformations takes place as a result of interaction with the electromagnetic field [49] acting on the sphere boundary. We will keep the fields E(r, t) and H(r, t)
(150–167) (Appendix A.1) resulting from Mie theory unchanged, but we will reconsider
the constitutive equation (18) in order to find the polarization P(r, t) at the ”physical”
boundary (r = R, θ, ϕ) from the relation (6).
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Figure 10. Components of the radial displacement fields (incident — black, scattered —
black and inner — blue) and surface charge distribution σM = 0 (green line) on the meridian
circumference of the 100 nm radius Au nanosphere, evaluated on the basis of Mie theory
(ϕ = 0 for θ = (0, π), and ϕ = π for θ = (−π, 0)); a) dipole, b) quadrupole and c) hexapole
resonance frequencies respectively.
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We assume that the radial component of the total electric field at the spherical metal–
dielectric interface at given time t:
X
Er (R, θ, ϕ) =
Er,l (R, θ, ϕ),
(91)
l

introduces the displacement ∆Rl (R, θ, ϕ) =

P
∆Rl (R, θ, ϕ) of surface electrons (and freel

electron liquid) in the radial direction which is proportional (if the response is linear) to
Er . The total field Er (R, θ, ϕ) at given time t is the sum of Erinc (R, θ, ϕ), Erscat (R, θ, ϕ)
and Erin (R, θ, ϕ) fields given by eqs. (86–88). The l′ th order term of multipolar expansion
Er,l (R, θ, ϕ) of the total electric field (92) at the interface is than a sum:
inc
scat
in
Er,l (R, θ, ϕ) = Er,l
(R, θ, ϕ) + Er,l
(R, θ, ϕ) + Er,l
(R, θ, ϕ).

(92)

We will use the concept of the dipole oscillator model of matter applied to the surface region
of a nanoparticle. In that model (often named the Drude–Lorentz–Sommerfeld model of the
dielectric function (see Appendix A.2 and [39,52])), the negatively charged surface electron
and positively charged nucleus form an electric dipole with the magnitude proportional to
their separation.
Equation of motion of a free electron of mass m∗e and charge e in response to the l′ th
partial wave Er,l (R, θ, ϕ) (92) is described by the equation of drift-motion:
m∗e


∂ 2 ∆Rl
∗ ∂∆Rl
∗ 2
−iωt
+
m
γ
+
m
ω
∆R
=
−eRe
E
e
,
l
l
r,l
e
e
0l
∂t2
∂t

(93)

where ∆Rl is the displacement of an electron due to the driving force (right-hand side of
eq. (93)). The first term represents the acceleration of the electron, the second describes
the frictional force which is proportional to the electron velocity. The frictional force is due
to the total radiative and heat losses defined by γl . The third term is the restoring force,
that will tends to bring the perturbed system of free-electrons back towards equilibrium.
Let us now specify the meaning of the restoring force and frictional force of our model.
As described in Section 2.4, the finite volume of a sphere introduces a set of resonance
frequencies ωl′ (R) and damping rates |ωl′′ (R)| characterize the response of a metal sphere
to the radial component of the electric field. We use the resonance frequencies ωl′ (R) of
a sphere as those defining the restoring forces of l′ th order in (93) (generalization of the
modeling presented in [69]) by assuming:
ω0l (R) =

e ′
ω (R),
~ l

(94)

where ω0l is expressed in [1/s] (ωl′ and ωl′′ were expressed in [eV]). The frictional force in
eq. (93) is assumed to be due to the total radiative and heat losses defined by the damping
rates |ωl′′(R)| (after expressing in [1/s]):
γl (R) =

e ′′
|ω (R)|.
~ l

(95)

Both ωl′(R) and ωl′′ (R) of the l′ th plasmon mode are radius dependent and result from
solving the eigenvalue problem, as discussed in Section 2.4. The driving force (the right
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hand side of eq. (93) is proportional to the amplitude E0 of the illuminating light wave.
The solution of eq. (93) is then:
el =
∆R

−eEr,l /m∗e
e−iωt .
2
− ω 2 − iωγl
ω0l

(96)

el (R, θ, ϕ, t) defines the deformation
The real radial displacement ∆Rl (R, θ, ϕ, t) = Re∆R
of free-electron gas which follows the angular and temporal distribution of the total field
Er,l (R, θ, ϕ, t)e−iωt (92). The resonance in the displacement ∆Rl coincide with the multipolar plasmon resonance when the frequency of the incoming field ω is equal to the plasmon
mode eigen frequency of l’th multipolarity: ω = ω0l :


e
res
−iωt
el = −Re i
,
(97)
∆Rl (R, θ, ϕ, t)=Re∆R
Er,l (R, θ, ϕ)e
m∗e ω0l γl

with ∆Rl (R, θ, ϕ) given by eq. (96). As our modeling shows, the deformation ∆Rlres is
much smaller than the Wigner–Seitz radius (81). For studied nanosphere of 100 nm radius
radial deformation of electron gas does not exceed the value of ∆Rlres < 2 · 10−5 nm.
Let now reconsider the meaning of the polarization P. In case of the standard description, the electric dipole moment produced by a homogeneous electric field Ehom is defined
as −exEhom and the polarization vector P is defined as the charge q contained in a unit
volume which is displaced in the direction of the field Ehom : P = − NVe e xEhom = − Vq xEhom ,
where xEhom is the displacement of an electron in the direction of the field. The meaning
of the local surface polarization must be carefully reconsidered: the polarization in the
radial direction has to be defined as the surface electron charge contained in a unit volume
which is displaced in the radial direction due to the action of the field Er,l (R, θ, ϕ) (92) by
el (R, θ, ϕ, t) (96). We can define such local charge density as e/Ve , where Ve = 4 πr 3 = 1∗
∆R
e
3
nv
is the electron Wigner–Seitz sphere (81).
As we assume the continuous charge distribution at the interface, the surface, radial
component b
rP(l) of the polarization vector P(l) induced locally at the interface is then:


∗ 2
n
e
E
r,l
v
(l)
∗
el (R, θ, ϕ) =
Pr (R, θ, ϕ) = −nv e∆R
2
− ω 2 − iωγl
m∗e ω0l
(98)



ωp2
inc
scat
in
= ε0 2
Er,l (R, θ, ϕ) + Er,l (R, θ, ϕ) + Er,l (R, θ, ϕ) .
ω0l − ω 2 − iωγl
The radial component of the the electric displacement vector Drin at the interface expressed
(l)
by Pr (R, θ, ϕ) appended to the model is than:

Drin (R, θ, ϕ) = ε0 Erin (R, θ, ϕ) + Pr (R, θ, ϕ),
(99)
P∞ (l)
e(R, θ, ϕ)
where Pr (R, θ, ϕ) = l Pr (R, θ, ϕ). The surface electron density distribution σ
at the interface (89) at given time t is than:


σ
e = ε0 εout Erout − (ε0 Erin + Pr ) = ε0 εout (Erinc + Erscat ) − Erin − Pr ,
(100)

where Drin (R, θ, ϕ) = ε0 Erin (R, θ, ϕ) + Pr (R, θ, ϕ) and Drout (R, θ, ϕ) = ε0 εout Erout (R, θ, ϕ).
Electric fields Erinc , Erscat and Erin are taken from eqs. (86–88) at r = R. Tilde upon
σ
e underline the fact, that with the used convention of describing EM fields as complex
quantities, σ
e(r = R, θ, ϕ) resulting from eq. (100) is also complex.
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4.4

Surface charge density waves

To illustrate the results of the above modeling we will simulate surface charge distribution
on the surface of our sample gold nanosphere of 100 nm radius. The surface charge density
wave we study:
−iωt

σ(R, θ, ϕ, t) = Re[e
σ (R, θ, ϕ)e

]=

∞
X
l=1

Re[σel (R, θ, ϕ)e−iωt ],

(101)

follows the time dependence e−iωt of the EM fields and is composed of the sum of contributions of multipolar contributions σl due to the action of Er,l (R, θ, ϕ) field (92) of different
order l = 1, 2, . . .. The l-th component of σl can be found by combining eq. (100), eq. (98)
and eqs. (86–88):







ωp2
inc
scat
in
σ
el = ε0
+
−
−
Er,l + Er,l + Er,l
2
− ω 2 − iωγl
ω0l








ωp2
ωp2
inc
scat
in
· Er,l + Er,l − 1 + 2
· Er,l .
= ε0
εout −
2
− ω 2 − iωγl
ω0l
ω0l − ω 2 − iωγl
(102)
inc
εout (Er,l

scat
Er,l
)

in
Er,l

The l-th order multipolar components of surface plasma wave can be factorize and expressed
in the form of product of the radial part σ
el (R) containing resonances and of the angular
part σ
el (θ, ϕ):
σ
el (R, θ, ϕ, t) = il+1 (2l + 1) · σ
el (R) · σ
el (θ, ϕ) · e−iωt ,

(103)

σ
el (θ, ϕ) = sin θ cos ϕπl (cos θ),

(104)

where






ωp2
1
σ
el (R) = ε0 E0 εout −
[−ψl (kout R) + al (kin R, kout R)ξl (kout R)]
2
2
ω0l − ω 2 − iωγl
kout R2



ωp2
1
dl (kin R, kout R)ψl (kin R).
+ ε0 E0 1 +
2
2
2
ω0l − ω − iωγl
kin R2
(105)
Expressions for σ
el (R, θ, ϕ, t) for the dipole (l = 1), quadrupole (l = 2) and hexapole (l = 3)
contributions can be presented in a compact form:
σ
el=1 (R, θ, ϕ, t) = −3e
σl=1 (R) cos ϕ sin θe−iωt ,
15
el=2 (R) cos ϕ sin 2θe−iωt ,
σ
el=2 (R, θ, ϕ, t) = −i σ
2


105
21
σ
el=3 (R, θ, ϕ, t) =
sin 3θ −
sin θ cos ϕe
σl=3 (R)e−iωt .
8
8
34

(106)
(107)
(108)

Figure 11. 3D surface plasmon wave images. Left column — dipole (l = 1), quadrupole (l =
2) and hexapole (l = 3) plasmon surface charge density waves σl , l = 1, 2, 3 correspondingly,
presented at successive resonance frequencies ωl , l = 1, 2, 3. Right column — images of
surface plasmon charge density waves σ resulting from summing of all possible multipolar
surface waves at same dipole, quadrupole and hexapole SP resonance frequencies. Radius
of the sphere is 100 nm.
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Higher orders contributions σ
el (R, θ, ϕ, t), (l > 3) to σ
el become very cumbersome. The
explicit expressions for the the dipole, quadrupole and hexapole surface charge density
waves are:
σl=1 (R, θ, ϕ, t) = −3 cos ϕ sin θ [Ree
σl=1 (R) cos(ωt) − Ime
σl=1 (R) sin(ωt)] ,
15
σl=2 (R, θ, ϕ, t) = − σ
el=2 (R) cos ϕ sin 2θ
2
× [Ree
σl=2 (R) cos(ωt) − Ime
σl=2 (R) sin(ωt)] ,


105
21
σl=3 (R, θ, ϕ, t) =
sin 3θ −
sin θ cos ϕe
σl=3 (R)
8
8

(109)

× [Ree
σl=3 (R) cos(ωt) − Ime
σl=3 (R) sin(ωt)] .

These equations allow the discussion of the basic properties of surface charge oscillation
waves (dipole, quadrupole and hexapole surface plasmons) on the surface of gold nanoparticle.
As can be easily seen from eq. (108) angles θ = 0, π and ϕ = π2 , 3π
specify places on
2
the sphere where surface charge oscillation vanish in all multipolar modes (Fig. 11, green
color) in the studied excitation geometry (Fig. 8). These are the locations at the sphere
were the stationary free-electron density distribution is not affected by light.
4.4.1

Standing surface charge density waves on the circumference

Let us discuss a l′ th surface charge density waves σl (R, θ, ϕ, t) and their nodes on the sphere
surface. The charge distribution changes with angles θ, ϕ which define the nodes location
of σ
el (R, θ, ϕ) in mode l.
To better understand how does a surface charge density waves look like on the sphere we
simulated the images on the meridian circumference of the sphere (Figs. 12b, 13a) (ϕ = 0
for θ changing within [0; π], and ϕ = π for θ within [0; −π]).
At the circumference ϕ = 0, π (Figs. 12, 13) expressions for plasmon oscillations can be
reduced reduced to:
σ
el=1 (R, θ, t) = −3e
σl=1 (R) sin θe−iωt ,
15
σ
el=2 (R, θ, t) = −i σ
el=2 (R) sin 2θe−iωt ,
2


105
21
σ
el=3 (R, θ, t) =
sin 3θ −
sin θ σ
el=3 (R)e−iωt .
8
8

(110)
(111)
(112)

Conditions for nodes locations on the circumference for multipolar plasmon waves with
l = 1, 2, 3 . . . are: θ = nπ/l, n = −l, . . . − 1, 0, 1, . . . l.
inc
Figure 12a represents the normal components of displacement field Dr,l (incident Dr,l
=
inc
scat
scat
in
in
ε0 εout Er,l (black line), scattered Dr,l = ε0 εout Er,l (red line) and inner Dr,l = ε0 Er,l + Pr,l
(blue line), incident and scattered are orders of magnitudes smaller than inner displacement
field, therefore they are scarcely noticeable on the figure) for l = 1, 2, 3 correspondingly,
calculated for the resonance frequencies of the dipole ωl=1 = 1,84 eV, quadrupole ωl=2 =
2,57 eV and hexapole ωl=3 = 2,66 eV of SP on the circumference of a nanosphere. Resonance
frequencies ωl come from solving the eigen value problem (Section 2.4). Green line on Fig.
12 a represents the resulting charge density partial waves σl , l = 1, 2, 3 (109).
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Figure 12b shows (for comparison) the same quantities as those represented on Fig. 12
a, but calculated within the modeling without polarization (Section 4.2, Fig. 10).
Figure 13a shows the charge density partial waves σl , l = 1, 2, 3 (109) (the same quantity
which is present in Fig. 12 a, green line) while Fig. 13 b illustrates the plasmon wave
P max
σl (R, θ, ϕ, t) resulting from summing of all possible multipolar surface
σ(R, θ, ϕ, t) = ll=1
waves σl , l = 1, 2, 3 . . . lmax at same dipole ωl=1 = 1,84 eV, quadrupole ωl=2 = 2,57 eV and
hexapole ωl=3 = 2,66 eV frequency of SP.
Let us look now at charge density surface waves (Fig. 13 row 1) on the sphere circumference as a function of θ. On the scale to the left we have surface charges density magnitude
in number of electrons per nm2 . In Section 4.1.1 we estimated the density of free electrons
on the nanosphere surface. As we see here, the oscillation of surface charge density is very
small compared to σs .The surface wave is a sinusoidal standing wave for dipole mod (l = 1)
(Fig. 13 left column). However, in real scattering experiment we are not able to observe
single mods contributions in case of a particle with R = 100 nm. The surface total charge
distribution σ is dominated by the dipole contribution, but its harmonicity is affected by
higher multipoles (Fig. 13 right column). For smaller (R < 30 nm) nanospheres only
dipole plasmon is distinct and it is manifested as one distinct and intense resonance peak
in absorption spectra (see Fig. 9).
Moving to higher polarity plasmon, at frequency of quadrupole SP resonance (ωl=2 =
2,57 eV) the distribution of surface charge still remains dipole-like when all multipoles
considered (Fig. 13 right column). For hexapole SP resonance frequency ωl=3 = 2,66
eV, surface total charge oscillation picture becomes even more complex (Fig. 13 row 3),
because of l = 1 and l = 2 plasmon mods contribution to the oscillation. Hexapole plasmon
contribution visible only in single mod oscillation (left) is totaly misshapen (right).
Contributions of the corresponding surface charge density waves σl discussed above are
reflected in the spectra resulting from classical Mie scattering theory (Section 3). Considering the scattering cross-sections (Section 3.2, Fig. 9) for a particle of R = 100 nm
radius, maxima of given l, which appear in the spectra, are affected by neighboring SP
modes contributions at the corresponding multipolar resonance frequencies ωl according to
the results of our simulations of σl (13 b). For example at the frequency of the dipole mod
l = 1 we expect a dominance of dipole surface plasmon σ ≃ σl=1 at resonance frequency
ωl=1 = 1,84 eV and that is really the case (see Fig. 9). Dipole peak due σl=1 charge oscillations is strong and wide enough to contribute to maxima at quadrupole ωl=2 = 2,57
eV and hexapole ωl=3 = 2,66 eV plasmon resonance frequency. Resonance frequency of
hexapole (l = 3) plasmon is only 0,09 eV higher than that of quadrupole plasmon (l = 2)
and has lower amplitude compared to the amplitude of dipole σl=1 and quadrupole σl=2
charge density wave, therefore its manifestation is hardly resolved in the spectrum.
More general conditions for nodes locations on two orthogonal circumferences (along a
meridian (θ = [−π; 0], [0; π]; ϕ = π, 0) and a parallel (θ = π/2; ϕ = [0; 2π])) for each of the
tree multipolar plasmon waves with l = 1, 2, 3 are:
θ = nπ/l

and

ϕ = (2n + 1)π/2,

(113)

respectively, where n = −l, . . . − 1, 0, 1, . . . l.
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Figure 12. a) Normal components of displacement field (incident, scattered and inner
eqs. (136, 141, 99) and surface charge distribution on the meridian circumference of the
100 nm radius Au nanosphere evaluated from our model including local polarization. b)
corresponding quantities based on the Mie (no surface charge density waves). Comparison
is made for dipole, quadrupole and hexapole (l = 1, 2, 3) modes correspondingly at the
resonance frequencies of dipole (1,84 eV), quadrupole (2,57 eV) and hexapole (2,66 eV) SP.
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Figure 13. Meridian circumference surface plasmon wave images. On the left — dipole
(l = 1), quadrupole (l = 2) and hexapole (l = 3) plasmon surface waves presented at
corresponding resonance frequencies ωl=1,2,3 . On the right — images of surface plasmon
waves resulting from summing of all possible multipolar surface waves at same dipole,
quadrupole and hexapole SP resonance frequencies.
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4.4.2

Defining the surface plasmon wavelength

For surface plasmon on the flat surface it is easy to define surface plasmon wavelength λSP
(see Section 2.1) (1D problem). There is no problem also in finding whether it is smaller
or bigger that incident light wavelength λ. But, as we mentioned in Introduction, defining
surface plasmon wavelengths for partial σl (R, θ, ϕ) surface waves on the spherical surface
poses a problem, because the SP waves are 3-dimensional and their oscillatory character
changes with position (θ, ϕ) on the sphere (Fig. 11).
Introducing the propagation paths Lϕ and Lθ of a plasmon wave along a meridian to
the direction of Einc (θ = [−π; 0], [0; π]; ϕ = π, 0) and a parallel (θ = π/2; ϕ = [0; 2π]) of a
sphere respectively, and expressing the angles ϕ and θ by their radial measures: θ = Lθ /R
and ϕ = Lϕ /R sin θ (sin θ 6= 0 ), one can define the length of the wave vector of dipole,
quadrupole plasmon partial wave along the parallel (Fig. 13):
kϕ,l = 1/R sin θ,

l = 1, 2,

(114)

and along the meridian:
kθ,l = l/R,

l = 1, 2.

(115)

The components of the wave vector kθ,ϕ,l can be defined at the whole surface of the sphere
with exception of its north and south pole (θ 6= 0, π). The wavelengths of standing dipole
and quadrupole wave in meridian and parallel directions respectively can be represented as
following:
λϕ,l = 2π/kϕ,l ,

l = 1, 2,

(116)

λθ,l = π/kθ,l ,

l = 1, 2,

(117)

but such notion can not be rather directly attributed to the higher order plasmon waves.
Hexapole surface wave at the meridian consists of superposition of two: sin 3θ and sin θ
with much smaller amplitude.
First two expressions from eq. (112) describe the standing waves that oscillate in time,
but have a spatial dependence that is stationary with the nodes (113) at locations Lθ,l=1 =
−λθ,l=1 /2, 0, λθ,l=1/2 and Lϕ = 3λϕ,l=1/2, λϕ,l=1/2 in the dipole mode (Fig. 10 a, first row)
and Lθ,l=2 = −λθ,l=2 /2, −λθ,l=2/4, 0, λθ,l=2/4, λθ,l=2/2 and Lϕ,l=2 = 3λϕ,l=2 /2, λϕ,l=2/2 in the
quadrupole mode (Fig. 10 a, second row).
In general, plasmon wavelengths for partial standing wave σl (R, θ, ϕ) at the sphere
surface can not be defined in uniform manner even for the first two l. σl (R, θ, ϕ) scales with
the size of the nanosphere which is smaller than the wavelength of incident wave (can be
much smaller (R << λinc )).
4.4.3

Retardation effect

In this section we will discuss the influence of size of the nanosphere on the phase of electric
field on the surface of the sphere (R, θ, ϕ). This effect, called the retardation effect [70], is
present when incident field reaches one part of the sphere with different phase than the other
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part. Retardation generates a number of different effects influencing the size dependence of
plasmon resonance frequencies, a shift of relative phase of the incident electric field, surface
local polarization and surface charge density oscillations which depend on of particle size. At
first let’s take a look at incident electric wave Einc (r, t) which is the plane wave propagating
in z direction (see Fig. 8):




2πz 2πt
2π
inc
inc
inc
inc
E (z, t) = E0 cos(kz − ωt) = E0 cos
= E0 cos
−
(z − ct) , (118)
λout
T
λout
where λout — is the incident EM wave wavelength, T — is the oscillation period and c —
is the velocity of light in the surrounding medium. In the limit of very small particles, for
which λ2π
R << 1, the electromagnetic interaction between different parts of the metal is
out
almost instantaneous (i.e., the speed of light can be taken as infinite) [71]. The change of
the phase of the field between the north (z = −R) and south (z = R) pole of the particle
2R is small.
is λ2π
out
For larger particles, when the diameter 2R is a considerable fraction of the wavelength
λout retardation effects come into play. For example in a dipole mode, the reaction of one end
of the particle to changes produced in the other end takes place with a phase delay of λ4π
R,
out
and consequently, the period of one surface mode oscillation increases to accommodate this
delay. This effect leads to the decrease of plasmon resonance frequency with size, which is
the most pronounced for the dipole mode. Quadrupoles and higher-order modes produce
more nodes in the distribution of the charge (see Section 4) induced on the surface of the
particle in the plane of Einc (see Fig. 8). While the number of nodes is proportional to
l (see Section 4), the effective interaction distance is reduced for higher polarities, so that
the shift of an l mode in a particle of radius R is comparable to the dipole shift for radius
R/l.
In this section we will illustrate the relative phases of the partial surface polarization and
surface charge density waves studied earlier in this work in order to illustrate the differences
in how large is the impact of the size effect on their phases quantitatively.
In spherical coordinates r = (r, θ, ϕ) the incident electric field Einc (r, t) is a sum of
multipolar contributions (150–152). Any complex expression one can write down as a
product of it’s module and phase terms:
e inc (r, θ, ϕ, t) = |Einc (r, θ, ϕ, t)|(cos(αE inc (r, θ, ϕ, t)) + i sin αE inc ((r, θ, ϕ, t)))
E
= |Einc (r, θ, ϕ, t)| exp iαE inc (r, θ, ϕ, t).

(119)

Phase αE inc (r, θ, ϕ, t = const) follows the spatial distribution of electric field on the
sphere surface and can delay the oscillation in time. This effect is small for the nanosphere
which is a lot smaller then the wavelength of the incident wave R ≪ λ, as illustrated in Fig.
14 a for R = 10 nm nanosphere for the positions chosen on the meridian ϕ = 0, and angles
θ are 0, π/2 and π correspondingly. In general case, it is not true, because wave must cover
longer distance to reach the position (R, θ, ϕ), therefore it takes more time, like for bigger
R = 100 nm nanosphere, Fig. 14 b. This means that for R = 100 nm nanosphere phase
αE inc (R, θ, ϕ, t = const) is not the same on south and north pole, as illustrated in Fig. 14
b at the example positions on sphere surface.
41

Figure 14. Oscillation of the incident wave E inc (R, θ, ϕ, t) plotted as a function of time at
positions (ϕ = 0, θ = π) — red line, (ϕ = 0, θ = π/2) — blue line and (ϕ = 0, θ = 0) —
green line for a) R = 10nm and b) R = 100nm. Frequency of incident wave is dipole SP
resonance frequency (ωl=1 = 1,84 eV).
We can write down partial surface charge waves and radial polarization the same way
we did for Einc (r, t):
σ
el (R, θ, ϕ, t) = |e
σl (R, θ, ϕ)| exp i(ασl (R, θ, ϕ, t)),

Pr(l) (R, θ, ϕ, t) = |Pr(l) (R, θ, ϕ)| exp i(αPrl (R, θ, ϕ, t)).

(120)
(121)

From expressions (121) we can calculate whether oscillation phases of surface charge
(l)
waves Ree
σl (R, θ, ϕ, t) and polarization RePr (R, θ, ϕ, t) differ from oscillation phase of ine inc (r, θ, ϕ, t) on the sphere surface (R, θ, ϕ) by plotting these oscillations on
cident wave ReE
meridian ϕ = 0, and angle θ = π/2, as illustrated in Fig. 15, As showed, oscillations of of
the induced polarization and charge density waves are shifted in respect to the oscillation
phase of phase of Einc for a sample 100 nm radius particle.
To explore how these oscillation phases change with sphere radius we plot ασl (R, θ, ϕ, t),
αPrl (R, θ, ϕ, t) and αE inc (R, θ, ϕ, t) at given time as a function of particle radius (Fig. 16)
for (r = R, θ = π/2, ϕ = 0) for l = 1, 3 and r = R, θ = π/4, ϕ = 0 for l = 2, because
σ
e2 (r, θ, ϕ, t) has a node in (r = R, θ = π/2, ϕ = 0). Oscillation frequencies ωl are chosen
correspondingly to be SP resonant frequencies ωl′ (R) for each mode l = 1, 2, 3, time was
fixed at t = 0. Figure 16 shows the phases ασl (R, θ, ϕ, t), αPrl (R, θ, ϕ, t) and αE inc (R, θ, ϕ, t)
as a function of particle radius R, showing that for smaller nanospheres (R < 75 nm for
l = 1, R < 150 nm for l = 2 and R < 200 nm for l = 3) the difference between αE inc and
ασl , αPrl is scarce, but for bigger nanospheres this difference becomes considerable. This
result shows that retardation is tightly bound to the size of the nanosphere and can not be
neglected when sphere radius is of the same order of magnitude as incident wave length.
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Figure 15. Oscillation of the incident wave E inc (R, θ, ϕ, t) (magenta dashed line), surface
plasmon wave σl (R, θ, ϕ, t) (black line) and polarization P (l) (R, θ, ϕ, t) (red dotted line)
plotted as functions of time at position (ϕ = 0, θ = π/2) for R = 100 nm. Frequency of
incident wave is dipole SP resonance frequency (ωl=1 = 1,84 eV).

Figure 16. Phases αE inc (R, θ, ϕ, t = 0) (dashed lines), ασl (R, θ, ϕ, t) (solid lines) and
αPrl (R, θ, ϕ, t) (dotted lines) plotted as a function of sphere radius R at positions (θ =
π/2, ϕ = 0) for l = 1, 3 and (θ = π/4, ϕ = 0 for l = 2. Frequencies correspond to dipole,
quadrupole and hexapole SP resonances frequencies (l = 1, 2, 3).
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5

Anatomy of electric plasmonic fields

5.1

Distribution of electric field on the nanosphere surface

In this section we would like to discuss details of features of electromagnetic field at resonant
frequencies of dipole, quadrupole and hexapole plasmons in the very vicinity of a plasmonic
particle and to analyze these features from the point of view of plasmonic particle field’s
decisive contribution to the field enhancement in plasmonic mechanism. While electric
field of the incoming light wave is strongly affected in near-field region by the nanosphere
presence at the SP resonance frequencies, we will also farther study the spatial distribution
of this perturbation with growing distance from the sphere surface (Section 5.2).
It is electric field near a particle’s surface which is used to enhance fluorescence in SERS,
PSTM, electric field interacts with near-field microscope tip in NSOM techniques, etc. (see
Introduction). We will image distribution of the electric field and of the density of electric
field energy on the surface of the nanosphere at resonance frequencies of SP.
Figures 17, 18 and 19 demonstrate how electric field at plasmon resonant frequency
on the sphere’s surface is built at the at frequency of dipole ωl=1 = 1,84 eV, quadrupole
ωl=2 = 2,57 eV and hexapole ωl=3 = 2,66 eV of SP resonance correspondingly.
Figure 17 shows spatial distributions of electric fields at dipole SP resonance frequency ωl=1 = 1,84 eV: in Fig. 17 a spatial distribution of scattered radial electric field Escat
17 b partial wave component of radial electric field
r (R, θ, ϕ, t), Fig.
inc
scat
Er (R, θ, ϕ, t) + Er (R, θ, ϕ, t) for l = 1 (eqs. (86, 87), Fig. 17 c — partial wave component of electric field |ReEl=1 (R, θ, ϕ)| (l = 1 contributions taken into account) and Fig.
17 d — total electric field’s absolute value |ReE(R, θ, ϕ)|(l = 1, 2 . . . 5 modes contributions
taken into account). The total electric field, shown on Fig. 17 c (and Figs. 18 c, 19 c) is
calculated by taking real values of the corresponding electric fields:
p
|ReE(r, θ, ϕ, t)| = |ReEinc (r, θ, ϕ, t)|2 + |ReEscat (r, θ, ϕ, t)|2 ,
(122)
where:

q
|ReEinc (r, θ, ϕ, t)| = |ReErinc (r, θ, ϕ, t)|2 + |ReEθinc (r, θ, ϕ, t)|2 + |ReEϕinc (r, θ, ϕ, t)|2 ,
q
|ReEscat (r, θ, ϕ, t)| = |ReErscat (r, θ, ϕ, t)|2 + |ReEθscat (r, θ, ϕ, t)|2 + |ReEϕscat (r, θ, ϕ, t)|2.

(123)

The components of the Einc (r, θ, ϕ) and Escat (r, θ, ϕ) vector fields are defined in Appendix A.1. As expected, radial component of scattered electric field (Fig. 17 a is decisive
in overall electric field construction at the surface of the nanosphere because it directly
couples with the oscillating surface charge. t is chosen that amplitude of field is maximal,
considering the results of Section 4.4.3, so t = tmax . When all mods are considered (Fig. 17
c), electric field distribution becomes slightly modified due to contributions of higher multipoles. This simulations prove that SP radiation is spatially unequally distributed, what
should be taken into account when optimizing SP near-field enhancement techniques. In
SERS studies the researched sample must be attached to the enhancing nanosphere in accordance with the position of the maximum of the enhancement field on the sphere surface
(or, in other words, in accordance with the incident light wave direction).
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Figure 17. a) Spatial distribution of scattered radial electric field ReErscat (r, θ, ϕ, t = tmax ),
b) ReEr (r, θ, ϕ, t) ≡ ReErinc+scat (r, θ, ϕ, t) and c) electric field |ReEl=1 (R, θ, ϕ, t)| (l = 1
contributions taken into account) and d ) total electric field |ReE(R, θ, ϕ, t)|(l = 1, 2 . . . 5
modes contributions taken into account) at dipole SP resonance frequency ωl=1 = 1,84 eV.
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Figure 18. a) ReErscat (r, θ, ϕ, tmax ), b) ReEr (R, θ, ϕ, tmax ), c) |ReEl=2 (R, θ, ϕ, tmax )| for
(l = 2) and d ) |ReE(R, θ, ϕ, tmax )| for (l = 1, 2 . . . 6) at quadrupole SP resonance frequency
ωl=2 = 2,57 eV.

46

Figure 19. a) ReErscat (r, θ, ϕ, tmax ), b) ReEr (R, θ, ϕ, tmax ), c) |ReEl=3 (R, θ, ϕ, tmax )| for
(l = 3) and d ) |ReE(R, θ, ϕ, tmax )| for (l = 1, 2 . . . 6) at hexapole SP resonance frequency
ωl=3 = 2,66 eV.
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Radial electric field distribution amplitude is even bigger at quadrupole SP resonance
frequency ωl=2 = 2,57 eV (l = 2 mod only) (Fig. 18 b) than at dipole SP resonance
frequency (Fig. 17 b). In this case maxima of amplitude of the electric field normal
component and absolute value are spatially placed similar to the quadrupole distribution
on the sphere. When many modes’ contributions are taken into account (l = 1, 2 . . . 6)
distribution of electric field (Fig. 18 c) becomes more complex with dipole and hexapole
mods contributing to the image.
Electric field spatial distribution at hexapole SP resonance frequency is presented on
Fig. 19, showing strong contribution of quadrupole mod into all-mods image.

5.2

Electric field distribution at a distance from a surface

Our simulations at the surface of the sphere (Figs. 17–19) show that electric field in proximity to the nanoparticle surface consists mainly from radial component Er contributions,
which is much stronger that transverse components Eθ , Eϕ . But it is known from Mie theory (see Appendix A.1) that Er decays much faster (Er ∼ r −2 ) than transverse components
(Eθ , Eϕ ∼ r −1 ) with distance. Scattered wave far from the particle surface is a transverse
wave. Let us look how the electric field and its radial component spatial distribution change
with the distance from the gold nanosphere surface. Modification of the radial component
spatial distribution ReEr (r, θ, ϕ) with distance d is presented on Fig. 20. Visualization
of ReEr distributions are made at the virtual sphere of r = R and r = 4R, (at d = 0
nm and d = 300 nm if we use distance d from surface of the nanosphere as a parameter).
At distance d = 0 radial components ReEr (r, θ, ϕ) dominate total electric field at distance
d = 0 demonstrated in Fig. 21 left column. Their amplitudes become much lower than
those of transverse electric field components, exposing transverse nature of the electric field
|ReE(r, θ, ϕ)| in far-field region (d = 300 nm) (Fig. 21 right column). On all figures the
maximum value of |ReE| or ReEr is represented with red. Colors on the virtual sphere
represent amplitudes of corresponding value (|ReE| or ReEr ) and color bar to the right
shows the scale for these values.
5.2.1

Enhancement of electric field

Knowing the spatial distribution on the electric field at the dipole (ωl=1 ), quadrupole (ωl=2 )
and hexapole (ωl=3 ) resonance frequencies we are ready to analyze the enhancement of
electric field due to the presence of plasmonic nanosphere. To retrieve enhancement factor η,
we normalize absolute value of the amplitude of the full outer electric field on the amplitude
of incoming light:
η(r = R, θ, ϕ, t) =

|ReEout (R, θ, ϕ, t)|
.
|ReEinc (R, θ, ϕ, t)|

(124)

We should take into account the phase shifts of incident and scattered electric fields described in Section 4.4.3. In order to get maximum enhancement we chose time t so that
the maximum possible value of enhancement factor η(R, θ, ϕ, t = tmax ) is acquired.
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Figure 20. Spatial distribution of electric field radial component ReEr (r, θ, ϕ, tmax ) at
dipole, quadrupole and hexapole SP resonance frequencies of incident wave respectively.
Radius of the sphere is 100 nm, modes with chosen single l are considered. Left column of
figures — distribution at the nanosphere’s surface (d = 0 nm), right column — distribution
at distance of 3R from surface (d = 300 nm).
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Figure 21. |ReE(r, θ, ϕ, tmax )| at dipole, quadrupole and hexapole SP resonance frequencies
of incident wave respectively. Radius of the sphere is 100 nm, modes with chosen single l
are considered. Left column of figures — distribution at the nanosphere’s surface (d = 0
nm), right column — distribution at distance of 3R from surface (d = 300 nm).
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Figure 22. |ReE(r, θ, ϕ, tmax )| at dipole, quadrupole and hexapole SP resonance frequencies
of incident wave respectively. Radius of the sphere is 100 nm, all modes are considered.
Left column of figures — distribution at the nanosphere surface (d = 0 nm), right column
— distribution at distance of 3R from surface (d = 300 nm).
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Enhancement factor as a spatial function on the 100 nm radius sphere surface is demonstrated in Fig. 23. Enhancement factor is demonstrated on Fig. 24 as a function of distance
from the surface of the nanosphere. The maximum value of η(ωl ) at the surface of the sphere
is η[ωl=1 ] = 5,12 for dipole, η[ωl=2 ] = 8,86 for quadrupole and η[ωl=3 ] = 6,27 for hexapole
plasmon resonance frequencies. Quadrupole SP excited on nanosphere of 100 nm radius
is of larger amplitude than other polarity plasmons, which makes it more favorable for
enhancement purposes at such nanosphere. SP on golden spherical near-field enhancement
remains not very spectacular and one can achieve enhancements up to almost 20 times for
the smallest spheres (R = 10 nm).
5.2.2

Surface plasmon penetration depth as a function of particle radius; some
applications

As we mentioned in Introduction, confinement of the electric field near the plasmonic structure is widely used in many applications (for example SERS). One of the important parameters of surface plasmon is the penetration into surrounding dielectric of the electric field
at plasmon resonance frequency. The SP penetration depth characterizes the distance over
which SP fields are suitable for near-field sensing applications.
At the flat metal-dielectric interface, SPP penetration depth δppd was defined as a distance from the interface at which the electric field Ezd exp kzd z (eq. 37) reaches half of its
amplitude at the interface. These parameter can be calculated using the surface plasmon
dispersion relation mentioned in Introduction, eq. (43) and reads (eq. (50)):
s
c
1
ε′m + εd
.
(125)
δppd (ω) = d =
|kz |
ω
ε2d
At flat interface between a noble metal and dielectric the SP penetration depth is considerably high (hundreds of nanometers, depending on the wavelength) [72], [55] , [73], [53].
Surface plasmon fields are confined to the metal–dielectric flat interfaces penetrating around
10 nm into the bulk metal (the so-called skin-depth) and typically a lot more into the dielectric [55], [73] and (Fig. 6). For spherical interface SP dispersion relation is much more
complicated and analytic expression for penetration depth of plasmon field doesn’t exist.
In this section we construct such quantity within numerical modeling.
=
p We modeled the decay of total electric field |ReE(r, θ, ϕ, t)|
2
2
|ReE(r, θ, ϕ, t)inc | + |ReE(r, θ, ϕ, t)scat| with growing distance from the nanosphere
surface (r = R + d) at the resonance frequency of the dipole plasmon resonance for
corresponding sphere size in the direction defined by angles θ = π, ϕ = 0 (Fig. 8) (this
is the normal to the surface direction of highest radiation of the dipole surface plasmon,
and there is no incident field in this direction, ReEinc (r, θ = π, ϕ = 0, t = tmax ) = 0). The
results are presented at Fig. 26 for three chosen sample nanoantennas with 10 nm, 30 nm
and 100 nm radius respectively. |ReE(d)| function for all studied cases is characterized
by rapid decay at close distance from the surface due to the rapid decay ∼ 1/r of normal
to the surface component of the electric field ReErinc + ReErscat (green line on Figures)
(eqs. (150, 162) in the Appendix A.1). 10 nm radius nanosphere is characterized by
strong absorption properties as was discussed earlier (low radiation rate contributing
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Figure 23. Enhancement factor η(R, θ, ϕ, t = tmax ) of the electric field on the surface of
gold nanosphere of R = 100 nm, at the resonance frequencies of dipole, quadrupole and
hexapole plasmon resonances (ωl=1 = 1,84 eV, ωl=2 = 2,57 eV and ωl=3 = 2,66 eV). All
mods taken into account (l = 1 . . . 6).
to ωl′′(R = 10 nm)) (see Section 2.4). It should make it not a very good candidate for
scattering enhancement. But localization of electric field in very small volume around a
small nanosphere can still make it useful in applications where enhancement region can be
or should be limited to few nanometers (Fig. 26).
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Figure 24. Enhancement factor η(d, t = tmax ) of the electric field as a function of distance
from the surface of nanosphere of R = 10 nm, R = 30 nm and R = 100 nm radii respectively
at plasmon resonant frequencies (ωl=1 , ωl=2 and ωl=3 ). All mods taken into account (l =
1 . . . 6).
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Figure 25. Function FE (d) (126) fitted to one of the |Re|E(d)| functions. Time is t = 0,
nanosphere radius is 100 nm.
For R = 100 nm there is a noticeable ”revival” of total electric field |ReE(d)| (Fig. 26)
at large distances due to the complex interference of incident and scattered waves.
To define SP plasmon penetration depth δpd into dielectric we introduce the function:
d

−δ 0

FE (d) = Ae

pd

+ B,

(126)

which
to reproduce the dependence of |ReE(d)|. A is amplitude of the decay

 is fitted
d0
exp − δpd with the rate 1/δpd , R is nanosphere radius, d0 = r − R is a distance from
the nanosphere center (coordinate system zero) and parameter B characterizes the far-field
background.
Penetration depth δpd as a function of radius R is plotted in Fig. 28 and presented in
Table 2 with 10 nm step. This dependence can be described by expression δpd = 0,34 · R +
0,16, which shows that at R = 0 penetration depth δpd = 0,16 nm, which is approximately
equal to Wigner–Seitz radius re = 0,159 nm.
For enhancement applications the size dependent penetration depth play significant
role. In particular, it should be in reasonable relation with the size of the object that
we want to be in the enhanced electric field. Thus, one should choose the enhancement
nanoantenna with size comparable to the studied sample. To explain that, we compare
plasmon penetration depth into the dielectric for three nano-scale to meso-scale objects
(Figs. 26 and 29). Obviously, that for the tiny object, such as a dimer molecule (R ∼ 0,5
nm) the smallest scattering particle can be used, because it will grant considerable nearfield
enhancement. Fast decay with distance of the electric field can neglect significantly this
effect already at few nanometers distance from the sphere’s surface (Fig. 26 a, d ). In
close proximity to the surface a bigger nano-scale radiative spherical antenna turns out to
be more suitable for enhancement purposes. The studied object as big as 20 nm (large
organic molecule or molecular wire) does not fit into the nearfield region of the nanosphere
of R = 10 nm (d ≈ 10 nm ) (Fig. 29 a). A bigger radius nanoantenna must be chosen (and
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Figure 26. |ReE| dependence from distance to the center of the nanosphere d0 . Radii of
spheres are a) 10, b) 30 and c) 100 nm respectively. Figure d ) is a compilation of a), b)
and c). All multipoles are considered.
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Figure 27. |ReE(r, θ, ϕ, tmax )| on the surface of nanosphere (d = 0 nm) at dipole SP
resonance frequency.
we should not forget about the frequency of SP resonance (Fig. 7), which will change with
sphere’s radius). One should keep in mind that distribution of the electric field around the
enhancing nanoparticle is not isotropic and depends on the incident wave angle (Fig. 27).
In presented results |ReE(θ, ϕ, tmax , d)| depends only on d with θ and ϕ set constant, but
in general case δpd = δpd (d, θ, ϕ, t).
Table 2. SP penetration depth
R, nm

δpd , nm

B

10

3,27

11325,69

20

6,69

10394,25

30

10,13

9655,90

40

13,56

8958,94

50

16,99

8632,76

60

20,42

8228,41

70

23,85

7721,53

80

27,28

7814,65

90

30,71

8645,17

100

34,14

9026,81

To use SERS to acquire spectra of big bacteria (for example Escherichia coli), one should
use a mesoscopic particle in order to get deep inside the bacteria with sphere’s nearfield.
Moreover, such sphere gives us some flexibility in frequency choosing, because of possibility
of excitation of dipole, quadrupole and higher polarity SP modes.
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Figure 28. Dipole surface plasmon dielectric penetration depth as a function of particle
radius. Acquired from our modeling for gold scattering sphere with fitted function for δpd .

Figure 29. Schematic comparison of a) dimer, organic molecule and b) Escherichia coli
bacteria sizes with size of gold nanoantenna and penetration depth of dipole plasmon (Radii
of nanoantennas are 10, 30 and 100 nm respectively).
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6

Near-field images of gold nanospheres

Study in this section refers to the near-field imaging techniques such as near-field scanning
optical microscopy (NSOM) [32–34] and photon scanning tunneling microscopy (PSTM) [35]
that imaging of the sample structure with resolution well below the diffraction limit and
study of the intensity of electromagnetic field distribution around metal nanostructures and
the interaction of light with these structures.
However, interpretation of images still poses some problems in many applications. One
of the reasons is that the electric field at the scanning tip can be highly non-homogeneous.
An even more fundamental problem is the question what is the near-field homogeneous
image itself; that is how the near-field distribution characterizing the object looks like and
how it reflects the optical plasmonic properties of that structure.
Our aim was to illustrate the diversity of the near-field images of a plasmonic spherical
particle illuminated by a homogeneous light field at frequencies close to and equal to the
frequencies of surface plasmons resonances. As scattering nanospheres we chose the same
10 nm and 100 nm radii Au nanospheres that are characterized by very small and significant
plasmonic radiative rates respectively. Such particles offer dipole, quadrupole and hexapole
plasmon resonance frequencies in the visible range. Larger nanoparticles are characterized
by an excessive broadening of the resonance spectrum due to an increase in the contribution
of multipolar excitations (Section 2.4).
The near-field images result from the spatial distribution of the light intensity on the
imaging plane, which is proportional to the normal to the detection plane component of the
full mean Poynting vector. The detection scanning plane is placed in the particle proximity.
Images at frequencies close to and equal to surface plasmon resonances frequencies (dipole,
quadrupole and hexapole) are presented and discussed. The change in the images with
distance between nanosphere and detection surface is also discussed. While the near-field
radial components of the electromagnetic field are expected to play considerable role in
the image formation (as they are coupled with the SP waves at the particle surface) we
completed our consideration by the spatial distribution of that component over the scanning
plane.
Near-field distribution of the scattered light intensity in the proximity of a plasmonic
nanostructure can give us valuable information about optical properties of that structure.
The near-field’s complicated pattern contains both: the components able to propagate and
components confined to the surface and damped outside (Section 5). Part of the information
contained in the studied object is lost in the non-radiating oscillations and is not transmitted
to the detector.

6.1

Observation geometries

In order to limit the influence of incident light we study two orthogonal polarization geometries. Contribution of the multipole plasmon resonances to the scattered light intensity and
its distribution (so the particle image), can be conveniently demonstrated in polarization
geometries I⊥ and I|| sketched in Fig. 30 a. Firstly, the chosen orthogonal polarization
geometries eliminate contribution of incident light at 90◦ observation angles, allowing us
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Figure 30. Scheme of the orthogonal polarization geometries showing polarization directions
of the incident and scattered light in respect to the observation plane.
to demonstrate the role of the SP mode contribution to the scattering properties of the
nanosphere [50]. So I⊥ and I|| are the intensities of the purely scattered light (negligible influence of the interference with the EM field of the incoming light wave propagating
in perpendicular direction), observation of I⊥ and I|| makes study of the pure scattering
abilities of a plasmonic sphere possible.
Such observation geometries enables the exposure of a single dipole (l = 1) plasmon
contribution and a single quadrupole (l = 2) plasmon contribution and to separate these
contributions spatially by observing I⊥ and I|| scattered intensities [50]. It can be more
comfortable, from experimental point of view, to leave the incident light polarization un-

Figure 31. Scheme of imaging planes orientation in respect to the incident light direction.
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changed, but rotate the linear polarizers by the angle 90◦ (Fig. 30 b). It would grant us
the same observation opportunity (I⊥ → IV v and I|| → IHh ), what is more convenient for
practical real observation.

6.2

Numerical near-field imaging

When a surface plasmon (surface charge oscillations) is excited at spherical nanoparticle it
considerably influences the sphere’s image in close proximity to the nanoparticle surface.
This phenomena is widely used in practice (see Introduction). Spatial distribution of the
electromagnetic field scattered by the nanoparticle is a result of constructive and destructive
interference of all the fields, incident and those affected by the particle’s presence. Thus,
the contribution to the image of the electromagnetic fields coupled to plasmon oscillations
are not straightforward.
To get the distribution of electric and magnetic fields of light scattered by a sphere we
use Mie theory [38, 39].
For image construction at the plane we calculate the Poynting vector S = 1/2Re(E×H):
r̂
θ̂
ϕ̂
1
S(θ, ϕ, r) = Re Er Eθ Eϕ
2
Hr Hθ Hϕ

= r̂Sr (θ, ϕ, r) + θ̂Sθ (θ, ϕ, r) + ϕ̂Sϕ (θ, ϕ, r).

(127)

The magnitude of the Poynting vector S represents the averaged density of the scattered
energy flow, the direction of S corresponds the direction of energy propagation. The image
plane (Fig. 32) serves as a scattered light intensity detector that registers photons flux
normal to the plane. Then due to the distribution of the normal component Sn (θ, ϕ, r) of
the Poynting vector over the XY plane the image brightness is proportional to:
Sn (θ, ϕ, r) = n̂S(θ, ϕ, r),

(128)

where n̂ is the unit vector normal to the XY plane. If we use the angles θ, ϕ, ϕ1 to
parametrize the position (x,y) at the plane XY [74] according to the notation introduced
in Fig. 32, the normal component Sn (θ, ϕ, r) of the averaged Poynting vector can be represented as:
Sn (θ, ϕ, r) = Sr (θ, ϕ, r) cos ϕ1 + Sθ (θ, ϕ, r) sin θ cos ϕ − Sϕ (θ, ϕ, r) sin ϕ.

(129)

In near-field region the radial components of electric and magnetic fields Er and Hr are
comparable to the components Eθ , Hθ , Eϕ , Hϕ correspondingly. They play an significant
role in image formation, while:
Sn ∼ (Eθ Hϕ − Eϕ Hθ ) cos ϕ1 + (−Er Hϕ + Eϕ Hr ) sin θ cos ϕ + (Er Hθ − Eθ Hr ) sin ϕ. (130)
The amplitudes of the corresponding field components decay with distance r as:
Er , Hr ∼ 1/r 2 and Eθ,ϕ , Hθ,ϕ ∼ 1/r. In far field region (i.e. for r such that 1/r >> 1/r 2 )
the radial components of electric and magnetic fields Er and Hr are negligible in comparison with the transverse components Eθ , Hθ , Eϕ , Hϕ (Section 5.2). Therefore, while moving
away from near-field to far field region the scattered wave gains transverse character.
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Figure 32. Scheme of construction of the normal component Sn (θ, ϕ, r) of the averaged
Poynting vector over the XY scanning plane at distance d.

Figure 33. Comparison of numerical images of the light scattered on the sphere (left) and
incident wave only (right). Plane is placed at the close proximity of the particle surface:
′
d = 0 nm. Frequency of incident light ωl=2
= 2,57 eV which is quadrupole SP resonance
frequency for current size sphere, polarization is parallel to the scanning plane.
We acquired a series of images for gold sphere of radius R = 10 nm and R = 100 nm
in both parallel and perpendicular polarization geometries. The series illustrate changes
in images and Er distribution with distance of the scattering plane from the sphere, as
well as changes due to the applied frequency of the illuminating light wave. The angular
dimensions of the scanning plane are configured by angles θ, ϕ ∈ (−80◦ , +80◦ ). Linear
dimensions of XY scanning plane are approximately 100 × 100 nm for the R = 10 nm
nanosphere and 1000 × 1000 nm for R = 100 nm at the close sphere proximity. The actual
size of the scanning plane is given in each image at the corresponding axes. Polarization of
incident light is assumed to be parallel or perpendicular to the scanning plane (Fig. 30).
As explained earlier, this is done to eliminate interference from the incident light field. At
wide angles of observation we can also show that it influence of the incident light on the
image is negligible (Fig. 33).
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Figure 34. Distribution of scattered radial electric field ReErscat at scanning plane close to
the particle surface: d = 0, R = 10 nm. Frequency of incident light ω is changing from
′
below to above the dipole plasmon resonance frequency at ωl=1
= 2,62 eV (see Fig. 7). a)
polarization parallel to the scanning plane, b) polarization perpendicular to the scanning
plane.
The magnitudes of exposed values on the images can differ by orders of magnitudes, so
to each image we attach its own scale. This allows associating colors and intensities which
are proportional to the normal component of the full Poynting vector eq. (130).
6.2.1

Scanning plane in proximity to the sphere’s surface

Figures 35 and 34 illustrate images of R = 10 nm nanosphere and distribution of radial
electric field component distribution at the close proximity to the particle surface (d = 0
′
nm). Frequency of incident light is equal to the dipole plasmon frequency (ωl=1
(R =
10 nm) = 2,62 eV) and at frequencies below and above that frequency.
Figure 34 demonstrates distribution of the radial component of the scattered electric
field ReErscat at scanning plane. Such small particle, as shown earlier, possesses strong
absorption (Fig. 9) and allows the excitation of dipole surface plasmon only, what is clearly
visible on the Fig. 34. Scattered field is constructed from adding 3 first multipoles. Dipole
mode (l = 1) is decisive, while l = 2, 3 contributions are very scarce.
The images in Hh observation geometry (Fig. 35 a) are close to spherical object itself
and reflect its size. They are strongly influenced by the radial component of electric field,
because of the circular spot in the center of the image reproduces radial field distribution.
This means that dipole SP resonance contributes to the image of the sphere, as one could
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Figure 35. Numerical images at scanning plane placed at the close proximity of the particle
surface: d = 0, R = 10 nm. Frequency of incident light ω is changing from below to above
′
the dipole plasmon resonance frequency at ωl=1
= 2,62 eV (see Fig. 7). a) polarization
parallel to the scanning plane, b) polarization perpendicular to the scanning plane.

Figure 36. Distribution of scattered radial electric field ReErscat at scanning plane close to
′
the particle surface: d = 0, R = 100 nm. Frequency of incident light ω is dipole ωl=1
= 1,84
′
′
eV, quadrupole ωl=2 = 2,57 eV and hexapole ωl=2 = 2,66 eV plasmon resonance frequencies
respectively. a) polarization parallel to the scanning plane, b) polarization perpendicular
to the scanning plane.
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expect for perpendicular observation geometry. In Vv observation geometry on the contrary,
the shape of the spot doesn’t correspond to ReErscat image in the same observation geometry.
The distribution of the radial component of the electric field ReErscat above the sphere (Fig.
34) can be interpreted as a projection of the excited SP wave at the sphere surface. The
spectral width of this effect is defined by the corresponding radiative rate included in the
′′
dipole plasmon rate |ωl=1
(R = 10 nm)| = 0,036 eV (Fig. 7).
While small R = 10 nm nanosphere is an absorbing nanoantenna (particle with small
damping rate |ωl′′ (R = 10nm)| approaching γ/2), a bigger R = 100 nm gold nanosphere acts
like an emitting antenna (particle of large radiative rate γlrad (R) = |ωl′′ (R = 100nm)| − γ/2)
(see Section 2.4).
Figure 37 demonstrates single dipole, quadrupole and hexapole mods of the radial component of the scattered electric field ReErscat distribution at the proximity to the R = 100
′
′
nm sphere surface. Frequencies of incident light are ωl=1
= 1,84 eV, ωl=2
= 2,57 eV and
′
ωl=3 = 2,66 eV respectively.
Figure 38 illustrates the images obtained in Hh polarization geometry. At the dipole
′
plasmon frequency ωl=1
(R = 100nm) = 1,84 eV these images are much brighter than for
neighboring frequencies used for image simulations. At the dipole SP resonance the radial
electric field amplitude ReErscat is enhanced as well (Fig. 36). Hexapole surface plasmon
is much weaker and is dominated by very close in frequency (only 0,09 eV difference)
quadrupole scattering mode.
Figures 37b and 39 show normal component distribution and plane images in Vv
polarization geometry. In Vv polarization geometry at the dipole plasmon frequency
′
′′
ωl=1
(R = 100nm) = 1,84 eV (radiative rate is |ωl=1
(R = 100nm)| = 0,67 eV) images
scat
are again influenced by ReEr .
6.2.2

Imaging with scanning plane moving away to the far field region

In this subsection we will look on how normal scattered electric and magnetic fields contribute to the nanosphere image formation at growing distances between the surface of the
sphere and imaging plane.
Figure 40 and 41 illustrate the change in images at the scanning plane moved away
from the particle surface from near-field to far-field region. Figure 40 reflects the changes
′
in spatial distributions in Vv geometry at the dipole plasmon resonance frequency ωl=1
(R =
100nm) = 1,84 eV, while Fig. 41 corresponds to Hh polarization geometry at the quadrupole
′
plasmon resonance frequency ωl=2
(R = 100nm) = 2,57 eV.
Square decay of the radial components of the near-field with distance causes not only the
change in the image brightness, but also the image shape. Radial component of the electric
field contribution to the image is considerable in near field region (see Fig.36 and 38). But
differences between near-field and far-field images are obvious, which is explained by radial
component fast decay compared to transverse components of electromagnetic field. The
pattern at the scattering plane (Figs. 40 and 41) is asymmetrical. With growing distance
between surface of the sphere and observation plane the images become symmetrical, which
means that the imaging plane is ”leaving” the near field region affected by radial components
of electromagnetic fields. They are restricted to very small volume above the sphere (fast
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Figure 37. Single dipole, quadrupole and hexapole mods of the scattered radial electric field
ReErscat distribution at scanning plane (d = 0). Frequencies of incident light are SP dipole,
quadrupole and hexapole resonances frequencies respectively. a) polarization parallel to
the scanning plane, b) polarization perpendicular to the scanning plane.

Figure 38. Numerical images at scanning plane at the close proximity of the particle surface
(d = 0). Frequency of incident light ω is changing from below the dipole plasmon resonance
′
′
frequency at ωl=1
= 1,84 eV to above hexapole plasmon resonance frequency at ωl=3
= 2,66
eV (see Fig. 7). Polarization parallel to the scanning plane.
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Figure 39. Numerical images at scanning plane at the close proximity of the particle surface
(d = 0). Frequency of incident light ω is changing from below the dipole plasmon resonance
′
′
frequency at ωl=1
= 1,84 eV to above hexapole plasmon resonance frequency at ωl=3
= 2,66
eV (see Fig. 7). Polarization perpendicular to the scanning plane.

Figure 40. Numerical images with scanning plane moving away from near-field to the far
field region. Distance between the particle surface and the scanning plane d is 0 nm, 50
nm, 100 nm, 200 nm, 400 nm and 900 nm. Frequency of incident light ω is equal to dipole
′
plasmon resonance frequency ωl=1
= 1,84 eV for polarization perpendicular to the scanning
plane.
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Figure 41. Numerical images with scanning plane moving away from near-field to the far
field region. Distance between the particle surface and the scanning plane d is 0 nm, 50 nm,
100 nm, 200 nm, 400 nm and 900 nm. Frequency of incident light ω is equal to quadrupole
′
plasmon resonance frequency ωl=2
= 2,57 eV for polarization parallel to the scanning plane.
decay with distance 1/r 2 ) (see Section 5.2.2). Therefore, scattered wave becomes transverse
at distances less than one radius between surface and imaging plane, thus restricting nearfield region to that volume. Nevertheless, for such large gold sphere as R = 100 nm,
near-field region spreads relatively high above the sphere surface. If the observation plane is
moved further away from the sphere, image acquires more recognizable interference pattern.
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7

Conclusions and summary of the results

Surface plasmon features are usually described within classical electrodynamics, by looking
for solutions of Maxwell equations (sharp metal–dielectric boundary and homogeneity of
both media is assumed) under appropriate boundary conditions. Surface plasmon charge
density waves are not included in such EM description (Section 4.2). Despite the fact that
collective free-electron charge oscillations lie at the heart of SP phenomena, the surface
charge density waves are usually represented in the form of hand-made schematic illustrations (Fig. 2) only (e.g. [3, 9, 10]), while the quantitative characterization of surface charge
density waves is not possible from such description.
In this thesis we estimated the number of surface electrons involved in SP wave oscillations, displacements of the electrons undergoing the collective movement and spatial
distributions of surface charge densities. Numerical imaging of surface plasmon waves was
aimed to deepen our understanding of what a surface plasmon really is, what is the meaning of the wavelength of surface plasmon on spherical surface and how do the electric fields
look like on such surface in near- and far-field region. We illustrated the diversity of the
near-field images of a plasmonic spherical particle illuminated by a homogeneous light field
at frequencies close to and equal to the frequencies of dipole, quadrupole and hexapole
plasmons and to understand. We also studied the localization of the surface plasmon in the
case of spherical interface.
We accomplished the imaging of the surface charge density waves (surface plasmons) on
the surface of nano-sized gold spherical particle. These waves are not possible to observe
in real life experiment because of their high oscillation frequency (optical range). Introduction of the local close-to-surface polarization Pr helped us to image surface charge
R
R2π Rπ R−δr
Pr (r, θ, ϕ)r 2 sin θdrdθdϕ = 0. Local
density waves. Its macroscopic value is
0 0 R−δr

close-to-surface polarization and solutions of Mie theory for electric fields E allowed redefining normal component of vector Din at the metal–dielectric interface and acquiring of density of electron surface waves and their oscillation (from boundary condition
σ
e(R, θ, ϕ) = Drout (R, θ, ϕ) − Drin (R, θ, ϕ)). For studied nanosphere of 100 nm radius
(εout = 1), amplitude of plasmon surface waves did not exceed the value σmax = 10−3
[e/nm2 ] and radial deformation of electron gas δR < 2 · 10−5 nm (quantity much smaller
V
than Wigner–Seitz radius re ) for the accepted value of E0 = 10000 m
corresponding to
standard laboratory laser power of W = 300 mW used for spectroscopic purposes (Section
4). Despite such small values, plasmon resonances dramatically influence the intensity of
absorbed and scattered light on metallic nanospheres at resonant frequencies (Figs. 12,
13, 11). This let us bypass the Mie theory limitations due its starting assumption of homogeneous wave equation. Such model allowed us to create imaging tools and the images
itself of surface plasmon at resonance frequencies. Interesting result is that surface charge
density changes very scarcely but the effect of surface plasmons is a lot more considerable in
defining optical properties of plasmonic particle (see Section 4.3). Our imaging procedure
can be easily applied to the arbitrary large nanosphere (retardation effects included) of any
metal of optical properties realistically described by the Drude dielectric function with the
effective parameters (inter-band transitions included).
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Additionally we studied the anatomy of electric fields on the sphere surface, in close
proximity to the sphere and in far-field distance from the surface. We showed how the
electric field is composed on the sphere surface, influence of its radial component and its
decay with distance which reveals transverse nature of electric field at distances d >>
R (Figs. 21, 22). Another result of this section is the calculation of surface plasmon
penetration depth into dielectric medium as a function of particle size (Figs. 26, 28) for
gold sphere of different radii. It showed that surface plasmon, excited on spherical particle,
penetrates the dielectric to the depth, comparable with near-field region (region where
radial components of electric field are not negligible) of the sphere (see Section 5.2.2). This
quantity is of key value in SP applications.
Plasmon surface waves cannot be visualized experimentally (we can observe only manifestation of plasmon resonances in the scattered or absorbed intensity of light by a nanoparticle). With the performed imaging of multipolar surface plasmons on spheres we can visualize the complexity in attributing the notion of plasmon wave vector (or surface plasmon
wavelength), on the contrary to the simplicity of notion of surface plasmon wave vector
on a flat or cylindrical interface. The wavelength of surface plasmon on spherical surface,
which is scaled with the size of the nanosphere (see Section 4.4.2). The acquired surface
plasmon penetration depth into the surrounding medium, We calculated surface plasmon
enhancement of electric field (see Section 5.2.1) and demonstration of the decay of the
radial component of electric field as a function of distance to the sphere surface and its
contribution to the full electric field.
Further in this thesis we obtained scattering images and distributions of normal components of scattered electric field for gold nanospheres in close proximity to the sphere
surface at SP resonances frequencies and close to resonance frequencies. Near-field images
of a spherical plasmonic particle illuminated by linearly polarized light are deviated from
circular shape. Our analysis showed that excitation of SP resonances possesses substantial impact on the particle near-field image (not only its brightness, but also its shape —
near-field scattered by a sphere is strongly inhomogeneous).
As our analysis shows, excitation of SP resonances possess substantial impact on the
particle near-field image; not only its brightness, but also its shape. The larger the damping rate |ωl′′(R)| is, the broader is the spectral range around the SP resonance frequency
ωl′(R) for these effects. Near-field scattered by a sphere is strongly inhomogeneous. That
causes considerable changes in the nearfield images of the sphere. The amplitudes of the
radial component of the electric, which decrease in proportion to the square of the distance
from the scatterer, play a significant role in building the near-field image of a plasmonic
particle. They can not be omitted in analysis of the near-field distribution in the vicinity
of nanostructures, not only for spherical objects but for other shapes either. Near-field for
gold nanosphere is limited to distances of about one sphere radius above the sphere surface
for visible incident light frequencies. In the near-field region the radial components modify
the length and direction of the Poynting vector.
Our study of surface charge density waves and near-field images formation is aimed
to demonstrate the diversity and complexity of optical properties of a plasmonic spherical metal particle, which is illuminated by light at plasmon resonance frequency (dipole,
quadrupole and hexapole). Though our results are only computer simulated, they can pro70

vide useful information what a surface plasmon on the spherical metal–dielectric interface
is, what is it wavelength, what scattered field can we expect from a noble metal nanosphere.
Most of our results are present in animated form, which add extra information about
the dynamics of specific quantities. They can be watched on the website of our scientific
group: www.ifpan.edu.pl/ON-2/on22/lspmovies.html
Sphere is a considerably simple object, but has an advantage of precise solutions of
interesting electromagnetic problems. Features of surface plasmon waves on a sphere are still
not fully understood. Broadening of our knowledge about undergoing scattering processes
connected with SP manifestation is important before we can move on to more complex
objects. Spherical nanoparticles are widely used in all kinds of applications, exploiting
plasmonic features of noble metal nanospheres.
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A

Appendices

A.1

Mie expressions for electric and magnetic field outside and
inside the particle

The electric and magnetic fields outside the sphere in nonconducting, nonmagnetic medium
are assumed to be a superposition of incident fields and scattered by the sphere fields:
Eout = Einc + Escat ,
Hout = Hinc + Hscat .

(131)

In the spherical symmetry of the particle, solution of wave equation (31) can be written in
form of a sum of vectors of spherical harmonics Ml and Nl [38]:
Ml = ∇ × (rψl ),

(132)

kNl = ∇ × Ml .

Solution to the scalar wave equation in spherical coordinates (133):
∇2 ψl + k 2 ψl = 0,

(133)

can be found as a product: ψl (r, θ, ϕ) = R(r)Θ(θ)Φ(ϕ) of functions which satisfy tree
separate equations:
d2 (rR)  2 α 
+ k − 2 rR = 0,
dr 2 
r 

1 d
dΘ
β
Θ = 0,
sin θ
+ α−
sin θ dθ
dθ
sin2 θ
d2 Φ
+ βΦ = 0,
dϕ2

(134)

where α and β are constants of integration. Using spherical Bessel function of first kind
jl (kr) (k is an absolute value of wave vector) and Legandre polynomial Pl1 (cos θ), solution
of equations (133) can be represented in the following form:
(1)
ψon
= sin θPl1 (cos θ)jl (kr),

(135)

(1)
ψen
= cos θPl1 (cos θ)jl (kr).
(1)

(1)

(1)

Using (135) one can get solutions to the vector wave equations 132 Mol , Mel , Nol and
(1)
Nel , which allow to express the incident electric and magnetic field in terms of spherical
harmonics as following:
Einc =

∞
X
l=1

H

inc

il E0

2l + 1
(1)
(1)
[M − iNel ],
l(l + 1) ol

∞
2l + 1
kout X l
(1)
(1)
i E0
[M + iNol ],
= −
ω
l(l + 1) el
l=1
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(136)
(137)

V
where E0 is the amplitude of the incident light (we accept the value of E0 = 10000 m
which
corresponds to the power W = 300 mW of common laboratory laser); o and e indices mean
”odd” and ”even” multipolar components. Also, the electric and magnetic fields inside the
sphere can be expressed as:

E

in

=

∞
X

il E0

l=1

H

2l + 1
(1)
(1)
[cl Mol − idl Nel ],
l(l + 1)

(138)

∞
2l + 1
kin X l
(1)
(1)
i E0
[dl Mel + icl Nol ],
= −
ω l=1
l(l + 1)

in

(139)

where kin is absolute value of wave vector of light wave propagating inside the sphere, cl , dl
— complex distribution coefficients (Mie coefficients).
For the scattered field solution of the scalar wave equations (133) in his radial part can
(1)
be described by spherical Hankel function hl of first kind which describes the outgoing
wave:
(3)

(1)

(3)

(1)

ψol = sin θPl1 (cos θ)hl (kr),

(140)

ψel = cos θPl1 (cos θ)hl (kr).
Scattered electric and magnetic fields can be expressed as a superposition:
E

scat

=

∞
X

il E0

l=1

Hscat = −

2l + 1
(3)
(3)
[al Mol − ibl Nel ],
l(l + 1)

(141)

∞
2l + 1
kout X l
(3)
(3)
i E0
[bl Mel + ial Nol ].
ω l=1
l(l + 1)

(142)

al , bl — complex distribution coefficients (Mie coefficients). Using the equations (134–142)
and continuity conditions for tangential components of E and H (see Section 1.2, eqs. (16,
17) complex distribution coefficients al , bl , cl , dl can be derived [38, 39]:
al = −
bl = −

jl (mx)[xjl (x)]′ − [mxjl (mx)]′ jl (x)
(1)

(1)

jl (mx)[xhl (x)]′ − [mxjl (mx)]′ hl (x)
(1)

where:
x=

(1)

m2 jl (mx)[xhl (x)]′ − [mxjl (mx)]′ hl (x)
(1)

(1)

jl (mx)[xhl (x)]′ − [mxjl (mx)]′ hl (x)

,

(144)

(1)

(1)

m2 jl (mx)[xhl (x)]′ − [mxjl (mx)]′ hl (x)
m=

(145)

(1)

mjl (x)[xhl (x)]′ − m[xjl (x)]′ hl (x)

2πnout R
,
λ

,

(1)

jl (x)[xhl (x)]′ − [xjl (x)]′ hl (x)
(1)

dl =

(143)

m2 jl (mx)[xjl (x)]′ − [mxjl (mx)]′ jl (x)
(1)

cl =

,

nin
.
nout

,

(146)

(147)

x is the size parameter, m — relative refraction index of the particle, R — particle radius, λ
√
√
— vacuum wavelength of the incident light, nin = ∗ — particle refractive index, nout = ∗
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— surrounding medium refractive index. To simplify coefficients (143–144) we can replace
Bessel and Hankel functions by Rikkati–Bessel functions (149):
ψl (x) = xjl (x),

(148)

(1)

ξl (x) = xhl (x).

(149)

Here are presented expressions for electric and magnetic field outside (incident (150–155),
inside (156–161)) and scattered (162–167), and inside the particle as a function of (r, θ, ϕ).
Incident field:
∞
sin θ cos ϕ X l
Erinc (r, θ, ϕ) = −
E
i (2l + 1)ψl (kout r)πl (θ),
(150)
0
2
kout
r2
l=1
Eθinc (r, θ, ϕ)
Eϕinc (r, θ, ϕ)

∞

cos ϕ X il (2l + 1) ′
E0
(ψl (kout r)πl (θ) − ψl (kout r)τl (θ)) ,
=
kout r
l(l
+
1)
l=1
∞

sin ϕ X il (2l + 1) ′
=
E0
(ψl (kout r)πl (θ) − ψl (kout r)τl (θ)) ,
kout r
l(l + 1)

(151)
(152)

l=1

Hrinc (r, θ, ϕ) = −
Hθinc (r, θ, ϕ)
Hϕinc (r, θ, ϕ)
Inner field:
Erin (r, θ, ϕ)
Eθin (r, θ, ϕ)

∞

kout sin θ sin ϕ X l
E0
i (2l + 1)ψl (kout r)πl (θ),
2
r2
ω kout
l=1
∞

kout sin ϕ X il (2l + 1)
E0
(iψl′ (kout r)τl (θ) − ψl (kout r)πl (θ)) ,
=−
ω kout r
l(l
+
1)
l=1
∞

kout cos ϕ X il (2l + 1)
E0
(iψl′ (kout r)πl (θ) − ψl (kout r)τl (θ)) .
=
ω koutr
l(l
+
1)
l=1
∞

sin θ cos ϕ X l+1
i (2l + 1)dl (kin r, kout r)ψl (kin r)πl (θ),
=−
E0
2 2
kin
r
l=1

(153)
(154)
(155)

(156)

∞

cos ϕ X il (2l + 1)
=
E0
×
kin r
l(l + 1)
l=1

(cl (kin r, kout r)ψ(kin r)πl (θ) − idl (kin r, kout r)ψl′ (kin r)τl (θ)) ,
∞
sin ϕ X il (2l + 1)
E0
×
Eϕin (r, θ, ϕ) =
kin r
l(l
+
1)
l=1

(idl (kin r, kout r)ψl′(kout r)πl (θ) − cl (kin r, kout r)ψl (kin r)τl (θ)) ,
∞
kin sin θ sin ϕ X l
in
E0
i (2l + 1)cl (kin r, kout r)ψl (kin r)πl (θ),
Hr (r, θ, ϕ) =
2 2
ω kin
r
l=1
Hθin (r, θ, ϕ)

(157)

(158)
(159)

∞

kin sin ϕ X il (2l + 1)
E0
×
=−
ω kin r
l(l + 1)
l=1

(icl (kin r, kout r)ψl′ (kin r)τl (θ) − dl (kin r, kout r)ψl (kin r)πl (θ)) ,
∞
kin cos ϕ X il (2l + 1)
E0
×
Hϕin (r, θ, ϕ) =
ω kout r
l(l + 1)

(160)

l=1

(dl (kin r, kout r)ψl (kin r)τl (θ) − icl (kin r, kout r)ψl′ (kout r)πl (θ)) .
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(161)

Scattered field:
Erscat (r, θ, ϕ)

∞

sin θ cos ϕ X l
i (2l + 1)ial (kin r, kout r)ξl (kout r)πl (θ),
= 2 2 E0
kout r

(162)

l=1

Eθscat (r, θ, ϕ) =

∞

cos ϕ X il (2l + 1)
E0
×
kout r
l(l
+
1)
l=1

(ial (kin r, kout r)ξl′ (kout r)τl (θ) − bl (kin r, kout r)ξl (kout r)πl (θ)) ,
∞
sin ϕ X il (2l + 1)
scat
E0
×
Eϕ (r, θ, ϕ) =
kout r
l(l
+
1)
l=1

(bl (kin r, kout r)ξl (kout r)τl (θ) − ial (kin r, kout r)ξl′(kout r)πl (θ)) ,
∞
kout sin θ sin ϕ X l
scat
Hr (r, θ, ϕ) =
E0
i (2l + 1)bl (kin r, kout r)ξl (kout r)πl (θ),
2
ω kout
r2
l=1
Hθscat (r, θ, ϕ) =

(163)

(164)
(165)

∞

kout sin ϕ X il (2l + 1)
E0
×
ω kout r
l(l
+
1)
l=1

(ibl (kin r, kout r)ξl′(kout r)τl (θ) − al (kin r, kout r)ξl (kout r)πl (θ)) ,
∞
kout cos ϕ X il (2l + 1)
scat
E0
×
Hϕ (r, θ, ϕ) =
ω koutr
l(l
+
1)
l=1
(ibl (kin r, kout r)ξl′(kout r)πl (θ) − al (kin r, kout r)ξl (kout r)τl (θ)) .

(166)

(167)

Here Erinc , Hrinc are radial components of incident electric and magnetic field, Erin , Hrin — of
field inside the metal sphere and Erscat , Hrscat — of scattered field correspondingly. πl and
τl are angle θ dependent functions:
Pl1
,
πl (θ) =
sin θ
dP 1
τl (θ) = l .
dθ

A.2

(168)

Lorentz–Drude–Sommerfeld model of dielectric functions
and polarization

The concept of the dipole oscillator model of matter used in optics [75], [38], [39, 52] assumes that there are several types of oscillation within a medium, each with their own
characteristic frequency. At optical frequencies the most important contribution is from
the oscillations of the bound electrons. Free electron oscillations are responsible for optical
properties of metals.
The concept of the dipole oscillator model of the dielectric function known as the
Lorentz–Drude–Sommerfeld model assumes that the negatively charged electron and positively charged heavy atomic core form an electric dipole moment:
p = q(r+ − r− ) = e|rN − re |,

(169)

with the magnitude proportional to their separation under the action of the electric field
E. Hence the oscillations of the electron produces a time varying dipole:
p = −exe (t),

(170)
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in the direction of the applied field E. The interaction between the electric field
E = E0 exp(−iωt) wave and an atom causes, that the electron displacement xe (t) in the
direction of the field E is governed by the equation of motion:
me

d2 xe
dxe
+ me γ
+ me ω0 xe = eE0 exp(−iωt),
2
dt
dt

(171)

where the first term on the left hand side represent acceleration, the damping and the
restoring force respectively. me is the mass of electron, γ is the damping coefficient and ω0
is a resonance frequency of the atomic dipole.
In metals the electrons are not bounded to atoms, and therefore do not experience any
restoring forces when they are displaced. Therefore, the equation of the electron motion
looks like:
me

d2 xe
dxe
+ me γ
= eE0 exp(−iωt).
2
dt
dt

(172)

The solution of eqs. (171) and (172) are:


e/me
E0 exp(−iωt),
xe (t) =
ω02 − ω 2 + iγω
for bound electrons and


e/me
E0 exp(−iωt),
xe (t) =
ω 2 + iγω

(173)

(174)

for free electrons in e.g. metals. The macroscopic polarization density (often named polarization) P defined as the average electric dipole moment p per unit volume V of the
material P = hpi /V . In the standard case of the homogeneous material and field:
P =ne exe (t),

(175)

where ne is concentration of free electrons. Polarization P is proportional to the field E:
P = ε0 χE, where χ is electric susceptibility. Using eq. (6) we can right down:
D = ε0 E + P =ε0 E + ne exe = ε0 (1 − χ)E,

(176)

and define the dielectric function for dielectric samples:
ε(ω) = 1 + χ(ω) = 1 +

ωp2
,
ω02 − ω 2 − iγω

(177)

and the dielectric function for ideal metals:
ε(ω) = 1 −

ωp2
.
ω 2 + iγω

(178)

ωp is the plasma frequency:
s
ne e2
ωp =
.
ε0 me

(179)
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The dielectric function (178) is related to the AC conductivity:
ε(ω) = 1 −

iσE (ω)
,
ε0 ω

(180)

where σE (ω) = σE0 /(1 − iω/γ) and σE0 = ne e2 /me γ. For real metals also some bound electrons contribute to the polarizability. Some real metal optical properties can be described
by the dielectric function:
ε(ω) = ε∞ −

ωp2
,
ω 2 + iγω

(181)

where ε∞ — phenomenological parameter that includes contribution of bound electrons to
the polarizability.
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A.3

Acronyms and symbols

SERS — surface enhanced Raman spectroscopy
SP — surface plasmon
LSP — localized surface plasmon
NSOM — near-field scanning optical microscopy
PSTM — photon scanning tunneling microscopy
TM — transverse magnetic
TE — transverse electric
HWHM — half-widths at half maximum
ǫ = ε0 ε — dielectric permittivity
ε0 — vacuum permittivity [C V−1 nm−1 ]
ε — relative medium permittivity
εin,out — dielectric function inside the metal (in) or dielectric (out)
ε∞ — effective parameter, describes contribution of the bound electrons
to the polarizability
nin,out — refraction indeces inside/outside the particle
m — relative refraction index of the particle
x — Mie size parameter
Ein,out — electric field inside/outside the metal [V nm−1 ]
Din,out — electric displacement field inside/outside the metal [C nm−2 ]
Hin,out — magnetic field inside/outside the metal [A m−1 ]
Bin,out — magnetic induction field inside/outside the metal [T]
Einc,scat,in — incident, scattered and inner electric fields [V nm−1 ]
P — polarization (density) vector
δRl — displacement of free-electron liquid in the radial direction under
the action of outter field [nm]
S — Poynting vector
Sn — normal to the imaging surface component of the Poynting vector
c — speed of light [m s−1 ]
~ — Planck constant [eV·s]
E0 — amplitude of incident EM wave
al , bl , cl , dl — Mie distributions coefficients
in,out
kz,x
— wave number of a wave inside/outside the metal, z, x — component
l — the multipole of the surface plasmon
ω — frequency of the incident EM wave [eV]
ωp — plasma frequency of a metal [eV]
Ωl — complex frequency [eV]
ωl′ — resonance frequency [eV]
ωl′′ — damping rate [eV]
γ — non-radiative damping rate [eV]
γlrad — radiative damping rate [eV]
λ0 — wavelength of the incident EM wave in vacuum [nm]
λSP — wavelength of a surface plasmon [nm]
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δppd — surface plasmon at flat metal–dielectric interface penetration depth
into dielectric [nm]
δpd — surface plasmon at spherical metal–dielectric interface penetration depth
into dielectric [nm]
Cext,scat,abs — extinction, scattering and absorption cross-sections [nm2 ]
Qext,scat —extinction and scattering efficiency
RA — Avogadro’s number [atoms/mol]
A — atomic weight [g/mol]
Zv — valence
ρD — density [g/nm3 ]
nv — volume valence-electrons density [electrons·nm−3 ]
n∗v — effective volume density of free electrons [electrons·nm−3 ]
m∗e — effective mass of electron [g]
qe — electron charge [C]
Ml , Nl — spherical harmonics vectors
jl (kr) — spherical Bessel function of first kind
Pl1(cos θ) — Legandre polynomial
(1)
hl — spherical Hankel function of first kind
ψl (x), ξl (x) — Rikkati-Bessel functions
re — Wigner–Seitz radius [nm]
Ns — number of the free-electrons
ασ , αP — phase shifts of σ
el (R) and RePl (R) in respect of the phase of oscillation
of the incident wave
σf — surface free charge density [C nm−2 ]
σ = Ree
σ — total surface electron density [C nm−2 ]
σl = Ree
σl — l’th mode surface electron density [C nm−2 ]
σeq — equilibrium surface electron density [C nm−2 ]
σs — homogeneous surface free-electron density [C nm−2 ]
σM = Ree
σM — surface density distribution expressed by Mie fields [C nm−2 ]
σE — metal conductivity [1/Ohm]
η — electric field enhancement factor by SP
d0 — distance from the nanosphere center to observation point [nm]
I⊥ , I|| — polarization geometries (perpendicular and parallel to the imaging surface)
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