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Streszczenie
Niniejsza rozprawa koncentruje si˛e na opisie oraz możliwościach zastosowania nieliniowej dynamiki kondensatów polarytonów ekscytonowych.
Polarytony ekscytonowe (w skrócie, polarytony) to kwantowe kwaziczastki,
˛
b˛edace
˛
koherentna˛ superpozycja˛ stanów fotonów i ekscytonów. Kwaziczastki
˛
te powstaja˛ w tak
zwanym zakresie silnego sprz˛eżenia kwantowego, które można obserwować w półprzewodnikowych mikrown˛ekach rezonansowych. Ze wzgl˛edu na swój hybrydowy charakter,
polarytony łacz
˛ a˛ w sobie cechy zarówno światła, jak i materii.
Komponent fotonowy polarytonów zapewnia im bardzo niska˛ mas˛e efektywna,˛ która
może być nawet o cztery rz˛edy wielkości mniejsza od masy elektronów swobodnych.
Komponent ekscytonowy współtworzacy
˛ polaryton jest natomiast źródłem ich silnych oddziaływań. Polarytony sa˛ bozonami i ze wzgl˛edu na swoja˛ niska˛ mas˛e efektywna˛ moga˛
przechodzić do fazy makroskopowego, spójnego stanu kwantowego jak i do kondensatu
bozonowego nawet w temperaturze pokojowej. Jednakże przez wzglad
˛ na zanik komponentu fotonowego, spowodowany skończonym czasem życia fotonów w mikrown˛ece rezonansowej, kondensat polarytonów ekscytonowych jest zwykle poza równowaga˛ termodynamiczna.˛ Kompensacja zanikajacych
˛
fotonów, np. przez zewn˛etrzne źródło optyczne,
może prowadzić do ustalenia si˛e trwałego, niezanikajacego
˛
stanu kondensatu.
Unikalne właściwości kondensatów polarytonów ekscytonowych sprawiaja,˛ że sa˛ one
doskonała˛ platforma˛ do przyszłych zastosowań w zintegrowanej nanofotonice jak i do
podstawowych badań nad nierównowagowymi układami koherentnymi. Ze wzgl˛edu na
swoja˛ nieliniowa˛ natur˛e kondensaty polarytonów ekscytonowych pozwalaja˛ na obserwacj˛e wielu efektów nieliniowych, do których zaliczamy oscylacje Josephsona, fale solitonowe czy też zjawisko bistabilności. Różnorodność zjawisk fizycznych obserwowanych
w kondensatach polarytonów ekscytronowych, takich jak nadciekłość, nierównowagowe
przejścia fazowe, koherencja dalekiego zasi˛egu i spontaniczna generacja nieliniowych
wzbudzeń, była inspiracja˛ do badań tych układów w ciagu
˛ ostatnich pi˛etnastu lat.
Znaczna cz˛eść badań poświ˛econych polarytonom dotyczyła ich zastosowania w układach nanofotonicznych, np. jako koherentnych emiterów światła lub symulatorów kwantowych. W naszych badaniach pokazaliśmy, że polarytony ekscytonowe można wykorzystać również do realizacji tak zwanych neuromorficznych układów obliczeniowych.
Poszukiwanie nowych systemów fizycznych, które umożliwia˛ efektywne i energooszcz˛edne przetwarzanie informacji, jest ważnym aspektem współczesnych badań wielu
obszarów nauki. Należy zauważyć, że ograniczenia układów elektronicznych, które ujawniły si˛e wraz z końcem stosowalności prawa Moore’a, stały si˛e jednym z najważniejszych
problemów informatyki. Zapewne najlepszym sposobem na rozwiazanie
˛
powstałego im-

7

pasu technologicznego jest zastosowanie nowoczesnych metod obliczeniowych inspirowanych systemami biologicznymi, które wykraczaja˛ poza konwencjonalna˛ architektur˛e
obliczeniowa.˛ Warto również podkreślić, że jednym z najbardziej obiecujacych
˛
sposobów utrzymania post˛epu technologicznego i realizacji tego typu układów obliczeniowych
jest przetwarzanie informacji przy wykorzystaniu systemów optoelektronicznych.
Nasze badania wykazały, że sieć kondensatów polarytonów ekscytonowych jest unikalna˛ platforma˛ dla obliczeń neuromorficznych inspirowanych działaniem mózgu.
W niniejszej pracy rozważono dwa główne tematy badawcze:
• Teoretyczny opis nieliniowej dynamiki kondensatu polarytonu ,
• Zastosowanie nieliniowej dynamiki polarytonów w realizacji neuromorficznych układów obliczeniowych.
Pierwszy z tematów dotyczył dwóch problemów badawczych. Sformułowano teoretyczny model opisujacy
˛ tzw. oscylacje relaksacyjne obserwowane w kondensatach polarytonów ekscytonowych. Ten typ nieliniowej dynamiki polarytonów wynika z procesów wielopoziomowej relaksacji wysokoenergetycznych nośników rozpraszajacych
˛
si˛e
do kondensatu. Zjawisko to może znaleźć zastosowanie w projektowaniu nowych koherentnych emiterów światła działajacych
˛
w sposób impulsowy.
Nast˛epnie zbadaliśmy dynamik˛e czasoprzestrzenna˛ kondensatów polarytonów pompowanych w sposób nierezonansowy. Uzyskane wyniki pozwoliły określić ewolucj˛e nieliniowych wzbudzeń generowanych w kondensacie. W tej pracy rozważaliśmy dynamik˛e
ciemnych solitonów, które moga˛ w przyszłości zostać zastosowane w ultraszybkim przetwarzaniu informacji.
Drugie zadanie rozprawy dotyczy wykorzystania nieliniowej dynamiki polarytonów
do projektowania układów obliczeniowych inspirowanych struktura˛ ludzkiego mózgu.
Pokazaliśmy, że sieć sprz˛eżonych kondensatów polarytonów ekscytonowych uwi˛ezionych w mikrofilarach półprzewodnikowych jest efektywna˛ platforma˛ do realizacji tzw. obliczeń rezerwuarowych. Obliczenia rezerwuarowe to nowy trend realizacji obliczeń neuromorficznych. Przeprowadzone badania stały si˛e podstawa˛ do pierwszych eksperymentalnych realizacji polarytonowych sieci neuronowych.
Eksperymentalne realizacje polarytonowych sieci neuronowych były możliwe dzi˛eki
współpracy z włoska˛ grupa˛ doświadczalna˛ prof. Daniele Sanvitto z CNR NANOTEC w
Lecce oraz polska˛ grupa˛ doświadczalna˛ prof. Barbary Pi˛etki i prof. Jacka Szczytko z
Uniwersytetu Warszawskiego. Badania przedstawione w rozprawie miały charakter interdyscyplinarny, łacz
˛ ac
˛ fizyk˛e materii skondensowanej, optyk˛e i współczesne podejście
do uczenia maszynowego.
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Abstract
This dissertation focuses on the description of nonlinear dynamics of exciton-polariton
condensates and its applications.
Exciton-polaritons (in short, polaritons) are quantum quasi-particles that are coherent
superpositions of excitons and photons in the so-called strong quantum coupling regime.
These quasi-particles can be observed in semiconductor microcavities. Due to their hybrid
nature, polaritons combine features of light and matter.
The photonic component of polaritons provides them with ultra-low effective mass
that can be even four orders of magnitude lighter than the free electron mass. On the
other hand, the excitonic component of polaritons is the origin of strong interparticle
interactions. Polaritons are bosons, and due to their low effective mass can undergo a
phase transition to a macroscopic coherent quantum state, or a bosonic condensate, even
at room temperature. However, due to the decay of the photon component, induced by
finite lifetime of photons in the microcavity, exciton-polariton condensate is typically out
of thermodynamic equilibrium. Nevertheless, compensation of decaying photons, e.g. by
an external optical source, can lead to a sustained, non-decaying condensate state.
The unique properties of exciton-polariton condensates make them an excellent platform for future applications in integrated nanophotonics and for fundamental research
on coherent non-equilibrium systems. Due to their nonlinear nature, exciton-polariton
condensates allow for the observation of many nonlinear effects such as Josephson oscillations, soliton waves and bistability. The variety of physical phenomena observed in
exciton-polariton condensates, such as superfluidity, non-equilibrium phase transitions,
long-range coherence and spontaneous generation of nonlinear excitations, has inspired
research of these systems over the last fifteen years.
Additionally, a large part of research devoted to polaritons concerned their application
in nanophotonic systems as coherent light emitters or quantum simulators. Moreover, as
we have proposed and demonstrated, exciton-polaritons can be used for the realisation of
so-called neuromorphic computing systems.
The quest for new physical systems that will allow effective and energy-efficient computing is an important branch of research. It should be noted that the limitations of electronics, manifested with the end of Moore’s law, became one of the most important problems of computing. Arguably, the best solution to overcome the technological impasse
is using modern computing methods inspired by biological systems, which go beyond
the conventional computing architecture. It should be emphasized that one of the most
promising ways to further technological progress is to use optoelectronic systems in information processing.
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Our research has shown that a network of exciton-polariton condensates provides a
unique platform for the implementation of brain-inspired neuromorphic computing.
In this thesis, two main research topics were considered:
• Theoretical description of nonlinear dynamics of a polariton condensate,
• Application of nonlinear polariton dynamics in the implementation of neuromorphic computing systems.
The first topic was focused on two research issues. A theoretical model describing the
so-called relaxation oscillations observed in exciton-polariton condensates was proposed.
Polariton relaxation oscillations result from the multi-level relaxation processes of highenergy carriers scattering into the condensate. This phenomenon could be used in the
design of new pulsed coherent light emitters.
Next, we explored the spatiotemporal dynamics of non-resonantly pumped polariton
condensates. The obtained results allowed us to determine the evolution of nonlinear
excitations generated in a condensate. In this work, we considered the dynamics of dark
solitons, which may find applications in future ultrafast information processing.
The second task of the thesis concerns the use of nonlinear dynamics of polaritons to
design computational systems inspired by the structure of the human brain. We showed
that a network of coupled exciton-polariton condensates trapped in semiconductor micropillars is an effective platform for implementing the so-called reservoir computing.
Reservoir computing is a recent method for the development of artificial neural networks.
The conducted research was the basis for the first experimental realizations of polariton
neural networks.
The experimental implementation of polariton neural networks was possible thanks
to the collaboration with the Italian experimental group of Prof. Daniele Sanvitto from
CNR NANOTEC in Lecce and the Polish experimental group of Prof. Barbara Pi˛etka and
Prof. Jacek Szczytko from the University of Warsaw.
The research presented in the dissertation was interdisciplinary, combining condensed
matter physics, optics, and contemporary approach to machine learning.
The research presented in the dissertation has been published in five scientific articles
1. Dynamics of Defect-Induced Dark Solitons in an Exciton-Polariton Condensate
A. Opala, M. Pieczarka, N. Bobrovska, M. Matuszewski, Phys. Rev. B 97: 155304,
(2018),
2. Theory of Relaxation Oscillations in Exciton-Polariton Condensates
A. Opala, M. Pieczarka, M. Matuszewski, Phys. Rev. B 98: 195312, (2018),
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3. Neuromorphic Computing in Ginzburg-Landau Polariton-Lattice Systems
A. Opala, S. Ghosh, T. C. H. Liew, M. Matuszewski, Phys. Rev. Applied 11:
064029, (2019),
4. Polaritonic Neuromorphic Computing Outperforms Linear Classifiers
D. Ballarini, A. Gianfrate, R. Panico, A. Opala, S. Ghosh, L. Dominici, V. Ardizzone, M. De Giorgi, G. Lerario, G. Gigli, T. C. H. Liew, M. Matuszewski, D. Sanvitto, Nano Lett. 20: 3506, (2020),
5. Neuromorphic Binarized Polariton Networks
R. Mirek, A. Opala, P. Comaron, M. Furman, M. Król, K. Tyszka, B. Seredyński,
D. Ballarini, D. Sanvitto, T. C. H. Liew, W. Pacuski, J. Suffczyński, J. Szczytko,
M. Matuszewski, B. Pi˛etka, Nano Lett. 21: 3715, (2021).

Description of Chapters
The first part of the dissertation is a short introduction to the physics of excitonpolaritons. This chapter introduces the basic physical concepts necessary for understanding the interaction between light and matter, leading to the formation of excitonpolaritons. This chapter discusses non-equilibrium condensation of polaritons and the
basic models used to describe their dynamics.
The second part of the thesis introduces the subject of artificial neural networks and
neuromorphic systems. This chapter presents the simplest mathematical models of artificial neural networks, with emphasis on reservoir computing networks.
The first and second part of the thesis is a general overview for readers who are not
familiar with exciton-polaritons and the idea of neuromorphic computing.
The third part summarises the most important results obtained in articles 1 - 5. This
part of the thesis includes the chapter "Nonlinear dynamics of quantum fluids of light",
which describes the research on relaxation oscillations in exciton-polariton condensates
and dynamics of dark solitons in non-resonantly pumped condensates. This part also
includes the chapter "Neuromorphic computing with quantum fluids of light" which describes research on exciton-polariton neuromorphic systems. Finally, the chapter "Conclusions" summarises the most important results obtained in works 1 - 5.
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Part I
Introduction to exciton-polariton
physics
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Chapter 1
When light interacts with matter
1.1

Electrons and holes in semiconductor crystals

A macroscopic set of atoms distributed in space according to a long-range order forms
a crystal. Electrons in the crystal interact with each other and feel the periodic potential
generated by other particles. This potential can be treated as stationary if the frequency
of lattice vibrations is much lower than natural frequency of electrons. This assumption
is known as the Born-Oppenheimer approximation [1].
The proximity of atoms arranged in the crystalline structure results in splitting of
their energy levels and formation of energy bands. The periodic structure of a crystal
implies its optical and electronic properties, imposing limits on electron energy. Those
limitations lead to the creation of energy bands and energy gaps where electron states do
not occur. Energy width of a band increases with the overlap of electron wave functions
from neighbouring lattice nodes. Energy of states in a single energy band is a continuous
function of quasi-momentum h̄k.
Translational invariance of the crystal imposes the possible values of quasi-momentum.
Quasi-momentum varies continuously only in specific regions of reciprocal space. This
area is called the Brillouin zone. It is an equivalent of a crystal unit cell in the wave
vector space. In three-dimensional crystals, boundaries of a Brillouin zone take the form
of regular polyhedrons. At the edges of a Brillouin zone, electron energies cease to be
continuous functions. The characteristic points of a Brillouin zone with high symmetry
are called critical points.
Calculation of electron energy as a function of wave vector allows determining crystal
properties. Calculation of energy dispersion is non-trivial because of the colossal number
of atoms constituting a macroscopic crystal (∼ 1023 ). Description of electronic states of
a crystal can be simplified using a single-electron model in the Hartree-Fock approximation. This method boils down to the definition of the dynamics of a single electron in the
14

effective potential field created by lattice atoms and the remaining electrons in the crystal [2]. The stationary Schrödinger equation, written in the single-electron model, for an
electron in a periodic potential takes the form [3]
h

−

i
h̄2 2
∇ +V (r) Ψn,k (r) = En,k Ψn,k (r),
2me

(1.1)

where me is the mass of the electron, V (r), represents the periodic crystal potential, Ψn (r)
is the wave function of the electron, and En,k is the allowed energy of the electron state,
and the parameter n numbers the eigenvalues. In the ideal case, the crystal potential is
characterized by translation invariance
V (r) = V (r + R),

(1.2)

where R denotes the vector of translation between crystal unit cells. Considering translational invariance of the crystal, we can postulate a solution of equation (1.1). The solution
sought can be expressed in the form of a Bloch function. The Bloch function is a plane
wave modulated by the function un,k (r) spatially varying with the periodicity of the crystal
Ψn,k (r) = eikr un,k (r).

(1.3)

Consequently, translation between the same atoms in different unit cells results in the
change of the wave function phase only. Additionally, Bloch function is not an eigenfunction of the momentum operator pb = −ih̄∇. Substituting (1.3) into the stationary

Schrödinger equation, we can determine energy eigenvalues En (k) for each of the func-

tions un,k (r), and determine the information about electronic properties of the considered
crystal.
When temperature T = 0, electrons fill energy bands from the lowest energy up to a
level called the Fermi energy EF . Strictly speaking, the electron states above the Fermi
energy are empty, while those below are occupied. At temperatures higher than zero, the
absolute occupancy of electron states is described by the Fermi-Dirac distribution
"
!
#−1
E − EF
f (E) = exp
+1
,
kB T

(1.4)

where kB is the Boltzmann constant, T and E are the system temperature and the energy
of the state. At the Fermi energy level, the total probabilities of fermion transition from
lower and higher energy states to EF are equal. The position of the Fermi energy relative
to the conduction band and the valence band allows the division of solids into metals,
semiconductors, and insulators.
For metals, Fermi level is located in the conduction energy band. Even at absolute
zero temperature, metals have a partially filled conduction band. In semiconductors and
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insulators, at T = 0 the valence band is filled with electrons, while the conduction band is
empty. The bandgap between the conduction band and the valence band for semiconductors ranges from 0.1 to 3.0 eV, while for insulators is higher than 3.0 eV [2].
For semiconductors, the valence and conduction bands are relatively close to each
other. In the case of an undoped semiconductor in the ground state, adding an external
energy to the system, e.g., through interaction with electromagnetic radiation, can excite
an electron into the empty conduction band. An electron that passes to the conduction
band creates an unoccupied energy level in the valence band. The free quantum state in
the valence band is considered a quasiparticle and called a hole.
Velocity of both electrons and holes propagating through the crystal lattice is directly
related to the slope of the energy band
v=

dω(k) 1 dE(k)
=
.
h̄ dk
dk

(1.5)

Generally, valence and conduction bands have different slopes. This implies that electrons
and holes propagate in a crystal with different group velocities.
When a force acts on a quasiparticle that moves through a crystal, its velocity will
change according to the local curvature of the energy band. Thus, in analogy to Newton’s
second law of dynamics, the concept of effective mass can be introduced. In general,
effective mass is a tensor with different values for different directions in the reciprocal
space [1]
h 1 i
1 ∂ 2 E(k)
=
.
m∗ i j h̄2 ∂ ki ∂ k j

(1.6)

The concept of effective mass is particularly helpful at critical points of the Brillouin zone,
where interband transitions can occur efficiently. In common semiconductors, valence
band has a lower curvature than the conduction band. Consequently, the electron effective
mass is less than the effective mass of the hole m∗h > m∗e . Spin-orbit coupling effects
split the valence band into light and heavy hole bands. These bands have a significantly
different curvature. The effective mass of light and heavy holes in GaAs are m∗hh = 0.41 m0e
and m∗lh = 0.026 m0e where m0 is the free electron mass [2].
Electrons and holes can interact with crystal lattice vibrations (phonons), and in result,
lose energy. After a short time, called thermalization time, electrons (holes) achieve a
minimum (maximum) of the conduction (valence) band. In the case of a direct bandgap,
when the minimum of conduction band and the maximum of valence band occur at the
same quasimomentum, they can recombine radiatively. The frequency of the emitted
photon is approximately equal to the width of the bandgap. Electrons and holes can
interact with each other and form bound pairs, called excitons.
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1.2

Excitons

An exciton is a state of an electron from the conduction band and a hole from the
valence band bound by the Coulomb force.
Exciton is created when the Coulomb interaction between an electron and a hole is
large enough to create a bound state. The formation of an exciton decreases the energy of
the electron-hole pair. The Hamiltonian of such a system in the effective mass approximation can be written as [4]
H =−

h̄2 2
h̄2 2
e2
∇
u
−
,
∇
u
−
e
h
2m∗e
2m∗h
ε|re − rh |

(1.7)

where ε is the dielectric permittivity of the crystal, e is the charge of the electron, and
vectors re and rh denote the positions of the electron and the hole, respectively.
Hamiltonian (1.7) can be formulated in the coordinate system corresponding to the
center of mass. The transition to the new coordinate system can be achieved using the
following vectors
R=

m∗h rn + m∗e re
,
m∗e + m∗h

r = re − rh ,

(1.8)

where R determines the position of the center of mass, and r describes the relative position
of the electron and the hole. Using the new coordinates, the equation (1.7) takes the form
"
#
h̄2 2
h̄2 2
e2
− ∗ ∇e − ∗ ∇h −
ψX (R, r) = EX ψX (R, r).
(1.9)
2me
2mh
ε|re − rh |
The solution of the above equation can be expressed as
ψX (R, r) = eikX (R) ψX (r),

(1.10)

where kX is the exciton wave vector. The solution of (1.9) describes free motion of the exciton. Using the form of the exciton wave function (1.10) we can write the eigenequation
for the exciton wavefunction as
"
#
h̄2 2
e2
ψX (r) = EX ψX (r).
− ∗ ∇ u−
2mX
ε|re − rh |

(1.11)

Equation (1.11) is analogous to the equation describing hydrogen atom eigenstates in the
Bohr model. Exciton energy eigenvalues are
En = −

m∗X e4 1
,
2ε 2 h̄2 n2

where m∗X is the reduced mass of the exciton m∗X =

1
m∗e

(1.12)
+ m1∗ . The energies obtained from
h

the wave equation form a series of energy levels with the principal quantum number n.
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The exciton is characterized by the Bohr radius aB and the Rydberg energy R∗ . In the case
of semiconductors such as GaAs or InP these are approximately equal to [5]
m∗X e4
R =
' 4.5 meV.
2ε 2 h̄2

ε h̄2
aB = ∗ 2 ' 120 Å,
mX e

∗

(1.13)

Considering the exciton as a neutral quasiparticle with mass mX and wave vector kX we
can express its total energy as
EX (kX ) = Eg −

R∗
h̄2 2
+
k ,
n2 2m∗X X

(1.14)

where Eg is the energy bandgap. The second part of the equation describes the exciton
hydrogen-like internal energy, and the last part reflects the parabolic dependence of exciton kinetic energy on the wave vector. Schematically, the exciton dispersion is shown in
Fig. 1.1a). The exciton can be considered a coherent elementary excitation in a semiconductor stretched over the size given by the Bohr radius. The size and binding energy of
an exciton determine its properties.
In general, two main types of excitons can be distinguished, presented in Fig. 1.1.
Frenkel excitons are characterized by size comparable to the size of the unit cell (∼ 10 Å),
and their binding energies are in the range 100 - 300 meV. These excitons cannot be
described within the effective mass approximation. This type of excitons can be observed
in organic materials.
Wannier–Mott excitons are a second class of excitons whose Bohr radius is of the
order of dozen unit cells ( ∼ 100 Å) [6]. Wannier–Mott excitons binding energy is in the

range of 10 - 100 meV. This type of excitons occurs in inorganic semiconductors with
covalent bonds.
Excitons in semiconductor structures can be described in the second quantization formalism. New convention can be introduced using operator of electron creation e† with
quasi-momentum ke in the conduction band and the hole creation in the valence band
h† with quasi-momentum kh . Hamiltonian of an interacting electron-hole pair can be
expressed as [7]
(e)

(h)

Heh = ∑ εke e†ke eke + ∑ εkh h†kh hkh +Veh ,
ke

(1.15)

kh

where Veh describes the two-body interaction
Veh = − ∑ Vq
q6=0

∑ e†k1+qe†k2−qhk2 hk1 .

(1.16)

k1 ,k2

In a bulk medium, this value is proportional to
(3D)

Vq

=

2πe2
,
εs L3 q2

18

(1.17)

Figure 1.1: a) Parabolic energy dispersion of exciton states. b) and c) Schematic presentation
of Wannier–Mott and Frenkel excitons. Black dots represent positions of the atoms in the crystal
lattice. Wannier–Mott exciton is extending over many unit cells of the crystal. On the other hand,
Frenkel exciton is well localized in a single unit cell. This type of excitations exist in organic
crystals.

where q 6= 0. Hamiltonian Heh is a mathematical model of a Wannier-Mott exciton. The

creation operator of an exciton can be written as follows

b†K,n = ∑ δK,k+k0 φn (κ)e†k h†k0 ,

(1.18)

k,k0

κ is the wave vector describing the relative motion of the electron and the hole, φn (κ)
is the exciton wave function in hydrogen-like approximation. Wave vector κ takes into
account the relation between electron and hole masses and their momentum
κ=

m∗h k − m∗e k0
.
m∗e + m∗h

(1.19)

Both the electron and the hole constituting the exciton are fermions characterized by
a non-integer spin. The exciton has an integer spin which is a characteristic feature of
bosons. Nevertheless, the exciton can be treated as a bosonic state only at low exciton
densities. This approximation is correct when the excitons are separated by a distance
much larger than their Bohr radius. This fact is reflected in the commutation relation of
the exciton operators [8, 9]
[bK 0 ,n0 , b†K,n ] = δKK 0 δnn0 − O(nX a3B ),

(1.20)

which becomes bosonic only when the exciton density nX satisfies the condition nX 
a−3
B . Otherwise, the interactions between the excitons become important, and exhibit a
fermionic character.
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1.3

Optical transitions

In this section semi-classical time-dependent perturbation theory will be applied to
determine the probability of exciton creation. We consider the creation of exciton caused
by the interaction between valence band electron and an electromagnetic wave. In this
method, the electromagnetic wave is treated as a classical field while the electron and
the hole as quantum objects. Hamiltonian of the electron in the potential V (r) interacting
with electromagnetic field described by the vector potential A(r,t) and the scalar potential
φ (r,t) takes the form [2]
!2
1
e
b + A +U(r).
H =
p
2me
c

(1.21)

The above hamiltonian can be written as
H =


b2
e 
e2
p
bA + Ap
b +
+
p
A2 +U(r).
2me 2me c
2me c2

(1.22)

Assuming that the electromagnetic field potential was chosen to fulfill the Coulomb gauge
conditions ∇·A = 0 and φ = 0 and leaving only linear terms for the vector potential allows
to simplify the above expression to the form
b2
e
p
b.
+U(r) +
A·p
H =
2me
me c

(1.23)

The last part of the above equation is called the Hamiltonian of the electron-radiation
interaction and can be expressed in the dipole approximation as
HeR = −e|r · E|,

(1.24)

where er is the dipole moment. Using the golden Fermi rule and formula (1.23), it becomes possible to determine the probability of optical transitions [2]
WX =

2π
|hψX |HeR |ψ0 i|2 δ (EX − h̄ω),
h̄

(1.25)

where ψ0 is the wave function of the ground state of the system, corresponding to the
situation when the valence band is completely filled, and the conduction band is empty.
The value of WX determines the probability of excitation of an exciton state with the
energy EX , caused by perturbation in the form of an electromagnetic wave with the energy
E f = h̄ω.
The oscillator strength, or probability of the optical transition relative to the single
electron oscillator with the same frequency, can be described as
f=

2m∗X ω V
|huv |r · E|uc i|2 ,
3
h̄ πaB
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(1.26)

where |uv i and |uc i are the hole and electron Bloch functions and V is the quantization

volume. The ratio V /πa3B denotes the amplification factor resulting from the formation of
an exciton with respect to an unbound electron-hole pair.
The spatial confinement of carrier movements increases the overlap between the electron and hole wave functions and increases oscillator strength. High probability of optical
transitions causes the exciton in low-dimensional structures to become an efficient light
emitter [4, 10].

1.4

Semiconductor nanostructures

Semiconductor fabrication methods, such as molecular beam epitaxy and organometallic chemical vapour deposition, permit controlling the chemical composition with atomic
resolution. Precise control of the growth process of semiconductor crystals allows for implementing optoelectronic devices using semiconductor nanostructures. A semiconductor
nanostructure is defined as a low-dimensional semiconductor crystal or heterostructure.
One or two dimensions of the nanostructure are smaller than the de Broglie wavelength
of an electron, a hole or an exciton. In semiconductor nanostructures, carriers can only
move in specific directions, according to the symmetry of the structure.
An example of a two-dimensional semiconductor nanostructure is a quantum well. A
quantum well is realized by a thin semiconductor layer sandwiched between two semiconductor layers with larger bandgaps.
Trapping of carriers may occur not only in one but also in two or three directions. In
quantum wires, the potential limits electron movement in two directions and leaves only
one possible degree of freedom. Quantum dots are an example of zero-dimensional structures. Lowering the dimension of a semiconductor structure significantly affects electrical and optical properties of a semiconductor. This phenomenon is also called quantum
confinement. This results in quantization of carrier energy and change in electron density of states. Spatial confinement of an electron and a hole in a quantum well enables
considering the exciton as a two-dimensional quasiparticle. Quantum confinement effect
increases exciton binding energy compared to the bulk three-dimensional case. Higher
binding energy affects exciton properties, reduces its Bohr radius, and increases the temperature of exciton dissociation. Spatial confinement also directly affects the intensity of
optical transitions, by increasing the overlap between electron and hole wave functions.
2D 3
The oscillator strength of the transition increases proportionally to (a3D
B /aB ) .

In a planar quantum well, an exciton can be efficiently created by photons that have
the same parallel component kk but any perpendicular component k⊥ of the wave vector

as the exciton, which follows from the conservation of the parallel component of mo21

mentum. Semiconductor nanostructures such as microcavities also allow confinement of
electromagnetic wave modes with specific energies and wavevectors.

1.5

Optical microcavities

A semiconductor microcavity is an optical resonator that confines light on a µm scale
[11], [4]. A planar microcavity consists of two Bragg or metallic mirrors separated by a
cavity. Bragg mirrors are sequentially arranged dielectric layers with different refractive
indices, n1 and n2 . The materials of mirror layers are selected to ensure high contrast
between n1 and n2 in order to reflect electromagnetic wave by a constructive interference.
Spatially modulated refractive index of a mirror results in a photonic bandgap for light
propagating in the structure. In analogy to solid state systems, a photonic bandgap is the
frequency range of electromagnetic waves that cannot propagate in the structure and are
reflected from it. Placing the semiconductor cavity between two mirrors allows the optical
mode to be trapped. The width of the individual layers forming the mirrors is given by the
Bragg’s law that describes the condition for the destructive interference of waves reflected
by layers of a periodic structure
n1 d = n2 d =

λC
,
4

(1.27)

where λC is the central wavelength of the bandgap. The length of the cavity is a multiple
of half the wavelength

λC
2 .

One of the most important parameters of the optical resonator

is the quality factor Q, which is defined as the ratio of λC to the spectral broadening of the
resonance line ∆λ [4]
λ
,
(1.28)
∆λ
The Q factor corresponds to the average number of times a photon passes the cavity width
Q=

before leaving the resonator. This parameter can reach values of ∼ 105 and is directly
related to the lifetime of a photon inside a microcavity τC where τC =
circular frequency of the resonant cavity mode.
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Q
ωC

and ωC is the

1.6

Microcavity photons

Hamiltonian describing a photon in a microcavity has the form
H = ∑ EC (k)a†k ak ,

(1.29)

k

where ak† and ak are the creation and annihilation operators of the photon for the wave
vector k and EC (k) is the energy of a photon in the microcavity, which is linear with
respect to the wave vector length
EC (k) = h̄ωk =

h̄c
|k|.
nc

(1.30)

A planar microcavity is invariant with respect to in-plane spatial displacements. The wave
vector of light incident on the microcavity can be split into the parallel and perpendicular
components, where
|k| =

q
k2⊥ + k2k ,

(1.31)

which is schematically shown in Fig. 1.2. Electromagnetic wave is confined in the microcavity and creates a standing wave. Therefore the allowed values of the perpendicular
component of the wave vector are quantized |k⊥ | = k⊥ =

π
LC N,

where LC is the length of

the optical cavity, while N is a natural number, with N − 1 being the number of antinodes
of the standing wave.

In the case when |kk |  |k⊥ |, equation (1.30) can be rewritten by expanding the exq
pression in (1.31) in a Taylor series as k2⊥ + k2k ≈ |k⊥ | + 12 |k1 | k2k + O(k4k ). In con⊥

sequence, the energy of a photon in the microcavity can be described by a parabolic
dispersion
EC (kk ) = EC0 +

h̄2 k2k
2mC∗

,

(1.32)

where EC0 is the energy of a photon in the cavity at kk = 0, and mC is the effective mass

of microcavity photons. The minimum value of photon energy in the microcavity and its
effective mass are as follows [8]
mC∗ = π h̄

nc
N,
cLC

EC0 = π h̄

c
N.
nc LC

(1.33)

The confinement of a photon inside a microcavity has essential physical consequences. In
this case, the photon can be described in the plane parallel to the mirrors as a quasiparticle
that has a non-zero effective mass and a parabolic dependence of energy on the parallel
component of the wave vector.
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Figure 1.2: Schematic presentation of an optical microcavity made of two Bragg mirrors enclosing
a resonant cavity. The orange arrow is the photon wave vector k, which is the sum of the in-plane
k⊥ and transverse kk components.

1.7

Strong and weak coupling between light and matter

Placing one or several quantum wells in a resonant cavity enhances coupling of excitons to an electromagnetic wave. Schematic presentation of the considered system is
shown in Fig. 1.3. An exciton in a quantum well can relax to the ground state while emitting a photon. The lifetime of the emitted photon in the cavity τC is related to the Q factor
of the resonator. If the photon lifetime is long enough, the photon can be reabsorbed by
the exciton, and the process can repeat. This system can be model with the Hamiltonian
of coupled damped oscillators in the exciton and photon state basis
"
#
EX (kk ) − ih̄γX
h̄ΩR
HXC (kk ) =
,
h̄ΩR
EC (kk ) − ih̄γC

(1.34)

where EX (kk ) and EC (kk ) are the energies of the exciton in the quantum well and the

photon in the optical resonator, γC =

1
τC

and γX =

1
τX

are the photon decay and the nonra-

diative exciton decay rates. The Rabi frequency ΩR determines the coupling between the
emitter and the optical mode. This parameter is related to the optical oscillator strength
[2]
s
h̄ΩR = h̄

2Γ0 cNQW
∝
nc Le f f

s

f
Le f f

,

(1.35)

where NQW is the number of quantum wells placed in the microcavity, Γ0 is the rate of
radiative exciton recombination, nc is the cavity refractive index and Le f f is the effective
resonator length taking into account the exponential confinement of the photonic mode
between the Bragg mirrors. The photon emission and reabsorption processes described
by Hamiltonian (1.34) can take place in the so-called weak or strong coupling regimes.
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Weak coupling occurs when the Rabi coupling ΩR is stronger than the losses represented by γC and γX . In the weak coupling regime, the interaction between the electromagnetic field and the exciton states can be treated perturbatively. The process of reabsorption
of the photon by the exciton is slower than their decay. The probability of re-excitation
of the exciton by the photon is negligibly small. The dissipation of energy causes exponential decay of emission in time. The presence of a resonant cavity increases the optical
mode density, raising the spontaneous emission rate. This phenomenon results directly
from the Fermi Golden Rule and is called the Purcell effect [11].
In the strong coupling regime, when ΩR > γC , γX , the interaction between the photon
and the exciton is strong and significantly exceeds the losses occurring in the system. In
this case, there is a high probability that the emitter will reabsorb the photon. The system exhibits quantum Rabi oscillations between the exciton and photon states. Periodic
energy transfer between the photon and the exciton takes place with the frequency ΩR .
Quantum oscillations are visible in the emitter energy spectrum. Instead of a single resonant peak (as is the case of weak coupling), the emission spectrum contains two distinct
peaks (corresponding to the upper and lower energy branches), separated by the energy
called Rabbi splitting equal to 2h̄ΩR [8]. The energy branches show a characteristic anticrossing in the strong coupling regime when the cavity energy is tuned across the exciton
energy. In this case, the exciton and photon properties undergo a qualitative change: a
new quantum quasiparticle called an exciton-polariton is formed [4, 8, 9, 12–14].

Figure 1.3: Schematic presentation of an optical microcavity containing an embedded quantum
well. The red line shows the laser beam incident perpendicularly to the cavity plane. Inside
the cavity, excitons interact with the cavity photons. If the coupling strength is enough so that
a photon emitted by an exciton can excite an exciton again before dissipation, strong coupling
arises. Consequently, the new eigenstates of the system are superpositions of photons and excitons,
or exciton-polaritons. The frequency of energy exchange occurs with the Rabi frequency ΩR .
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Chapter 2
Exciton-polaritons
2.1

Exciton-polariton dispersion relation

The Hamiltonian of excitons and photons, which includes their coupling, can be written as


h̄ΩR †
(ak bk + b†k ak ) ,
H = ∑ EX (k)b†k bk + EC (k)a†k ak +
2
k

(2.1)

where EX (k) and EC (k) describe the dispersion relations for an exciton in a quantum well
(1.14) and a photon in an optical resonator (1.32), respectively (from now on we omit
the parallel index of kk for convenience), ak† and bk† are the creation operators for the
photon and the exciton, respectively, ΩR is the Rabi frequency that determines the rate of

energy exchange between the exciton and photon modes. The relation of energy to the
Hamiltonian wave vector (2.1) can be determined by diagonalization. The solution to the
eigenproblem determines two separate energy branches. The energies of the lower and
upper dispersion branches are
q

1
2
2
ELP (k) =
EC (k) + EX (k) − ∆E(k) + (h̄ΩR ) ,
2
q


1
2
2
EC (k) + EX (k) + ∆E(k) + (h̄ΩR ) ,
EUP (k) =
2

(2.2)

where the parameter ∆E(k) determines the difference between the photon and exciton
energies as a function of the wave vector ∆E(k) = EC (k) − EX (k). The resulting quantum
states with the energies ELP and EUP can be described by diagonalizing the Hamiltonian

(2.1) using operators that are linear combinations of creation and annihilation operators
of photons and excitons
pk = Xk bk +Ck ak ,
qk = Xk ak −Ck bk .
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(2.3)

Coefficients Xk and Ck determine contributions of exciton and photon components in the
Hamiltonian eigenstates. In the new basis, Hamiltonian (2.1) takes the form
H = ∑(ELP (k)p†k pk + EUP (k)q†k qk ).

(2.4)

k

Operators pk and qk describe annihilation of quasiparticles (eigenstates of the system),
called lower and upper polaritons. Dispersion relations for exciton-polaritons and the
characteristic anticrossing of states observed in the strong coupling regime are presented
in Fig. 2.1.

2.2

Hopfield coeffcients

Exciton-polaritons are quasiparticles with hybrid properties combining the properties
of light and matter. The coefficients Xk and Ck appearing in the definition of polariton
operators (2.3) are called Hopfield coefficients. They measure the exciton and photon
fractions that constitute the polariton, and are normalized as
|Xk |2 + |Ck |2 = 1,

(2.5)

These coefficients vary as a function of the wave vector following the energy detuning
between the photon and exciton energies
∆E(k)
1
Xk = √ 1 + q
2
∆E(k)2 + (h̄2 ΩR )2
∆E(k)
1
Ck = √ 1 − q
2
∆E(k)2 + (h̄2 ΩR )2

!1/2
,
(2.6)

!1/2
.

In the case of perfect resonance between the exciton in the quantum well and the photon
in the optical resonator, ∆E(0) = 0, the norms of Hopfield coefficients are equal to |Xk |2 =
|Ck |2 = 21 . In this case, polaritons represent a coherent superposition of states that are half

exciton and half photon.

In the case ∆E(0) < 0, the polaritons from the lower dispersion branch, near energy
minimum at k = 0, become more photonic, which results in the reduction of their effective
mass.
On the other hand, when ∆E(0) > 0 the nature of lower polaritons is more excitonic.
Exciton-polaritons with high exciton fraction have a higher effective mass, thermalise
more efficiently, and interaction between them is stronger. The dispersions of excitonpolaritons in the case of three different detunings, and the corresponding Hopfield coefficients are presented in Fig. 2.1.
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Figure 2.1: Left panels present dispersions of exciton-polaritons for three different values of detuning. Line colour reflects the contribution of exciton and photon components to the eigenstates.
Transition from orange to green corresponds to a change in the polariton character from purely
excitonic to purely photonic. Green and orange dashed lines represent dispersions of photons in
the microcavity and excitons in the quantum well, respectively. Due to the high effective mass of
excitons compared to the photons, their dispersion is flat. Three panels on the right show Hopfield coefficients for each of the dispersions shown. The presented disperions correspond to the
following values of detuning: ∆E = −0.5h̄ΩR , ∆E = 0 and ∆E = 0.5h̄ΩR .

By manipulating the energy detuning between the photon and exciton energies, we can
change the properties of polaritons. This effect can be achieved by changing the system
temperature or using specially designed optical resonators with a small spatial gradient of
cavity width, which changes the energy of the confined photonic mode.
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2.3

Effective mass of polaritons

Changing the detuning between the photon and the exciton affects the polariton dispersion curvature and consequently their effective mass and group velocity. The effective
mass and group velocity of polaritons for detunings in the range between +3 meV and −3

meV is shown in Fig. 2.2. The effective mass of polaritons varies with the contributions
of the exciton and photon fractions. The difference between the exciton effective mass in
a quantum well and the photon effective mass in a microcavity is four orders of magnitude. Therefore, polaritons with a higher excitonic fraction will have a greater effective
mass. In the case of polaritons with wave vectors close to k = 0, the effective mass of
polaritons is the weighted harmonic mean of the exciton mass and the photon mass
1
|Xk=0 |2 |Ck=0 |2
=
+
,
m∗LP
m∗X
mC∗

|Xk=0 |2 |Ck=0 |2
1
=
,
+
∗
mUP
mC∗
m∗X

(2.7)

where mUP and mLP are the effective mass of the polariton from the upper and lower
dispersion branch, respectively. Taking into account the ratio of masses mC∗ and m∗X , the
effective mass of polaritons from the lower dispersion branch can be approximated as
m∗LP ∼

mC∗
,
|C|2

which is comparable with the effective mass of a photon in the microcav-

ity. The low effective mass of lower polaritons near k ∼ 0 enables their effective Bose
condensation, even at room temperature.

Figure 2.2: Efective mass of polaritons from lower and upper polariton branches (left panel) and
their group velocities (right panel). Green lines corespond to the lower polaritons, orange to the
polaritons from the upper branch.
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2.4

Polariton decay

Hopfield coefficients can be used for the estimation of polariton lifetime. At the minima of the dispersion branches k ≈ 0, decay rates of the upper and lower polaritons are
determined by the exciton and the photon lifetimes

γLP = γX |Xk=0 |2 + γC |Ck=0 |2 ,

(2.8)

γUP = γC |Xk=0 |2 + γX |Ck=0 |2 .

Planar semiconductor microcavities with active medium in the form of inorganic quantum wells allow trapping of photon modes with lifetimes

1
γC

= τC ≈ 1 − 100 ps. In typical

semiconductor materials, the lifetime of nonradiative excitons is of the order of nanoseconds, and commonly

1
γX

= τX ≈ 1 ns. In result, the lifetime of polaritons from the lower

τC
dispersion branch is approximately equal to τC ≈ |C|
2 . Consequently, the lifetime of lower

polaritons is of the same order as that of photons in the optical resonator.

2.5

Polariton-polariton interaction

The interaction between polaritons is a complex non-linear process. To describe the
interaction between particles, we should consider two crucial phenomena, exciton saturation and scattering. The hamiltonian of polariton-polariton interaction can be written
as
Hint = HXX + HSat ,

(2.9)

where HXX is the hamiltonian of interactions between two excitons due to Coulomb and
exchange interaction
HXX =

1
∑0 VXX b†k+qb†k0−qbk0 bk.
2 k,k
,q

(2.10)

Assuming only short-ranged exchange interaction between excitons and neglecting, much
weaker, dipole-dipole interaction, when k, k0 , q  a−1
X , parameter VXX can be approximated as [15]

VXX =

6EX a2X
,
S

(2.11)

where S is the quantization surface.
The saturation term HSat is induced by Pauli exclusion principle and describes a radiative process in which two excitons with quasi-momenta h̄k and h̄k0 scatter with each
other. As a result, a photon with momentum h̄(k + q) and an exciton with momentum
h̄(k0 − q) are created. The saturation term can be written as follows
HSat =

∑0

k,k ,q

VSat a†k+q b†k0 −q bk0 bk .
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(2.12)

The saturation coeffcient is always negative
Vsat =
where S is the quantization area, nSat =

−h̄ΩR
,
nsat S

7
2
16 πaX

(2.13)

is the exciton saturation density [9, 16].

Considering only the lower polariton branch, the Hamiltonian of effective polaritonpolariton interaction can be presented in the simplified form
1
ef f
Hint = VLP p†k+q p†k0 −q pk0 pk ,
2

(2.14)

where the correspondence with exciton and photon operators is weighted with Hopfield
coefficients
ak = CL (k)pk +CU (k)qk ,

bk = XL (k)pk + XU (k)qk .

(2.15)

Parameter VLP takes into account both the saturation term (2.12) and the term associated
with the interaction between excitons (2.10). In the case when k0 ∼ k and k ∼ 0, we can
approximate VLP as

VLP = VXX |XL (k)|4 + 2VSat CL (k)|XL (k)|2 XL (k).

(2.16)

In inorganic semiconductors the saturation density is typically such that nsat  nexc , where

nexc is the density of the excitonic fraction. In this case, the interactions between po-

laritons are dominated by the scattering between excitons, and VLP is proportional to
VXX |XL (k)|4 . On the other hand, in organic semiconductors the saturation interaction
may dominate.
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Chapter 3
Exciton-polariton condensates
3.1

Bose-Einstein condensation

In quantum physics, most particles can be divided into two fundamental classes:
bosons and fermions. The difference between these two groups results from the symmetry of the many-body wave function under particle transposition.
The wave function of N indistinguishable quantum particles should fulfil the following
condition [17]
Ψ(r1 σ1 , . . . , ri σi , . . . , r j σ j , . . . , rN σN ) =
eiφ Ψ(r1 σ1 , . . . , r j σ j , . . . , ri σi , . . . , rN σN ),

(3.1)

where ri are the particle positions and σi are their spin quantum numbers. The transposition operation ri σi ↔ r j σ j changes only the global phase of the many-body wave

function. If particles are identical and indistinguishable, the state of the considered system should be the same before and after a double transposition. Consequently, the phase
factor eiφ is such that
e2iφ = 1 → φ = 0 or π.

(3.2)

In the case of φ = 0, the many-body wave function is symmetric under particle permutations and if φ = π it is anti-symmetric. These two cases describe bosons and fermions,
respectively. Taking into account the Pauli spin statistics theorem in equation (3.1) we
can connect the system statistics and the phase factor eiφ = ±1. The modified relation can
be presented as follows

Ψ(r1 σ1 , . . . , ri σi , . . . , r j σ j , . . . , rN σN ) =
(−1)2s Ψ(r1 σ1 , . . . , r j σ j , . . . , ri σi , . . . , rN σN ),
(3.3)
where the parameter s is the particle spin. For particles with non-integer spin s = (2n +
1)/2 while in the case of particles with integer spin s = n, where n = 0, 1, 2, . . . . The
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above equation has essential physical consequences: fermions are characterised by an
anti-symmetric wave function and fractional spin, while bosons by a symmetric wave
function and integer spin. The properties of fermions lead to the Pauli exclusion principle
and the Fermi-Dirac statistics. On the other hand, the properties of bosons are such that
a single quantum state can be simultaneously filled by many particles according to the
Bose-Einstein distribution [18]
"
f (E) = exp

E−µ
kB T

!

#−1

−1

,

(3.4)

where E is the energy of the quantum state, µ is the chemical potential, kB is the Boltzmann constant, and T is the system temperature. According to the wave-particle duality,
when the system temperature is sufficiently low, the average distance between bosonic
particles becomes comparable to their de Broglie wavelength. Consequently, wave functions of bosons may overlap. Below the critical temperature, bosons can undergo a phase
transition into a Bose-Einstein condensate and achieve a single quantum state. The transition to the condensate state arises in an avalanche-like manner. Due to the large fraction
of bosons creating the condensate, condensation is a macroscopic phenomenon. The de
Broglie wavelength λdB and the critical value of temperature TC necessary to observe this
phenomenon are given by [18, 19]
h
λdB = √
,
2mkB TC

2π h̄2
TC =
m

!
n
,
2.612

(3.5)

where m and n are the particle mass and density, respectively.
Historically, the description of bosonic condensation was developed in 1920s by Albert Einstein and Satyendra Nath Bose. The presented theory predicted bosonic statistics
and nontrivial phase transition below a critical temperature. The proposed value of the
critical condensation temperature depends on the mass and density of bosons. However,
in the case of dilute atomic gases, this temperature (3.5) is ultra-low: 100 nK to 1 µK
[19]. Cooling a boson system down to such a low temperature was by then impossible.
For this reason, the experimental realisation of Bose-Einstein condensation was a "holy
grail" of experimental physics for many years.
The first Bose-Einstein condensate was observed in the 1990s. This achievement was
strongly related to the development of experimental methods enabling cooling of atomic
gases to ultra-low temperatures. In 1995, Eric Cornell and Carl Wieman from the Joint Institute for Laboratory Astrophysics created the first condensate of rubidium-87 at 170 nK.
Simultaneously, the condensation phenomenon was confirmed in the group of Wolfgang
Ketterle from the Massachusetts Institute of Technology, who reached the macroscopic
quantum state in sodium atoms. The experimental realisation of Bose-Einstein condensates was awarded the Nobel Prize in 2001 [20].
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3.2

Ideal Bose gases

This section attempts to clarify fundamental properties of Bose-Einstein condensates,
such as ground-state occupation and the critical temperature. The presented derivation
will be based on the statistical description of a thermalized system of non-interacting
bosons.
The properties of a many-body quantum system exchanging particles with a reservoir
and at the same time remaining in thermodynamic equilibrium can be explored using the
grand canonical ensemble Hamiltonian [21]
∞

ĤGC =

∑ (εk − µ)âkâ†k,

(3.6)

k=0

where εk =

h̄2 k2
2m

is the single particle kinetic energy and µ is the chemical potential.

Hamiltonian (3.6) can be used to derive the grand canonical partition function that describes the statistics of the considered system
h
i
Z = Tr e−β ĤGC = ∑ e−β (εk −µ)nk ,

(3.7)

nk

where β = 1/kb T and nk is the occupation number of the mode given by the wave vector
k.
It is important to remember that the energies of individual single-particle states are
independent. Additionally, many bosons can occupy the same state simultaneously without any additional restriction as in the case of fermions. Consequently, equation (3.7) can
be presented as a product over momentum states of sums over all possible occupation
numbers
Z =

∞

∞

∏∑

−β (εk −µ)nk

e

k=0 nk =0

∞

=

1

∏ 1 − e−β (εk−µ) .

(3.8)

k=0

The final form of the above equation was obtained using summation of geometric series.
Using the analytical form of the expression (3.8), we can directly calculate the thermodynamic potential
∞



−β (εk −µ)
Ω = −kB T log Z = ∑ kB T log 1 − e
,

(3.9)

k=0

which allows to estimate the number of particles in the system
N=−

∞
∞
1
∂Ω
= ∑ β (ε −µ)
= ∑ nk .
∂ µ k=0 e k
− 1 k=0

(3.10)

The above result is consistent with the Bose-Einstein distribution, where nk determines
the average occupation of energy levels. Equation (3.10) is satisfied when the chemical
potential is negative or equal to zero. Otherwise, the distribution nk would be negative,
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which is physically excluded [18]. The requirement of the positive value of nk implicates
that the value of the chemical potential cannot be higher than the minimum energy of the
system εk = 0. When the temperature decreases to TC , the chemical potential µ(T →
Tc ) → 0− and the population of states at k → 0 increases to infinity, hnk→0 i → ∞.

The critical temperature determines the temperature at which the chemical potential

becomes zero. In the three-dimensional case, the total number of particles in a large
volume V can be approximated by the integral [17, 21]
V
N=
(2π)3

1

Z

e(β εk −µ) − 1

d 3 k.

(3.11)

In the case of µ → 0− , the above equation becomes singular. This singularity can be

removed by splitting the total number of particles into condensed and non-condensed
(thermal) parts
N = N0 + NT ,

(3.12)

where and N0 is the number of particles in the ground state and NT is the number of
particles in excited states. NT describes the bosons creating the "thermal cloud". The
noncondensed fraction of particles can be calculated from the Riemann integral [17]
V
NT = ∑ nk =
(2π)3
k6=0

1

Z

e

εk
kB T

d 3 k.

(3.13)

−1

When the system is cooled to the critical temperature, two conditions: N 0 /N ≈ 0 and

µ = 0 are satisfied simultaneously. The first condition is related to the fact that there is

no condensate in the system above the critical temperature. The second condition reflects
the macroscopic occupation of the ground energy state below the critical temperature.
When T = TC , the right hand side of equation (3.12) contains only the thermal fraction of
bosons. Calculating integral (3.13) we can directly obtain [21]
NT =

V  2mkB T  32  3   3 
ζ
Γ
,
4π 2
2
2
h̄2

−z and Γ(t) =
where ζ (z) = ∑∞
n=1 n

(3.14)

R ∞ −t z−1
dt are the Riemann zeta function and the
0 e t

Euler gamma function, respectively, which are equal to Γ(3/2) =

√
π/2 and ζ (3/2) ≈

2.612. Extacting T from the above equation, we get the value of the critical temperature
T = TC (3.5) for a given number of particles NT . Below TC , using (3.12) and (3.14), it
is possible to determine the number of particles in the condensate as a function of the
temperature of the system
"
N0 (T ) = N 1 −

T
TC

!3 #
2

.

(3.15)

Below the critical temperature, the value of N0 becomes macroscopic, i.e. of the same
order as N.
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3.3

Condensate of weakly interacting bosons

The system of interacting bosons can be described with the many-body Hamiltonian
[18]
Z

Ĥ =

Z
i
h h̄2
1
2
∇ +U(r) +
Ψ̂† (r0 )V (r − r0 )Ψ̂† (r0 )d 3 r0 Ψ̂(r)dr,
Ψ̂ (r) −
2m
2
†

(3.16)

where m is the boson mass, U(r) is the external potential and V (r − r0 ) represents the
short-range potential of interaction between bosons. Considering bosons in a box of

volume L3 , the bosonic field operator can be represented in the basis of single-particle
functions

1
Ψ̂(r) = ∑ φi (r)âi = √ ∑ âi eipi r ,
L3 i
i

(3.17)

where operator âi is the annihilation operator of a single particle with momentum pi . Field
operators in equation (3.16) satisfy commutation relations for bosons [21]
[Ψ̂(r), Ψ̂† (r0 )] = δ (r − r0 ),

[Ψ̂† (r), Ψ̂† (r0 )] = [Ψ̂(r), Ψ̂(r0 )] = 0.

(3.18)

When the interaction between bosons is short-range, the potential V (r − r0 ) can be

approximated by the two-body contact potential
V = gδ (r − r0 ) =

4π h̄2
aδ (r − r0 ),
m

(3.19)

where the parameter g is related to the scattering length a.
Evolution of field operators can be determined by solving the Heisenberg equation for
Hamiltonian (3.16). Taking into account the bosonic commutation rules (3.18), we obtain
the equation of motion of the bosonic field

 h̄2
∂
2
†
ih̄ Ψ̂(r,t) = [Ψ̂(r,t), Ĥ] = −
∇ +U(r,t) + gΨ̂(r)Ψ̂ (r) Ψ̂(r,t).
∂t
2m

(3.20)

The bosonic field can be represented as a sum of contributions from the bosons remaining
in the ground state φ0 and the thermal fraction φk6=0 . This allows us to rewrite operator
(3.17) in the form
∞

Ψ̂(r,t) = φ0 (r,t)â0 + ∑ φk (r,t)âi .

(3.21)

k 6=0

Below the critical temperature, the ground state becomes macroscopically occupied and
the term ψ̂(r,t) = φ0 (r,t)â0 can be replaced by a classical mean field. Equation (3.21)
can be written as
Ψ̂(r,t) = ψ(r,t) + δ ψ̂(r,t),
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(3.22)

where ψ(r,t) is a classical wave describing the condensate. In the case when δ ψ̂(r,t)
is a small perturbation of the ground state, this treatment is known as the Bogoliubov
approximation [18].
Considering the dilute Bose gas at a temperature near zero, the number of particles
outside the condensate is negligibly small NT /N  1. In this case the parameter δ ψ̂(r,t)
can be neglected. Consequently, the condensate behaves like a classical wave, characterized by the order parameter
ψ(r,t) = |ψ(r,t)|eiϕ(r,t) .

(3.23)

The square of the wave function absolute value corresponds to the condensate density
|ψ(r,t)|2 = n and ϕ(r,t) is the phase of the macroscopic condensate wavefunction. Sub-

stituting the field operator written in the Bogoliubov approximation into equation (3.20),
we obtain the Gross-Pitaevskii equation (GPE) [18]
ih̄

 h̄2

∂
ψ(r,t) = −
∇2 +U(r,t) + g|ψ(r,t)|2 ψ(r,t),
∂t
2m

(3.24)

the first term on the right side of equation (3.25) describes the kinetic energy of the condensate, the second term is the external potential and the third term describes the interaction between bosons. The interaction creates an effective potential which depends on
particle density. In the case when g > 0 the interaction between the bosons is repulsive,
while when g < 0 it is attractive.
The time-independent form of the GPE can be obtained by substituting into equation
(3.25) the following ansatz
ψ(r,t) = ψ0 (r)e
where µ =

∂E
∂N

−iµt
h̄

,

(3.25)

is the chemical potential and ψ0 (r) is the steady state wave function.

Equation (3.24) takes the form
i
h̄2 2
2
µψ0 (r) = −
∇ +U(r) + g|ψ0 (r)| ψ0 (r).
2m
h

(3.26)

Mathematically, the GPE is analogous to the nonlinear Schrödinger equation known
from the physics of classical nonlinear systems. This equation is correct as long as the occupation of non-condensed modes is negligibly small. Under this assumption, the GrossPitaevskii equation is a valuable tool to describe the evolution of bosonic condensates.
The GPE has been successfully used to describe the phenomenon of superfluidity and
dynamics of nonlinear excitations in condensates, such as solitons, quantum vortices, and
spatiotemporal structures.
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3.4

Bogoliubov-de Gennes dispersion of elementary excitations

Description of many phenomena observed in Bose-Einstein condensates, such as superfluidity or creation of excited states, requires special attention to the effects of smallamplitude fluctuations. Analysis of elementary excitations arising in a condensate can
be performed by linearisation of the Gross-Pitaevskii equation. Linearization assumes
consideration of a small perturbation of the macroscopic wave function and neglecting
higher-order terms according to the Bogoliubov-de Gennes approximation. The macroscopic wave function of a condensate near the ground state (3.25) can be written as follows
ψ(r,t) = [ψ0 (r) + εδ φ (r,t)]e−iµt ,

(3.27)

where δ φ (r,t) is a small perturbation around the steady-state and ε is the scaling control
parameter. Linear perturbations in the form of small amplitude modes can be written,
without loss of generality, as a Fourier series
∗

δ φ (r,t) = ∑(u j (r)e−iω j t + v∗j (r)eiω j t ),

(3.28)

j

where ω j is the frequency of the j-th mode. Functions u j (r) and v j (r) are the amplitudes
of small oscillations. Rewriting the Gross-Pitaevskii equation by inserting the formula
(3.27) we obtain equations describing the dynamics of small ground state perturbations
u j (r) and v j (r). In the case of a translation-invariant system with U(r) = 0, the excited
modes are plane waves uk (r) = ueikr and vk (r) = veikr . Keeping only linear terms with
respect to the scaling parameter ε, we obtain the eigenvalue equations for the wave amplitudes
"

h̄2 k2
2m

+ gn

#" #
u

gn

" #
u

= h̄ωk
,
(3.29)
2 2
−( h̄2mk + gn) v
v
√
where the stationary state is ψ0 = n with the chemical potential µ = gn. Solving the
−gn

above equation analytically we can obtain equation for the Bogoliubov dispersion ωB (k)
v
!
u 2
u h̄ k2 h̄2 k2
h̄ωB (k) = ±t
+ 2µ .
(3.30)
2m
2m
Considering only small wave vectors, the high-order terms of k can be neglected. Hence
the energy dispersion for small wave vectors becomes linear
ωB (k) = |k|cs ,
where cs =

q

µ
m

=

q

gn
m

is the speed of sound in the condensate.
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(3.31)

We can describe the change of the energy of the system caused by small perturbations
as a second-order correction to the ground state energy. The energy of the perturbed
condensate can be written as
E = E0 + E (2) .

(3.32)

The energy functional of the GPE equation is given by
E[ψ] =

Z  2
h̄



g
|∇ψ|2 +U(r)|ψ|2 + |ψ|2 dr.
2m
2

(3.33)

Substituting the equation (3.27) into the above functional, we can determine the value of
the correction to the ground state E (2) = E[δ φ ] [18]
E (2) = ε ∑

Z

j

h̄ω j (|u j (r)|2 + |v j (r)|2 )dr,

(3.34)

where the summation is over all the excited modes. The condensate remains stable when
the condition E (2) > 0 is satisfied. Otherwise, the condensate is unstable. The negative
value of (3.34) is directly related to energetic instability of the system.
On the other hand, the existence of dynamical instability is equivalent to the occurrence of positive values of the imaginary part of frequency spectrum, i.e. in the equation
(3.30)
h̄2 k2
2m

!2
+ gΨ20

h̄2 k2
2m

!
< 0,

(3.35)

which occurs when g < 0. The positive imaginary part in ωB (k) causes fluctuations of
a specific mode to grow exponentially in time, destroying the condensate spatial homogeneity. The instability may cause "fragmentation" of the condensate into independent
condensates due to amplification of specific modes.

3.5

First-order spatial coherence

Penrose and Onsager pointed out that long-range spatial coherence is a fundamental property of Bose-Einstein condensates [22]. According to their theory, a condensate
exhibits off-diagonal long-range order (ODLRO)
ρ1 (r, r0 ) = hψ † (r)ψ(r0 )i 6= 0,

as |r − r0 | → ∞,

(3.36)

where ρ1 (r, r0 ) is the reduced density matrix while r and r0 are the positions of particles
in the condensate. Below we consider the consequences of (3.36).
At non-zero temperature, the bosonic field can be represented as the sum of the ground
state field and the thermal fraction. When U(r) = 0, using the definitions of (3.17), the
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field operator can be written as
1
1
ψ(r) = ψ0 (r) + ψT (r) = √ â0 + √
V
V

∑ âieipir,

(3.37)

i6=0

where V = L3 . Substituting the above equation to the definition of the reduced density
matrix, we obtain
ρ1 (r, r0 ) = hψ0† (r)ψ0 (r0 )i + hψT† (r)ψT (r0 )i
0
1
= n0 + √ ∑ hâ†i âi ieipi (r−r ) .
V i6=0

(3.38)

where n0 = NV0 is the condensate density. In the thermodynamic limit, when the number of
particles in the system reaches macroscopic values, the thermal term in the above equation
can be replaced by an integral. For distances between particles greater than the thermal
de Broglie wavelength, the integral describing the thermal fraction is much smaller than
the first term. The manifestation of the existence of the off-diagonal long-range ordering
is the presence of first-order correlations described by the function
ρ1 (r, r0 )
g(1) (r) = p
.
ρ1 (r, r)ρ1 (r0 , r0 )

(3.39)

The non-zero value of the first-order spatial correlation function expressed by the formula
(3.39) means that the particles at positions r and r0 are quantum correlated with each other
and behave collectively. The collective behaviour of particles is one of the fundamental
properties of Bose-Einstein condensates. The occurrence of ODLRO is responsible for the
spontaneous breaking of the U(1) symmetry of the Hamiltonian. It leads to an arbitrary
but well-defined phase of the condensate wave function.
The condensate wave function is an order parameter of the system. The formation
of long-range order was thoroughly investigated in the late 1950s and early 1960s by
Penrose, Onsager [22], and Yang [23].

3.6

Superfluidity

Superfluidity is a quantum phenomenon arising in interacting Bose and Fermi gases at
low temperatures. Superfluids have several interesting features such as vanishing viscosity
[24], linear dependence of kinetic energy on the wave vector for small momenta [18] or
formation of quantum vortices [25].
The basics model of superfluidity can be formulated considering a condensate of interacting bosons at absolute zero temperature. If the liquid flows through a thin capillary
or meets an obstacle on its path, the fluid flow is perturbed and consequently, elementary
excitations arise. The early phenomenological theory was put forward by L. Landau [26]
and L. Tisza [27].
40

Excitation of a quantum liquid may occur due to the interaction between a propagating condensate and a defect. We assume that the external impurity induces only a small
perturbation of the condensate flow. The perturbation generated by the defect is characterized by energy h̄ω(k) and wave vector k. If the condensate flow fulfils the condition
v>

ω(k)
|k| ,

elementary excitations can arise in the system, and the flow of the liquid slows

down due to the interaction. However, if the liquid velocity is less than [28]
"
#
ω(k)
v < vL = min
,
k
|k|

(3.40)

no elementary excitations can appear in the system, because of the slope of the dispersion. The quantity vL is the critical Landau velocity below which the liquid flows without
energy dissipation. The critical velocity is directly related to the mass m of the particles,
the interaction strength g and the condensate density n0 by the relation
r
g
vL =
n0 .
m

(3.41)

Another characteristic feature of superfluidity is the absence of the drag force Fdrag
felt by the propagating condensate. In the case of a one-dimensional condensate and the
reference frame in which the condensate is stationary, the defect moves with velocity vde f
and drag force is equal to
Z

Fdrag =

∂
Vde f (x,t)dx,
∂x

|ψ(x,t)|2

(3.42)

where Vde f (x,t) describes the potential of the defect, which can be modelled with a Gaussian envelope


−

Vde f (x,t) = Vm e

x−vde f t
l

2
,

(3.43)

where Vm is the defect amplitude, and l is the width of the Gaussian profile. When the
condition vde f < vL is fulfilled, the drag force is equal to zero. In that case, the system
behaves like an ideal superfluid. Otherwise, when vde f > vL , the drag force is greater than
zero and energy dissipation starts to play an important role in the system dynamics.
The occurrence of energy dissipation depends not only on the Landau velocity but
also on the defect size. If the superfluid encounters an obstacle on its way, it can return
to its original shape as long as the size of the obstacle is not greater than the so-called
healing length ξ equal to
h̄
h̄
ξ=√
=
.
mgn0 mvL

(3.44)

For a defect with spatial size l > ξ , superfluidity can be locally broken, and elementary
excitations such as quantum vortices or solitons may arise in the system.
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According to the Mermin-Wagner-Hohenberg theorem, the existence of a long-range
order is impossible in one- and two-dimensional systems at finite temperature, because
thermal fluctuations destroy correlations between particles [29]. Nevertheless, in lowdimensional structures, we can observe the so-called "quasi-ordered" state. In this state,
topological defects in the form of quantum vortices play a crucial role. Kosterlitz, Thouless, and Brezinskii described this phenomenon using the XY model of a neutral superfluid
[30, 31]. The presented results were a basis for "theoretical discoveries of topological
phase transitions and topological phases of matter", awarded the Nobel Prize in Physics
in 2016.
The Brezinskii-Kosterlitz-Thouless phase transition is a phenomenon in which a disordered state of free vortices with opposite topological charges transits to the ordered
superfluid phase at the specific critical temperature TBKT . In the order phase, vortices
are bound into pairs. This phase is characterized by an algebraic decay of the first-order
correlation function.
hψ † (r)ψ(r0 )i = |r − r0 |−α ,

(3.45)

where α = (nλdB )−1 , and n is the superfluid density. The presence of correlated vortex
anti-vortex pairs and the algebraic decay of the first-order correlation function are characteristic features of a low dimensional superfluid.

3.7

Condensation of exciton-polaritons

Due to their bosonic nature, polaritons can undergo a phase transition to a condensate,
creating a macroscopic quantum state in the minimum of the lower polariton dispersion
branch [12]. The phenomenon of polariton condensation has been confirmed in many
different experimental configurations in a broad class of systems, including II–VI and
III–V semiconductors [12, 32], organic semiconductors [33–36] and layered materials
such as transition metal dichalcogenides [37–39] and low dimensional perovskites [40–
42].
Properties of polaritons are unique among condensed matter systems, being a combination of light and matter properties. To explain this, table 3.1 compares parameters of
particles that can undergo condensation: atomic gases, excitons, polaritons and photons.
The effective mass of polaritons can be even eight orders of magnitude lower than the
mass of atoms [8]. The low effective mass of polaritons makes it possible to observe their
condensation at temperatures much higher than in the case of atomic gases or excitons
[8]. Additionally, organic materials and wide bandgap semiconductors such as GaN or
ZnO enable condensation of polaritons even at room temperature [35, 36].
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The lifetime of polaritons τ is directly related to the lifetime of photons in a microcavity. Moreover, this time is often shorter than the time needed for the system to thermalise
τth . However, the true ground state of the system is achieved only when all photons disappear from the cavity. Keeping a constant condensate density requires continuous optical
pumping of the microcavity. The condensate arises from the balance between losses and
optical pumping. Consequently, steady state of a polariton condensate is metastable and
out of equilibrium.
Condensates of polaritons and photons have similar properties such as the non-equilibrium
nature, extremely low effective mass and high critical temperature of condensation [43,
44]. One of the most important differences between these two systems is the strength of
interparticle interaction.
Thanks to the exciton component, polaritons can interact strongly and display nonlinear physics in contrast to the pure photonic system. This electrostatic polariton-polariton
interaction can be interpreted as a third-order optical nonlinearity, called the Kerr phenomenon [45]. Exciton-polariton Kerr nonlinearity is orders of magnitude larger than that
of the standard semiconductors materials outside of the strong coupling regime. Polariton properties allow the observation of a broad class of quantum and nonlinear phenomena such as Josephson oscillations [46–48], soliton generation [49–53], optical bistability
[54–57], superfluidity [58], quantum depletion [59], variety of oscillations [60, 61] or
self-collapse [62].
Table 3.1: Comparison of parameters of atomic gases, excitons, polaritons and photons.

3.8

Effective mass

Critical temperature TC

τth /τ

Atomic gases

103 me

10−3

Excitons

10−1 me

1nK − 1µK

Polaritons

10−5 me

Photons

10−6 me

1K − 300K

0.1 − 10

1mK − 1K
∼ 300K

10−2
1 − 50

Spontaneous coherence

Physical mechanisms that lead to polariton macroscopic quantum state are more complex than the processes in equilibrium systems. The differences are the consequence of
open and non-equilibrium nature of polaritons and the non-parabolic curvature of the
lower polariton dispersion. The metastable state of polaritons requires continuous compensation of the decay of microcavity polaritons.
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The method of injecting photons into a microcavity directly affect the condensate formation process. Properties of polaritons depend on the pumping laser power, the photon
energy and the angle of injection. The power of the external laser should be sufficient to
compensate the dissipation of photons. Additionally, selecting the proper photon energy
and angle of injection allows to excite polaritons with a given wave vector. In general,
an exciton-polariton macroscopic quantum state can be created optically in three ways:
resonant, non-resonant and parametric [8, 9, 12, 13].
The scheme of resonant excitation is presented in Fig. 3.1 a). In this method, the
system is stimulated by a laser tuned to a given polariton energy. The optical phase of
the laser beam determines the phase of polariton field. The resonant excitation method
explicitly breaks the U (1) symmetry of the system [9]. The disadvantage of this experimental configuration is the inability to observe the process of spontaneous condensation.
The created state does not have a typical superfluid response and was named the rigid
state [63].
The parametric excitation method is another technique for creating a macroscopic
polariton state. The first realisation of parametric excitation method was presented in 2000
[64–66]. In this configuration, polariton energy and wavevector are tuned to the bottleneck
area of lower polariton dispersion. The bottleneck effect is most effectively observed
for polaritons with a large contribution of the photon component, which influences the
lower dispersion curvature. Due to the steep lower polariton dispersion in this region, the
acoustic phonon states do not couple effectively to polaritons. Consequently, polaritons
are accumulated in the dispersion branch inflection point, because they cannot relax to
a thermal distribution. The only way to achieve the ground state is through relaxation
based on parametric scattering process [67]. In this process, a collision between two
polaritons results in scattering into two modes. One of the modes, called the signal, has a
lower energy and wave vector ks , while the second, called idler, has a higher energy and
wavevector ki . This process fulfills the energy and momentum conservation laws: 2k p =
ki + ks and 2ω p = ωs + ωi , where k p and ω p are the pump wave vector and frequency,
respectively. When ki = 2k p polaritons are scattered directly to the minimum of the lower
dispersion branch. The parametric scheme is illustrated in Fig. 3.1 b). Detailed theoretical
description of optical parametric scattering was developed by Carussotto and Ciuti [68].
The last considered experimental technique is the non-resonant method, Fig. 3.1 c).
The essential aspect of this method is the excitation of polaritons using high energy photons. In this case, the optical pump frequency is much higher than the energy of polariton
states. High-energy excitation creates the so-called incoherent reservoir of free carriers and excitons. The system undergoes a relaxation process. Interaction with acoustic
phonons causes thermalization to a metastable state and loss of coherence. The advan-
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tage of this method is the possibility of observing spontaneous formation of condensate
coherence. The observation of spontaneous condensation of polaritons was demonstrated
experimentally in 2006 [12].

Figure 3.1: a) Resonant excitation, b) optical parametric oscillator (OPO), and c) incoherent
excitation method of exciton-polariton generation. Red arrows show areas of dispersion at which
photons are injected. Black arrows present the relaxation process schematically. Parameters γLP ,
γR and γI are respectively decay rate of polaritons from the lower dispersion branch, decay rate of
the reservoir and decay rate of hot electron-hole plasma.

45

Chapter 4
Modelling exciton-polariton dynamics
4.1

Driven-dissipative condensates

The standard Gross-Pitaevskii equation is not sufficient to explain the evolution of
polaritons because of their nonequilibrium nature. More realistic description of polariton
dynamics can be achieved by extending the GPE to a model including gain and loss [13].
Our considerations start assuming that the polariton system can be treated as an open
system interacting with the external environment. We assume that polaritons are in contact with a photon bath with an infinite number of modes, with average energy much
lower than the energy of cavity photons kb T  h̄ω0 [13]. We expect that the time scales

of the processes taking place in the microcavity are much slower than the external reservoir dynamics. Additionally, we assume that an external laser continuously pumps the
system. Taking into account all the assumptions, the master equation for polaritons in
microcavities is [69]
∂ρ
ih̄
= [H , ρ] + ih̄
∂t

Z 
P


γ
L [Ψ̂(r), ρ] + L [Ψ̂† (r), ρ] d 3 r,
2
2

(4.1)

where parameters P and γ describe single-particle incoherent pumping and single-particle
loss, respectively. The symbol L describes a Lindblad operator: L [X̂, ρ] = 2X̂ρ X̂ † −

[X̂ † X̂, ρ]+ . Considering the Hamiltonian of weakly interacting Bose gas H given by
(3.16), in the mean-field approximation and in the absence of an external potential, equation (4.1) takes the form
h h̄2
i
∂
2
2
ih̄ ψ = −
∇ + g|ψ| + ih̄(P − γ) ψ.
∂t
2m

(4.2)

The above equation can be interpreted as a driven-dissipative version of the Gross-Pitaevski
equation and the starting point for a phenomenological description of a non-equilibrium
bosonic condensate.

46

4.2

Two-component model

The model of the preceding section is not suitable to describe dynamics of excitons
and photons separately, which is important in particular in the case of resonant, coherent pumping. Likewise, it is not able to describe dynamics of lower and upper polariton
branches. In the two-component model, one is taking both polariton branches into account. The mean-field equations describing the time evolution of the photonic ψC and
excitonic ψX components are given by [62]
ih̄

∂ ψC
h̄2
ih̄
h̄ΩR
= (EC − ∗ ∇2 )ψC +
ψX −
ΨC + Fp (r,t),
∂t
2mC
2
2τC

h̄2
h̄ΩR
ih̄
∂ ψX
= (EX − ∗ ∇2 )ψX +
ψC −
ΨX + g|ψX |2 ψX ,
ih̄
∂t
2mX
2
2τX

(4.3)

where EC and EX are the minimum energy of the photon and exciton, respectively, ΩR
is the Rabi frequency or the strength of exciton-photon coupling. The imaginary terms
reflect dissipative processes. The lifetimes of photons and excitons are given by τC and
τR . The interaction between polaritons, mediated by the exciton component is expressed
by the parameter g. The function Fp (r,t) is the spatial and temporal distribution of the
resonant optical pumping field. When microcavity is driven by a Gaussian laser pulse
with energy EP , the field can be modelled as
−

Fp (r,t) = F0 e

2
iE t
r2
− t − h̄p
2W 2 2Tp2

,

(4.4)

where F0 is the amplitude of the pulse, 2W is the Gaussian spot diameter and 2Tp is the
duration of the pulse.
The two-component model allows simulation of the distribution of polariton states
in the dispersion branches, as presented in Fig. 4.1 a). The result was obtained as a
two-dimensional Fourier transform of the spatiotemporal evolution of the photonic field.
Equations (4.3) are commonly used for modelling polariton quantum gases excited resonantly or phenomena that involve on both lower and upper polaritons. Additionally, interaction between photonic and excitonic components expressed with the Rabi frequency
opens the possibility to simulate effects related to the loss of strong coupling [62].
To demonstrate an example of an application of the two-component model, we present
the polariton Rabi oscillations, predicted theoretically and observed in many experimental realisations [61, 62, 70, 71]. This phenomenon occurs in a polariton condensate when
photonic and excitonic modes exchange energy coherently. Due to the energy transfer, oscillations of these components arise. An example of this nonlinear phenomenon resulting
after high-intensity ultrashort pulse excitation is presented in Fig. 4.1.
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Figure 4.1: a) Dispersion of polariton condensates, calculated numerically using the twocomponent model (4.3) after excitation with a ultrashort resonant laser pulse. Lines represent
functions obtained with the analytical model (2.1). Green line corresponds to the photon dispersion in the microcavity, and orange line to the exciton dispersion. Dashed purple and grey
lines are the lower and upper polariton branches, respectively. Simulation parameters are:
mC∗ = 5 × 10−5 m0e , m∗X = 0.1m0e , m0e = 5685

meV ps2
,τC
µm2

= 2 ps, τX = 300 ps, h̄ΩR = 9.8 meV

g = 2 × 10−4 h̄, EC = −4 meV , EX = 0, W = 0.4 µm, Tp = 0.04 ps. Panels b) and c) present the
evolution of photonic and excitonic components. Panel d) shows Rabi oscillations between the
photon (green line) and exciton (orange line) components integrated over space.
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4.3

Generalized Gross-Pitaevskii equation

In many experimental realizations, the description of phenomenona observed in microcavities can be explained considering only the lower polariton branch. In this case, the
pair of equations (4.3) can be reduced to a single equation, expressing the dynamics of
lower polaritons close to the minimum of the lower polariton dispersion. In the case of
resonant pumping, the equation is
ih̄

0 t
i
h
iELP
h̄2
∂
0
ψLP = ELP
ψLP + − ∗ ∇2 + gLP |ψLP |2 ψLP + ih̄P(r)e− h̄ − ih̄γLP ψLP , (4.5)
∂t
2mLP

0 = h̄ω 0 specifies the minimum of the lower polariton branch, parameter g
where ELP
LP
LP

describes the strength of interactions between lower polaritons. The terms ih̄P(r) and
−ih̄γLP ψLP are the coherent pumping and the linear decay of polaritons. Function P(r)

describes the spatial profile of the pump, which is in energy resonance with the minimum
of the lower dispersion branch. Parameters m∗LP and γLP depend on the Hopfield coefficients (2.7) and (2.8). The presented model uses the parabolic approximation of polariton
dispersion around the energy minimum.
Equation (4.5) can be used when the Rabi energy is relatively large, and the occupation

of upper polariton modes is negligibly small. The above assumptions are fulfilled when
the energy scale given by h̄ΩR is much larger than the energy scales of the kinetic energy,
the interaction energy, the resonance detuning and the decay coefficients h̄γR and h̄γLP . In
this case, Equation (4.5) can be used to describe the evolution of lower polaritons. Model
(4.1) is commonly used to describe polaritons under such conditions when the excitation
is resonant with the lower polariton branch.
The description in the case of non-resonant pumping scheme requires taking into account effects related to the interaction between polaritons and incoherent excitons. For
this purpose, the so-called "Open-dissipative Gross-Pitaevskii equation" is applied.

4.4

Open-dissipative Gross-Pitaevskii model

Description of polariton condensates under non-resonant excitation should include
effects induced by incoherent particles created by a far blue-detuned laser field. High energy excitations created by the laser are called "reservoir", which is feeding the polariton
condensate in the process of stimulated scattering.
In general, dynamics of incoherent particles in the active medium in a microcavity
can be modelled using semi-classical Boltzmann equations adapted from the laser theory
[72]. Nevertheless, the complicated multi-stage dynamics may be simplified to a single
equation, and the resulting model is called the "open-dissipative Gross-Pitaevskii model".
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It describes the evolution of the polariton condensate mean-field ψ(r,t) as well as the
dynamics of the reservoir density nR (r,t)
h
i
h̄2 2 ih̄
∂
ih̄ ψ(r,t) = (iβ − 1) ∗ ∇ + (RnR (r,t) − γLP ) +U(r,t) ψ(r,t),
∂t
2mLP
2

(4.6)

∂
nR (r,t) = P(r) − γR nR (r,t) − R|ψ(r,t)|2 ,
∂t

(4.7)

U(r,t) = gC |ψ(r,t)|2 + gR nR (r,t).

(4.8)

The term with the coefficient β in equation (4.6) represents the process of energy relaxation, and β is a phenomenological constant [73–75]. In many cases, the effect of energy
relaxation can be neglected. The term RnR (r,t) describes gain of the lower polariton state
in the process of stimulated scattering from the reservoir. This process depends on the
local density of reservoir nR (r) [13].
Evolution of reservoir density is given by Eq. (4.7), where P(r) is the intensity of
the external laser field. Parameter R describes the rate of stimulated scattering between
the reservoir and the condensate. Parameters γLP and γR are the condensate and reservoir
decay rates.
It should be noted that polaritons interact not only with each other but also with particles from the incoherent reservoir. Function U(r,t), described by equation (4.8) takes
into account both kinds of interaction. This function can be considered as an effective
potential caused by the interactions. Parameters gC and gR are respectively the polaritonpolariton and polariton-reservoir interaction coefficients. For polaritons near the minimum of the lower dispersion branch, the parameter gC depends on the excitonic Hopfield
coefficient, gC ≈ VXX |XL (0)|4 , while the value of polariton-reservoir interaction is approximately equal to the exciton-exciton interaction strength gR ≈ VXX , see Eq. (2.11).

Considering the uniform pumping P(r) = const, steady states of the system can be

obtained using the following ansatz
ψ(r,t) = ψ0 e−iµ0t ,

nR (r,t) = n0R ,

(4.9)

where µ0 is the analogue of the chemical potential. Continuous decay of polaritons and
carriers from the reservoir results in that small values of P may not be sufficient to overcome losses in the system. In this case, polariton density is equal to zero, and the reservoir
density is a linear function of the external pumping field, n0R =

P
γR .

Loss and gain are balanced in the system when RnR = γLP , and consequently the
steady state value of reservoir density is equal to n0R =
the condensation threshold, when P = Pth =

γC γR
R .

γLP
R .

This condition is satisfied at

Above condensation threshold, when

P > Pth , the chemical potential is equal to µ0 = gc |ψ0 |2 + gR n0R , and the steady state
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condensate density is
|ψ0 |2 =

P γR P − Pth
− =
.
γC R
γC

(4.10)

Model (4.6) was proposed in [76] and used for the description of various of phenomenona such as quantized vortices [77], dynamical instability [78] and appearance of
unstable and stable regimes of polariton condensates [79].

51

Part II
Introduction to neuromorphic
computing
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Chapter 5
Neuromorphic computing
5.1

Why do we need neuromorphic computing

Every year, global companies such as Intel, Advanced Micro Devices and Nvidia provide next generation of electronic devices that is available to the general public. Most
of the modern computers are designed in accordance with the so-called von Neumann
architecture (vNA) that has been successfully used in the past decades. The success of
vNA approach was related to the well known way how to increase clock frequency, that
can be achieved thanks to the progress in miniaturization of electronics. Unfortunately, in
recent years the progress in miniaturization of electronics has slowed down, rendering the
Moore’s law obsolete. Technological solutions based on two dimensional CMOS technology reach physical limits where quantum effects start to play a role [80]. The limitation
of the vNA is due to the fact that any arithmetic operation realized in vNA requires access
to an external memory unit (such as a hard disk, random access memory etc.) by various
channels, illustrated in Fig.4.1 a). Nevertheless, capacity of channels connecting memory
and central processing units is limited. This limitation results in the so-called "von Neumann bottleneck" (vNB). Physical limits of miniaturization of integrated circuits make it
impossible to solve vNB problem in the traditional way. Progress in digitization results
in the necessity to process and store increasingly larger amounts of data. Recent analysis
reported that ∼ 3 × 1030 bytes of data are generated every day [81]. The amount of digital information per single consumer of electronic devices is growing in an unprecedented
way. The contemporary level of information processing can be illustrated by the fact that
over the last two years, 90% of the world data has been generated. In addition, the development of the Internet of Things, which is aimed to improve the comfort of human life,
and methods of artificial intelligence, may be too demanding tasks for computers based
on the vNA architecture. Limits of computing capabilities do not apply only to the organizations processing extremely big sets of data such as CERN, NASA or Google, this
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issue results in real life inconvenience. World’s largest investors, such as Google, Intel,
and IBM, and best research centres aim to prevent the technological impasse, investing
massive financial resources to devise a solution that will provide further technological
progress [82–85]. Much of their research is inspired by the most effective computing
system created by nature - the brain. According to many estimates, human brain consists
of 1011 neurons, and each neuron has on average 104 synapses (input states), which gives
1015 synaptic connections in a volume of approximately 1130 cm3 . The system with such
a high complexity can perform up to 1018 operations per second with power consumption
of about 20 W [86]. This computing speed combined with low power consumption is
unavailable for modern computers, so the unique features of the brain have become a motivation for the development of a new generation of biologically inspired neuromorphic
computing systems.

Figure 5.1: a) Diagram of the von Neumann computer architecture. b) Parameters of a "computing" brain.
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5.2

Artificial neuron

Neuromorphic systems are complex computational devices inspired by the internal
structure of human brain. This concept was used to propose hardware implementations
based on electronic, photonic and optoelectronic elements [86, 87]. As an example of a
neuromorphic system, we consider a hardware network of interconnected artificial neurons.
A schematic presentation of artificial neuron structure is shown in Fig. 5.2 a). The
primary task of an artificial neuron is to process input information in a way that other
neurons can interpret. In analogy to a biological structure, artificial neuron consists
of an input layer and a nonlinear output layer. The output of an artificial neuron y
depends on the input signal x = [1, x1 , x2 , . . . , xn ] according to the connection weights
WT = [w0 , w1 , w2 , . . . , wn ]T and the type of activation function ϕ(·).
In the first layer, the input signal is multiplied by a set of weights. The main task of
weights is rescaling the amplitudes of the input signal xi . The rescaled signals are summed
up and transformed by a nonlinear activation function
n

y = ϕ(WT x) = ϕ(w0 + w1 x1 + w2 x2 + · · · + wn xn ) = ϕ(w0 + ∑ w j x j ),

(5.1)

j=1

where w0 is the bias term. The character of the activation function is one of the essential
features of an artificial neuron.
Historically, one of the first artificial neuron models was proposed by McCulloch and
Pitts [88]. This model is based on a real biological neuron, which changes the polarisation state in a step-like manner. For this reason, in early models of artificial neurons, a
binary function was chosen as the activation function. In modern artificial neurons, many
other activation functions are used. Examples include linear, sigmoid, hyperbolic tangent,
Heaviside, rectifier linear unit (ReLU) or softplus functions. Most of those functions are
nonlinear. The selection of the appropriate neuron activation function depends on the
problem under consideration. Several examples of neuron activations are presented in 5.2
b). Due to its universal nature and simplicity of analysis, the sigmoidal function
ϕ(z) =

1
,
1 + e−β z

(5.2)

is often used. This function is continuous and becomes stepwise when the β parameter
goes to infinity. The important feature of the sigmoid function is its differentiability. The
derivative of the sigmoid function has a bell shape
dϕ(z)
= β ϕ(z)[1 − ϕ(z)].
dz
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(5.3)

The differentiability of the neuron activation function is important for teaching algorithms. The realisation of teaching involves minimization of the error function by optimisation of the weight vector W. For this purpose, a so-called teaching set is used. The
teaching set D = hdi , xi i contains many samples. Each sample contains the expected value

di and the set of corresponding inputs xi . Optimisation of the model involves minimisation
the error function that defines how our prediction differs from the expected result.

Figure 5.2: a) Model of an artificial neuron, b) examples of commonly used activation functions, c)
minimisation of the error function in the classification task performed by a sigmoid neuron, where
k is number of iterations. d), e), Feature maps. Panels d) and e), corresponds to the cases before
and after teaching, respectively. Colours of symbols correspond to the desired neuron output y.
Yellow lines are the decision boundaries.
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One of the most popular definitions of a error (cost) function is the mean square error
(MSE)
E=

1 m
∑ (yi − di)2,
2m i=1

(5.4)

where di the desired output value, m is the number of examples in the teaching set and yi
is the output of the neuron
n

yi = ϕ(ui ) = ϕ( ∑ wi j x j ).

(5.5)

j=0

The task of teaching is to find weights W that fulfil the condition di ≈ WT xi in the best

possible way. This procedure can be performed using the gradient descent method. The
optimal direction of minimization of the error function is given by the partial derivative
of the cost function
∇ jE =

∂
ϕ(ui )
E = ei x j
,
∂ wi j
dui

(5.6)

where ei = (yi − di ) are the differences between targets and predictions and ∇ j E(W) is

the vector of all gradients containing all partial derivatives of the cost function. Following
the gradient one can find the values of optimal weights. At the beginning of the optimisation process, we can assume a random distribution of initial weights. The optimisation
algorithm updates the weights in an iterative process
wi j (k + 1) = wi j (k) − ηei x j

ϕ(ui )
,
dui

(5.7)

where η is the learning rate. It should be noted that the learning rate influences directly
the procedure of optimisation, which in the case of an incorrectly chosen η parameter
may not converge to the global minimum. Using the set of weights determined in the
learning procedure, we can predict values of the output y even for inputs that were not in
the teaching set.
An example of a classification task performed by a single sigmoid neuron is shown
in Fig. 5.2. The task is to separate two data sets. We choose that the expected value of
output for orange circles is d = 0 and for green stars d = 1. Each class has two features x =
[x1 , x2 ]. Graph c) shows the process of minimisation of the cost function, Eq. (5.4). The
points marked on the graph correspond to the situation before and after optimisation of the
weight matrix. The colour of shading in the two last panels of Fig. 5.2 corresponds to the
value of the neuron output. This value indicates the probability that a point in the plane
of the input space (x1 , x2 ) belongs to the "green star" class. Black colour corresponds to
y = 0, while white to y = 1. Yellow lines show the decision boundary where y = 0.5.
As can be seen, after optimising the cost function E, the artificial neuron can correctly
separate the two sets. The artificial neuron can be thought of as a linear classifier since it
performs a linear cut in the parameter space.
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5.3

Artificial neural networks

As was discussed in the previous chapter, even a single neuron can be a valuable data
classifier after applying the teaching procedure. Many interconnected neurons can perform more complex tasks such as classification of multidimensional data, pattern recognition, prediction, approximation, identification and control of processes. Systems consisting of many connected neurons are called neural networks.
Artificial neural networks can differ at the topological and conceptual levels, but each
network can learn from examples and generalize data and patterns. Most often, artificial
neural networks are characterized by a layered structure. In this case, every single layer
is made up of many neurons, which are connected to neurons in adjacent layers. The
direction of information flow indicates the neural network type. We can distinguish two
most common artificial neural networks architectures, feed-forward networks and recurrent networks. Schematic presentation of those neural networks is shown in Fig. 5.3.

Figure 5.3: Schematic models of a) a feed-forward neural network and b) a recurrent neural
network.

In a feed-forward neural network, the signal propagates in one direction from the input
layer to the output layer, passing through hidden layers. A hidden layer consists of many
neurons which are not connected with each other. Connections between individual neurons are only to neurons in the next layer. These connections are characterized by synaptic
weights. Therefore, a feed-forward neural network allows processing of information in
parallel all neurons in a particular layer.
Closing the feedback loop of neuron layers causes the network to become a dynamical
system. This type of network is called a recurrent neural network. Change of the state
of a single neuron can affect the behaviour of the whole system through feedback. Because the "actual" states of neurons depend on signals from the past, RNNs have memory.
Consequently, recurrent neural networks work very well in temporal data processing and
tasks such as predicting nonlinear time series, language translation, speech recognition
or control of dynamical systems. Recurrent neural networks are complete in the Turing
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sense, which means that they can be used to simulate an arbitrary classical computational
task. In addition, their advantage is the ability to accept an input signal of variable length.

5.4

Teaching neural networks

Parameters of a neural network such as synaptic weights should be optimised to guarantee high efficiency in solving a particular task. Generally, we distinguish three basic
neural network learning strategies, i. e. supervised learning, unsupervised learning, and
reinforcement learning. In this chapter, we briefly describe all those methods.
A supervised learning algorithm requires a so-called training set, feeding the network
inputs. The training set contains many examples that show how the network should associate a given input to a target output. For instance, in an image recognition task, the
training set can consist of thousands of images with correct labels. Teaching of the network is realised by modifying the weights between network layers.
Backpropagation and gradient descent algorithms are popular methods of weights optimisation. In the learning process, each neuron changes its weight locally, minimising
the error of the task. These algorithms influence all levels of the neural network. In a
large multi-layer system with numerous hidden layers, optimisation of all connections in
the network can be a complex problem that requires high computational performance.
In unsupervised learning, in opposition to the previous method, the teaching set contains only data samples without correct target outputs. The network processes the data,
determines patterns and correlations, and learns on its own how to perform effective classification. Consequently, the neural network automatically detects classes of similar data
in the teaching set. The optimisation of weights in the teaching process can be performed
using the competitive learning method, in which the neuron with the highest activation
remains active, while all other neurons are turned off. The competitive unsupervised
learning can be realised using the winner-takes-all or winner-takes-most methods.
Reinforcement learning is the third of the most popular learning methods in artificial intelligence. It differs significantly from supervised and unsupervised learning due
to the absence of the training set. This type of learning maximises the neural network
effectiveness based on interaction with the external environment. This neural network
model is used most often to optimise control programs, playing games, or stock investments. In this method, the neural network interacts with the "environment" through an
agent and collects information about causality. The agent makes decisions that affect the
environment. Depending on the correctness of the actions taken, the decision made by the
agent may be be reinforced or suppressed. The algorithm aims to find such decisions that
maximise the cumulative reward.
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5.5

Reservoir computing

Reservoir computing is a recent paradigm in architecture and implementation of recurrent neural networks [89–92]. The model of a reservoir neural network is shown in Fig.
5.3. The idea is based on using a reservoir consisting of a set of interconnected network
nodes with static weights. The coupling between the nodes of the reservoir network is inhomogeneous (often random) and constant in time. Connections between network nodes
(weights) in the reservoir do not require any modification during teaching. This property
is a fundamental feature of reservoir neural networks. The main task of the reservoir is
mapping and transforming input signals into a high dimensional space of network node
states (the so-called activator states). This allows to extract useful features from them by
performing a linear transformation. In the most commonly used model, the evolution of
the reservoir is given by


in
x(n) = f W u(n) + Wx(n − 1) ,

(5.8)

where x(n) is the reservoir states vector, n is the discrete time, f is the activation function
of reservoir nodes, Win is the weight matrix of input to reservoir connections, W is the
random weight matrix describing the connections between reservoir nodes, and u(n) is
the time dependent input signal. To effectively realize computing, the activation function
f should provide a nonlinear evolution of reservoir states. The function f is usually a
sigmoid-like function. The output vector of the reservoir network y(n) is given by a linear
combination of node states: y(n) = Wout x(n) where Wout is the output weight matrix.
The reservoir is typically characterized by a built-in disorder, and its character significantly affects the system dynamics [89, 92]. The output information is extracted from the
reservoir response and is used in the process of neural network teaching, in which only
the weights connecting the reservoir to the output layer are optimized. Since only the output connections are optimized, this process can be realized with the use of simple linear
regression methods, which significantly simplifies and accelerates the teaching procedure
with respect eg. to backpropagation. In addition, the time dependent state of the reservoir
has the function of short term memory (fading memory) [89, 91, 93]. The absence of the
necessity to optimize reservoir neuron connections during teaching has enabled reservoir
computing implementation in physical hardware systems with random, but static interactions between nodes. The existing hardware implementations of reservoir neural networks
include mechanical [94, 95], electronic [96–98], photonic [99, 100], spintronic [101] and
even biological systems [102]. The features which are crucial for reservoir computing
system efficiency are the nonlinearity of the reservoir nodes, scalability, energy efficiency
and speed of operation.
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Figure 5.4: Scheme of the reservoir computing concept. The input layer is used to transfer input signals ui (t) to the nonlinear reservoir consisting of interconnected hidden nodes. Signals
propagate between the nodes connected with each other by random weights. Reservoir performs
also nonlinear transformation of input into a higher dimensional space. The node amplitudes are
collected at the output layer yi and used for classification or prediction. In contrast to standard
recurrent neural networks, input weights and connections within the reservoir are static. Only the
output layer weights are modified during teaching using a simple regression algorithm.
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Part III
Results
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Chapter 6
Nonlinear dynamics of quantum fluids
of light
6.1
6.1.1

Dynamics of dark solitons
Introduction

Dispersive partial differential equations are used to model many physical phenomena,
such as propagation of electromagnetic waves, sound waves or even matter waves [103].
The characteristic feature of these equations is the broadening of wave packet envelopes
during propagation or evolution. This phenomenon is induced by the difference of group
velocities of waves at different wavelengths. Nevertheless, in a nonlinear medium with a
certain type and strength of nonlinearity, this phenomenon can be compensated.
As a result of the balance between dispersion and nonlinearity, a wave packet can
travel while maintaining its shape. Such a nonlinear wave is called a soliton [104, 105].
Note that some authors limit the use fo the term soliton only to solutions, which can interact with other solitons, and emerge from the collision unchanged. Here, we use the
definition that does not require this condition, which is more common among physicists.
Solitons are observed in nature and explored in various science branches including nonlinear optics [106], condensed matter physics [107, 108], biology [109], geology and
oceanography [110].
Stable "particle-like" soliton solutions exist for many nonlinear equations such as the
Korteveg-de Vries equation, nonlinear Schrödinger equation or the Gross-Pitaevskii equation. Majority of solitons can be categorised into two classes: dark and bright solitons.
Bright solitons have typically a shape of an exponentially localised density peak. This
type of nonlinear waves exist in systems which are characterised by attractive nonlinearity (or self-focusing, in the context of optics). A dark soliton is an exponentially localised
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density dip that exists in a non-zero density background, and occurs in systems with repulsive (or self-defocusing) nonlinearity.
The Gross-Pitaevskii equation (4.2) has a family of dark soliton solutions in the form
[111, 112]
ψs (x,t) = iA + B tanh(Dξ (x,t)),

(6.1)

where ξ (x,t) = x − x0 (t) takes into account the motion of the soliton center x0 (t) = vst

where vs is the soliton velocity in the reference frame of the background of amplitude A.
Parameters A and B are related by a simple relation A2 + B2 = 1. We can write A = sin(φ )

and B = cos(φ ) where φ is called the soliton phase angle φ < π2 . The phase jump across
the dark soliton ∆φ is given by the relation
h

π i
−1 B
∆φ = 2 tanh
−
.
A 2

(6.2)

Since the last decade, interest in exploring nonlinear excitations of non-equilibrium
polariton fluids led to fascinating experimental and theoretical results, such as the observation of a quantum vortex [113, 114], bright solitons [115], dark solitons [116], crosspolarized dark half-solitons [117], gap solitons [74] or gain-pinned dissipative solitons
[118]. In a polariton condensate, solitons and vortices arise spontaneously or can be generated optically. In the optical method, to reproduce a spatial profile of the nonlinear
excitation, the condensate phase is optically imprinted. Nevertheless, in an incoherently
pumped system the fast soliton decay induced by the incoherent reservoir [119] and difficulty creating a narrow phase profile makes imprinting dark solitons difficult.
In [120] we presented a method that can be applied to generate dark solitons in an
incoherently pumped polariton fluid. This work focuses on two research issues: the theoretical description of dark soliton formation and obtaining analytical equations describing
their dynamics. The presented results explained why dark soliton creation is most effective in the weak pumping limit. We demonstrated that periodic generation of solitons is
accompanied by oscillations of the drag force felt by the condensate scattered on a defect.
We associated this phenomenon with the local breakdown of superfluidity. Additionally,
the analytical formulas for dark soliton dynamics based on the variational approach were
derived. Finally, we compared the analytical results with numerical simulations based on
the Open-Dissipative Gross-Pitaevskii equation.
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Figure 6.1: Schematic illustration of a quasi-one-dimensional semiconductor microwire. Polariton
condensate is spatially confined in the transverse direction. The optical laser field, detuned from
the exciton-polariton resonance energy, generates a localised defect whose spatial size is less than
the healing length of the polariton condensate. Optical defect propagates through the microwire
with constant velocity vde f . The interaction between the condensate and the obstacle results in the
generation of a dark soliton train.

6.1.2

Model

We consider a quasi-one-dimensional non-resonantly pumped exciton-polariton condensate, which interacts with a small optical defect. Scheme of the considered model is
shown in Fig. 6.1. We assume that the optical obstacle is induced by an external detuned
laser, moving at a constant velocity. The equations for the polariton field Ψ(x,t) and the
density of the incoherent reservoir nR take the form
ih̄

h̄2 ∂ 2 Ψ i
∂Ψ
= − ∗ 2 + (R1D nR − γC )Ψ + (gC |Ψ|2 + gR nR )Ψ +V (x,t)Ψ,
∂t
2m ∂ x
2

(6.3)

∂ nR
= P(x,t) − (γR + R1D |Ψ|2 )nR .
(6.4)
∂t
The above equation was described in Section 4.4. The only difference between models (4.6) and (6.3) is the additional term describing the moving potential created by the
external laser V (x,t)
−

V (x,t) = Vm e

(x−vde f t)2
l2

,

(6.5)

where the parameter Vm is the amplitude of the defect potential and l is the width of the
Gaussian envelope.
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6.1.3

Generation of dark solitons

Our method was inspired by theoretical studies of superfluidity in bosonic condensates. Previous research suggested that scattering between a potential defect and a flowing
condensate can induce interesting phenomenona such as spontaneous creation of nonlinear excitations, Cherenkov radiation, or transition to an unstable state [121–133]. Additionally, a condensate scattering on a defect can be used for probing superfluid behaviour
and as an artificial simulator of a black hole [122].
As was shown in [121, 125, 126], when a flowing bosonic quantum fluid interacts
with a stationary defect, two different kinds of evolution may be expected. When the
velocity of the condensates respects the Landau criterion, flow occurs without energy
dissipation. However, in the opposite case, the periodic generation of dark solitons occurs.
This phenomenon is related to the local saddle-node bifurcation induced by the defect. A
superposition of two states emerge: the unstable one induced by the local potential and the
stable one corresponding to a soliton solution. Consequently, condensate strained by the
defect relaxes, emitting a dark soliton [121, 127, 134]. The process repeats periodically
due to the constant flow of the bosonic fluid.
In our work, we investigated this phenomenon in the context of a nonequilibrium
polariton condensate. An example of periodic generation of dark solitons resulting from
interaction with a defect is shown in Fig. 6.2.

Figure 6.2: Soliton trajectories in the laboratory reference frame versus analytical predictions.
Dashed lines show analytical fits to soliton trajectories. The first soliton s1 is created in the
strongly nonequilibrium transient conditions, which results in the direction of its movement which
is opposite to the subsequent ones. The calculated trajectories take into account the nonzero
particle current occurring in the vicinity of the defect.
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6.1.4

Soliton dynamics

To obtain an analytical expression describing the dynamics of a dark soliton in a nonresonantly pumped polariton condensate, we used a perturbative variational theory [111].
First of all, we assume that the density of incoherent reservoir adiabatically follows
the changes of the polariton field. Under the adiabatic approximation, Equation (6.4)
takes the form [135]
P
.
(6.6)
γR + R|Ψ(x,t)|2
Next, we will consider small fluctuations around the steady-state of the polariton connR (x,t) =

densate, and introduce a small perturbation in the form of slowly varying envelope of
the condensate wavefunction amplitude ψ(x,t) and the perturbation of reservoir density
mR (x,t)
Ψ(r,t) = Ψ0 ψ(x,t)e−iµ0t ,

nR (r,t) = n0R + mR (x,t),

(6.7)

Expanding Equation (6.6) in a Taylor series and substituting Equations (6.7) into (6.3)
we can obtain a dynamical equation for the polariton wave function perturbation, which,
under the assumption of P ≈ Pth , can be written in the form of a perturbed generalized
Nonlinear Schrödinger Equation
i

∂ψ
1 ∂ 2ψ
+−
− Γ(|ψ|2 − 1)ψ = R(mR , ψ),
∂t
2 ∂ x2

where R(mR , ψ) = 2i RmR ψ, mR (x,t) =

γC
P
2
γR (1 − Pth |ψ| )

(6.8)

and Γ = gc |Ψ0 |2 . The evolution

of waves described by the above equation can be obtained using the generalized EulerLagrange equation

∂L
d  ∂L 
−
=
2ℜ
∂ α j dt ∂ α 0j

Z ∞
−∞

R ∗ (ψs )

∂ ψs 
dx ,
∂αj

(6.9)

where ℜ is the real part of the expression and L is the varitional form of the Lagrangian.
For the Nonlinear Schrödinger Equation, taking the dark soliton ansatz (6.1), the Lagrangian L takes the form

 


x0
2 2
B4
−1 B
L=2
− AB + tan
−
B D+γ
.
dt
A
3
D

(6.10)

Using equations (6.9) and (6.10) we can obtain relations between the soliton parameters
and their time derivatives. Solving equation (6.9) for the variable α j = x0 and applying the
relation between parameters A, B and soliton velocity vs we obtain the soliton trajectory
 1 q

− τts 2
− τts
−1
2
(6.11)
ss (t) = 2τs tanh
−e vs0 + vs0 + e
,
vs0
as well as its velocity and acceleration, where τs =

γC
3
2 γR R|Ψ0 |2

is the dark soliton life-

time [136]. Figure 6.2 presents soliton trajectories obtained using the above equation,
fitted to the numerical simulation based on Equations (6.3) and (6.4).
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6.2
6.2.1

Theory of relaxation oscillations
Introduction

Many experimental studies reported complex oscillatory dynamics of polariton condensates, such as Josephson oscillations [46–48] , Rabi oscillations [61, 62, 70, 71], and
relaxation oscillations [137–141].
Relaxation oscillations is a nonlinear phenomenon that takes place in the so-called
slow-fast dynamical systems, where two significantly different time scales play a role.
One of the characteristic properties of relaxation oscillations is the possibility of the presence of two stages in the cycle, possessing different timescales [142]. The first timescale
is related to a slow change and the second timescale represents a rapid change due to fast
relaxation. Following this rapid change, the system returns to the stage of a slow evolution [142]. Generally, relaxation oscillations can be observed in various electronic and optoelectronic systems, for example in electronic triodes [143], solid-state lasers [144, 145],
laser diodes [146] or biological systems such as spiking neurons [147].
In polariton quantum fluids, relaxation oscillations were observed and reported in several works [137–141]. As in the case of semiconductor lasers, relaxation oscillations of
polaritons are especially prominent in low-quality resonators that trap photons in the resonator relatively shortly, approximately for a few picoseconds. Relaxation oscillations in
exciton-polariton condensates are induced by the difference in the efficiency of relaxation
in the reservoir and in the macroscopic polariton state, which can be manifested as slow
damped oscillations around the steady-state of a condensate, or a series of emitted pulses,
well separated in time.
Observations of relaxation oscillations in polariton fluids caused many questions about
the theoretical explanation and the possibility of their application. For that reason, we
constructed a theory that can be used for the description of these phenomena. We propose
an analytical condition that relates fundamental parameters of polariton condensates with
the range of occurrence of oscillations. Additionally, based on the fixed-point analysis and
study of condensate trajectories in phase space, we explain why the existence of a second
reservoir is necessary to observe relaxation oscillations in the case of pulsed excitation.
We show why polariton relaxation oscillations are observed in systems with relatively
short exciton-polariton lifetimes.
In this section, we briefly present some of the results reported in [148].
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6.2.2

Model

We assume that the incoherent reservoir can be roughly divided into two parts – the
active and inactive reservoir. The active reservoir models the part of the system that
directly provides stimulated scattering to the polariton condensate. On the other hand, the
inactive reservoir modes are pumped by the external laser, and can scatter to the active
reservoir modes [149]. To explore relaxation oscillations arising in polariton condensates,
we consider a system of three equations describing the evolution of the condensate and
the active and inactive reservoirs [137–139, 141]

∂Ψ 
h̄2 2 ih̄
ih̄
= − ∗ ∇ + (RnR − γC ) +U(r,t)) Ψ,
∂t
2m
2
∂ nR
= κn2I − γR nR − RnR |Ψ|2 ,
∂t
∂ nI
= P − κn2I − γI nI ,
∂t

(6.12)
(6.13)
(6.14)

where m∗ is the polariton effective mass. Stimulated scattering to the condensate and
stimulated scattering between reservoirs are represented by R and κ, respectively. In our
considerations, we assume that scattering from the inactive reservoir and stimulated relaxation of polaritons are given by κ 1D nI (r,t)2 and RnR (r,t) terms, respectively. Losses
in the system are described by the parameters γI , γR and γC , representing the decay of
inactive and active reservoirs, and the decay of polaritons, respectively. The decay rate
of polaritons γC includes the finite lifetime of the photon component in semiconductor
microcavity as well as the none-radiative decay rate of excitons forming polaritons. The
potential U(r,t) is the effective potential due to the mean-field interaction within the condensate and between the condensate and reservoirs. The physical nature of both reservoirs
depends on the specific experimental implementation. They can arise as a result of an accumulation of two spatially separated excitonic reservoirs, as was shown in [140] or as a
consequence of generation of hot carriers (electron-hole plasma) which relax to the active
exciton reservoir [138, 139, 141]. The presented theory can be applied in both cases.

6.2.3

Relaxation oscillations

First, we will consider the dynamics of a polariton condensate under continuous nonresonant excitation using the system of equations (6.12)-(6.14). At the beginning of the
evolution, we assume the absence of exciton-polaritons as well as carriers in both reservoirs. Then, to reproduce the experimental conditions, we will use physical parameters
corresponding to the work [140, 141]. In this case, evolution of polariton field displays oscillatory dynamics. We can distinguish three main stages of evolution, which are schematically shown in Fig. 6.3.
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The first stage is the saturation of reservoir states due to continuous nonresonant optical pumping. The stationary levels of reservoirs are determined by a balance between
optical pumping and particle dissipation. The inactive reservoir relaxes and feeds the active reservoir, increasing its density to the steady-state level. In this stage of evolution,
condensate density rises much slower than densities of reservoirs and is close to zero.
The second stage of evolution is the sharp increase of condensate density, which starts
the stimulated scattering process after a long time of accumulation. The condensate density grows exponentially. The rising condensate density depletes the active reservoir due
to stimulated scattering. The process stops when the condensate and the reservoir achieve
densities close to an equilibrium state.
The third stage is characterised by the fast and slow timescales. The first timescale
is related to the frequency of fast oscillations and is determined by the condensate decay rate. The second timescale is slower and it is related to the decay of oscillations. In
every cycle of oscillations, the active reservoir density is initially reduced by the stimulated scattering process. Consequently, the decreased reservoir density cannot sustain the
condensate, which leads to fast decay of polaritons. The reduced stimulated scattering
allows the active reservoir to be refilled. These oscillations recur until the condensate and
reservoir reach the steady state level. A detailed theoretical description of the presented
phenomenon will be presented in the next section.

6.2.4

Dynamics of reservoirs

We start our considerations from determining the dynamics of the inactive reservoir.
In the case of non-resonant continuous pumping, i.e. when P(t) = P0 = const, the inactive
reservoir equation has the analytical solution
 q
q
1
2
2
0
tanh 2 t η + γI + ξ
η 2 + γI2 − γI
(6.15)
1
nI (t) =
,
2
κ
√
where η = 4P0 , with P0 = αPth and Pth = γC γR /R. The parameter ξ 0 is related to the
2
2
initial density of the inactive reservoir ξ 0 = tanh−1 ((2nin
I κ + γI )/(η + γI )). In the case

when the inactive reservoir is initially empty, nin
I = 0, and when γI  γC , γR , the parameter
ξ0 is negligibly small due to the properties of the inverse hyperbolic tangent function.

Evolution of the inactive reservoir density given by equation (6.15) is shown in Fig. 6.3
b). It reaches the steady state at the level of
nstb
I =

−γI +

q
4κP0 + γI2

.
(6.16)
2κ
In the case of continuous pumping, the time scale of the stabilization of the inactive
reservoir is much shorter than the time necessary to build up the active reservoir and
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Figure 6.3: a) Schematic presentation of the considered multistage relaxation process. b) Evolution of the polariton density nC (t) and the incoherent nI (t) and coherent reservoir density nR (t)
generated by a continuous wave excitation. Blue lines corresponds to the analytical solution describing the evolution of reservoirs under the assumption of negligible polariton density. Red
line presents the evolution of condensate density obtained by the nonlinear oscillator aproximation. Grey points correspond to the numerical solution obtained from the open-dissipative GrossPitaevskii equation.

condensate densities. In this case, it is reasonable to assume that the density of the inactive
reservoir is constant.
Next, we describe the evolution of the active reservoir. It is more complex because of
the feedback between the polariton condensate and the active reservoir. First, we consider
the case when the polariton density is still negligible. In this case we can set nC (t) = 0
in the equations. Assuming that the inactive reservoir stabilizes very quickly, almost at
the initial time t = 0, the active reservoir dynamics is described by the following analytic
solution
nR (t) = −κ

2
(nstb
I )
(e−γRt − 1).
γR

(6.17)

This equation is correct for the inactive reservoir density below the level that corresponds
γC γR
2
to the condensation threshold, i.e. (nstab
I ) κ < R . The active reservoir density stabilizes

at the level of n0R =

PI
γR .

Nevertheless, high density of the active reservoir induces growth
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of the polariton condensate density. Polariton density grows exponentially and results
in the depletion of active reservoir density. In this case the steady state of the reservoir
density is given by nCR =

6.2.5

γC
R.

Analytical condition for relaxation oscillations

Assuming quick stabilisation of the inactive reservoir density under continuous wave
excitation, the complete set of equations can be simplified to the second-order equation
for the time evolution of polariton density nc = |Ψ|2
d2
dnC ( dtd nC )2
nC = −(γC γR + γC RnC (t) − PI R)nC (t) − (RnC (t) + γR )
+
,
dt 2
dt
nC (t)

(6.18)

where PI = n2I κ is the drive term corresponding to the scattering from the inactive reservoir. The above equation has the form similar to the model of a damped harmonic oscillator, and can be rewritten in the form of two coupled first-order equations

Ẋ = Y,
Ẏ = −(γ γ + γ RX − P R)X − (RX + γ )Y + Y 2 ,
C R

where X = nC (t) and Y =

I

C

d
dt nC (t).

R

(6.19)

X

Model (6.19) has two fixed points. In our discussion

we will omit the trivial solution when the condensate density is zero. We will focus on
the situation when PI > Pth . In this case, the nontrivial fixed point is given by Y2∗ = 0 and
X2∗ = (PI − Pth )/(γC ). Considering small perturbations u and v around the fixed point u =
X − X ∗ , and v = Y −Y ∗ , and using the Taylor series expansion we can express Eq. (6.11)

as


u̇ = u ∂ f + v ∂ f + O(u2 , v2 , uv),
∂X
∂Y
v̇ = u ∂ g + v ∂ g + O(u2 , v2 , uv).
∂X

(6.20)

∂Y

Neglecting the second-order terms and considering only the vicinity of the fixed point
(X2∗ ,Y2∗ ), we can approximate these equations by
 
 
u̇
u
≈A
,
v̇
v

(6.21)

where A is the Jacobian matrix containing the derivatives taken at the stationary point.
The Jacobian matrix eigenvalues define the type of trajectory in the phase space. When
the eigenvalues of the Jacobian matrix are complex, the fixed point is a stable spiral. In
this case, the evolution has the form of relaxation oscillations. In the other case, when
eigenvalues of the Jacobian matrix are real, the dynamics of the system corresponds to an
exponential decay without any additional oscillations. Using the trace τ and determinant
∆ of the matrix A we can classify the fixed point solutions in the diagram in Fig. 6.4.
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2
The eigenvalues of the Jacobian matrix become complex when τ(X
∗ ,Y ∗ ) − 4∆(X ∗ ,Y ∗ ) < 0.
2 2
2

2

Consequently the analytical condition for relaxation oscillations in a polariton condensate
is given by
(RPI )2 − 4γC2 R(PI − Pth ) > 0.

(6.22)

Figure 6.4: Diagram of the possible kinds of fixed points. Parameters τ and ∆ are the trace and
the determinant of the Jacobian matrix A given by Equation (6.21), respectively.
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Chapter 7
Neuromorphic computing with
quantum fluids of light
7.1

Introduction

The first results suggesting that polariton condensates can be used for constructing artificial neurons were presented in [150, 151]. These works introduced the general concept
of how matter waves or exciton-polariton condensates can implement a single neuron or
logic gates.
In 2019, in collaboration with the group of prof. T. Liew, we demonstrated that excitonpolariton condensates trapped in networks could be used to perform advanced neuromorphic computing [152]. In the following year, in collaboration with the experimental group
of prof. Danielle Sanvito, we confirmed these predictions [153]. Furthermore, we showed
that using the polariton neural network significantly improves image classification efficiency compared to software linear classification algorithms. Next, together with the
group of prof. Barbara Pi˛etka and prof. Jacek Szczytko from the University fo Warsaw
we demonstrated the first experimental realisation of a binarised exciton-polariton neural
network [154]. The presented implementation achieved excellent accuracy in a pattern
recognition task.
Two of the above mentioned works are primarily experimental. Nevertheless, theoretical contribution to the works [153] and [154] was essential. My participation in both
projects included designing the considered neural networks, analysing experimental data
and determining the effectiveness of the neural network realisations.
The focus of this chapter is on general properties of neuromorphic polariton systems.
Then, we will briefly define the machine learning tasks, considered in [152–154]. Next,
we describe some of the essential results obtained in these works. For a detailed review
on this topic, see Sections 9.3, 9.4 and 9.5.
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7.1.1

Polaritons as a new platform for neuromorphic computing

Polariton properties give them a potential advantage over digital electronics due to
the speed of operation, energy efficiency and the possibility of optical control. In the
work [152], we estimated the upper limit of polariton neural network processing rate
and compared it with hardware implementations of reservoir neural networks realized
experimentally. As a benchmark, we considered the TI 46 speech recognition task.
Our numerical simulations prove that exciton-polaritons can process data at an extremely high rate. We estimated that lattice of coupled polariton nodes could realize the
spoken word recognition task with the speed 1.6 × 1010 words/s. This processing rate is

higher than 2.5 × 103 words/s reported for a CMOS FPGA implementation of liquid state

machines [155] and record value of 7.7 × 105 words/s achieved in an optoelectronic de-

lay line system [156]. The very high processing rate of exciton-polariton systems results
from the strong optical nonlinearity on a picosecond timescale. Additionally, in a polari-

ton system, we can achieve parallel data processing using many connected condensate
modes. It should be noted that modern semiconductor technology allows to fabricate polariton lattices with several thousands of pillars [157]. The footprint of polariton lattices is
also competitive. Recent neuromorphic implementation of the IBM TrueNorth chip [158]
contains one million neurons on an approximate surface of 2 cm2 , which gives an average
of 5 × 103 neurons/mm2 . For comparison, the typical size of a polariton pillar node is

10µm2 , which gives an estimate of 105 nodes/mm2 , pointing out the possible advantage

of polariton systems.
Another aspect that motivates to explore polariton neural networks is the multistability
[159–161]. In a dynamical system, the existence of multistable states results in the socalled internal system memory. Synaptic memory and internal memory are important
properties of recurrent neural networks [89, 91, 92]. In systems with internal memory,
each of stable states can be treated as an elementary memory cell that can be switched
using an external stimulus. Internal memory can be associated with special regions in the
phase space of the system, which over time attract trajectories corresponding to different
initial states, the so-called attractors. The attractor can be a point, a closed curve or a
fractal (such as the Lorentz attractor) [162]. In the case of a multistable system, there are
many attractors in the phase space. The external excitation of a multistable system can
set the state of the system in one of many possible pools of attractions. These states will
converge to the attractor corresponding to that region. In this case, even after removing the
external stimulus, the system still contains information about the features of the external
perturbation. Using learning procedures, we can relate the characteristics of input states
to the observation of attractors.
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It should be emphasized that many previous works have shown that polariton networks
can be used as simulators [163–167]. Currently, using polariton lattices to implement analogue computational simulators is a strongly developed research direction. A simulator
is a physical system specialized in performing a specific computational task in a short
time. These tasks are typically optimization problems with many degrees of freedom, and
complexity that increases exponentially with the number of variables. Therefore, their solution becomes impossible using conventional computers, because their implementation
would require calculations lasting thousands or millions of years.

7.1.2

Tasks under considernation

In [152–154] we used polariton neural networks to solve three machine learning tasks
specified below.
Exclusive OR operation. The Exclusive OR (XOR) is a Boolean function with two
inputs (x, y) and one output performing exclusive disjunction operation. The result of
a XOR operation can be treated as a classification task of the two-component Boolean
input. In this approach, the XOR function is a classifier with two features (x, y) per
sample which belongs to one of the two output classes {0, 1}. Implementation of the

XOR logic operation is solvable in various ways, including machine learning systems

such as the multilayer perceptron. In [154] we used a nonlinear mapping method based on
polariton condensate response to realise this simple operation. Importantly, the XOR task
is strongly nonlinear, which allows to benchmark the system capability to solve nonlinear
classification problems.
Pattern recognition task. The Modified National Institute of Science and Technology
(MNIST) dataset is one of the standard tests of pattern recognition – the "fruit fly" of
machine learning. The idea of the MNIST task is to classify handwritten digits. The
MNIST dataset consists of 70000 pairs of handwritten digit images and corresponding
labels. Digits range from 0 to 9 and images consist of 28 × 28 grayscale pixels.

Nonlinear time-series prediction. In the prediction task, we used the Mackey-Glass

model. The Mackey-Glass equation is a nonlinear time-delayed differential equation
d
β u(t − τ)
u(t) = −γu(t) +
,
dt
1 + u(t − τ)n

(7.1)

where parameters γ, β and n are real numbers. The parameter τ represents the delay. The
above equation can result in certain chaotic and periodic dynamics, depending on system
parameters, and its evolution is difficult to predict.
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7.2

Neuromorphic computing in a polariton lattice system

7.2.1

Model

The complex Ginzburg-Landau equation is a fundamental physical equation studied in
condensed matter and nanophotonics. This model is used to describe Bose-Einstein condensates, superconductors, lasers, chemical reactions and hydrodynamic systems. Moreover, it is one of the most commonly used models in nonlinear wave dynamics [168].
The complex Ginzburg-Landau equation provides a universal description of weakly nonlinear spatiotemporal systems invariant under a global gauge change ψ → ψe−iφ where
typically ψ is a slowly varying envelope of an oscillatory wave packet. Experimentally,

systems of coupled discrete states described by the complex Ginzburg-Landau equation
can be realized, e.g. in atomic Bose-Einstein condensate in an optical lattice potential, or
exciton-polariton condensate in a periodically modulated low-dimensional semiconductor structure. In [152] we demonstrated that systems described by the discrete complex
Ginzburg-Landau lattice equation allow the implementation of reservoir neural networks.
The discrete version of the complex Ginzburg-Landau equation, which describes a
two-dimensional array of weakly coupled traps, pumped by time dependent field um (t)
takes the form
dψn
in
= −i ∑ Wnm ψm + (γ − Γ|ψn |2 − ig|ψn |2 )ψn +Wnm
um (t),
dt
m∈nn

(7.2)

where coupling coefficients between nearest neighbour lattice sites are denoted by Wnm ,
γ is the gain coefficient, Γ is the nonlinear decay rate, and g is the conservative nonlinear
coefficient. The last term on the right-hand side of the above equation corresponds to
in is the mask applied to the input signal u (t) to
the coherent signal injection, where Wnm
m

distribute the information over the lattice. Parameter γ = P − κ is the gain coefficient

given by the difference between the pumping rate P and the linear decay rate κ. Scheme
of the experiment designed for a classification task in shown in Fig. 7.1. In [152], we
consider a simple rectangular N × N lattice, which is a reservoir with random, positive,
and symmetric nearest-neighbour couplings Wnm .

In the first stage of the proposed experiment, the digit is transformed into a pulse
sequence and convoluted with random weights as shown in Fig. 7.1 a). Then, the optical signal is injected into all lattice sites. At the same time, the system is continuously
pumped close to the condensation threshold to guarantee a nonlinear, dynamic state of
polaritons. The time-dependent optical field induces a nontrivial evolution of the polariton field in each of the lattice nodes as shown in Fig. 7.1 b). At the end of the sequence,
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the resulting density at each node In (t) = |ψn (t)|2 is measured and used to classify the

input. The output from the condensate is a nonlinear transformation of the input, revealing correlations between pixels in the MNIST digit. This output can be used as a new
feature vector in the supervised learning process. Using simple learning algorithm such
as logistic regression, we can obtain the Wout matrix that contains the output weights.
Multiplying the output from the condensate In (t) by the weights Wout , adding a bias term,
and using the softmax function, we obtain the probability that the digit belongs to one of
the 10 classes, as depicted in Fig. 7.1 c).

Figure 7.1: Scheme of the handwritten digit classification task. a) Input state preparation. b)
in u (t). c) Classification of the digit
Driving of polariton states by the optical field Fn (t) = Wnm
m

based on the nonlinear polariton response.
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7.2.2

Results

To check the efficiency of polariton reservoir neural network in the pattern recognition
task, we used a subset of the MNIST dataset that contains 4000 digits for training and
1000 digits for testing. Digits were chosen randomly from the entire dataset. Each digit
was reduced to a grayscale 20 × 20 pixels image. Figure 7.2 a) presents the dependence

of the error rate of classification on the size of the polariton lattice, which plays the role
of a neural network reservoir. Error rates are calculated as a result of averaging over
ten simulations corresponding to different random connections in the reservoir Wnm and
in . Error rate decreases with increasing reservoir size N × N.
different input weights Wnm

The error rate for a lattice containing 2500 polariton nodes is approximately 5.0%. In the
case of a small lattice containing 81 nodes, the recognition rate is around 89.2%.
In Fig. 7.2 b) we can see the relation between the error rate and the effective gain
parameter γ. Reservoir computing systems exhibit optimal performance at the transition
from stability to instability, which in our system occurs at γ ≈ 0, in the absence of the input

signal um (t). In the case considered here, this corresponds to the threshold for polariton
lasing or condensation. Numerical simulations show that the optimal working point of the
polariton neural network is close to the zero gain point.
Numerical simulations and theoretical analysis of [152] confirmed that lattices of
exciton-polariton condensates can be an effective platform for neuromorphic computing.
Moreover, the presented work became an inspiration for further research, and the first experimental realizations of exciton-polariton neural networks in analogue [153] and binary
[154] versions.

Figure 7.2: a) The dependence of error rate on the linear size of the lattice, with the total number of
lattice sites equal to N 2 . Data points are calculated by averaging over ten random realizations of
the reservoir-weights matrix Win and the input matrix Win . Error bars show standard deviation of
error rates. The point marked with a star corresponds to a single realization. b) Relation between
error rate and pumping gain parameter γ. The optimal working conditions occur when γ ≈ 0.
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7.3

Analog polariton neural network

In the work [153] we demonstrated experimentally the idea proposed in [152]. Our
neural network is characterized by a significantly increased recognition rate compared
with the software linear classification algorithms in the case of the MNIST handwritten
digit recognition task. The advantage of the implementation of neural network architecture in an optical system is related to the potential speed of operation in the THz range. As
a result, our system can compete with other ultrafast brain-inspired computing systems.
To illustrate advantages of the polariton system, table 7.1 compares parameters of different hardware neuromorphic systems realisations. Two references that present a higher
accuracy rate than our work are not fully hardware implementation of a neuromorphic
system but a software simulation [169], and the realisation trained with an extended data
set including distortions, which increased the recognition rate [170].
Table 7.1: Comparison of different hardware realisations of neural networks performing the
MNIST handwritten digit classification task.

MNIST

training

testing

resolution

speed

polariton RC [152]

93%

4000

1000

THz

memristor RC [97]

88.1%

14000

2000

7×7

Thz deep NN [171]

81%

1500

50

hopping current [169]

96%

60000

10000

FPGA ReCA [170]

98%

60000

10000

28 × 28

kHZ

28 × 28

MHz

28 × 28
22 × 20

THz
Mhz

Schematic presentation of the experiment is shown in Fig. 7.3. Input is generated
by multiplication of a MNIST digit and the random weights matrix. In contrast to the
work [152], condensates are coupled ballistically without any additional lattice potential.
Nodes of the network are imprinted optically using a spatial light modulator (SLM). This
optical device creates spatial modulation of light intensity and phase of the input laser
pulse. The strong interaction between polaritons results in nonlinear response of each
node in function of input power. Moreover, the nodes interact with each other through
ballistic coupling. The intensity of transmitted light is used as an output from the polariton
neural network reservoir. It is recorded by a CCD camera and multiplied by the output
weights matrix, obtained in a supervised learning procedure. Optimisation of weights
in the output weight matrix gives the possibility to classify input patterns with a high
accuracy. We find that 8 × 8 lattice of polariton nodes can classify 1000 MNIST digits

from the testing dataset with 93% accuracy. Our result is higher than any other hardware
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implementation of reservoir neural networks, as illustrated in Table 7.1.

Figure 7.3: Experimental configuration of the reservoir neural network. a) The index j is assigned
to each pixel of an N ×N input image, such that input intensities are a j . These inputs are multiplied

by an 82 × N 2 sparse random matrix, giving the input as bi = Wi j a j . Here i indexes different pixels

of an 8 × 8 image that is directly coupled to the 8 × 8 sites of the reservoir. The same procedure
is used for all input images. b) The resulting data set is sent to the SLM to pattern the input laser
pulse. Nonlinear transmission c) of the polariton RC nodes produces an output image d), which is
recorded by a CCD camera and multiplied by the weight matrix e) to obtain the digit classification
f). g) Scheme of the experimental setup corresponding to the steps described in b) - d). Figure and
description taken from [153].
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7.4

Binarized polariton neural network

In [154] we presented the first realisation of a binarized exciton-polariton neural network. Our neuron was composed of energy-passive optical elements, ensuring low energy
cost of a single operation. We demonstrated that binarized polariton neurons can operate
in a fully all-optical mode. The energy cost of a single binarized operation is at the order
of picojoules, and was lower than in the case of state-of-the-art electronic neuromorphic
systems. Furthermore, we demonstrate that a single-hidden-layer polariton neural network can classify the MNIST handwritten digit dataset with the accuracy of 96%. The
model of the considered neural network is shown in Fig. 7.4. Ngates separate XOR gates
constitute the hidden layer of the network. The XOR gate can be realised fully optically,
which is schematically presented in Fig. 7.4 b). In our proposal, two picosecond pulses
encode the binarized inputs of the semiconductor microcavity. In the strong coupling
regime, the input optical signals generate a population of polaritons that interacts and creates a nonlinear response. The response can be made strongly nonlinear, with a negative
slope at a certain range of input intensities, using a spectral filter.
To implement a XOR logic gate, we applied the nonlinear mapping method, using the
emission from the polariton nodes to transform the input data into a three-dimensional
feature space, shown in panel 7.3 a). Consequently, by multiplying the input intensitites and the intensity of the emission from the condensate by a proper weight matrix,
computed using a simple optimisation technique, we can calculate the result of the XOR
operation. In the experiment, the weight matrix is realised in two ways: either in software
or fully optically using a set of neutral density filters.
To prepare the input for the neural network, we transformed MNIST digits into bitmaps.
Next, we constructed a matrix that randomly connects 2Ngates positions of pixels of a
bitmap to the inputs of XOR gates. This matrix determines which pixels will be fed as input to the gates. This is schematically shown in Fig. 7.4 c). The XOR gates were realized
by time-multiplexing of the previously constructed gate. The gate outputs are directed
to the software output layer, which performs linear classification. In this layer, we apply
the optimal classification hyperplanes in the Ngates -dimensional space to classify MNIST
digits. These hyperplanes are determined using the logistic regression method with the
training dataset.
Our numerical simulations confirmed that the accuracy of the considered polariton
neural network depends on the number of XOR gates. Dependence between the accuracy
and the number of gates is shown in Fig. 7.4 d). We find that the prediction accuracy
saturates at the level of ≈ 96% for N > 8000. Our simulation analysed all examples from

the MNIST dataset, using 60 000 digits in the training stage and 10 000 in the testing
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stage.

Figure 7.4: a) Nonlinear mapping method for the XOR classification problem. In the input space
(left), the maximum accuracy of linear classification is 75%. The additional nonlinear feature
is represented by the z axis (right), and allows 100% accuracy of classification with a twodimensional plane. b) Experimental realization of an exciton-polariton XOR gate. c) Conceptual
scheme of the neuromorphic binarized polariton network. d) Accuracy of the MNIST handwritten
digit recognition as a function of the number of XOR gates in the hidden layer. Dashed lines indicate the accuracy of classification obtained by the logistic regression method for the binarized
(B/W) and original grayscale MNIST dataset. Figures taken from [154].
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Chapter 8
Conclusions
In this thesis, we theoretically studied complex nonlinear dynamics of exciton-polariton
condensates. The presented dissertation focuses on two main issues, the theoretical description of nonlinear dynamics of exciton-polariton condensates and implementing neuromorphic polariton systems. In this chapter, we summarise the most important results
described in the dissertation.
• Theoretical description of nonlinear dynamics of polariton condensates.
In articles [120] and [148] we presented a theory describing nonlinear phenomena observed in exciton-polariton condensates, such as the formation of dark solitons and relaxation oscillations.
In [120], we investigated dark soliton dynamics in a non-resonantly pumped polariton
condensate interacting with a defect potential. The research aimed to analyze soliton dynamics using a variational method based on the Euler-Lagrange equations. We presented
an analytical description of the propagation of a dark soliton in a condensate. The determined equations for dark soliton motion are in agreement with the results of numerical
simulations. Additionally, we described the phenomenon of periodic generation of dark
solitons by a defect. We showed that the number of created dark solitons strongly depends
on the intensity of the laser field pumping the condensate. Furthermore, we connected the
periodic generation of dark solitons with the effect of the oscillation of the drag force
and consequently with the local breakdown of superfluidity. Finally, we investigated the
stability of a polariton quantum fluid and demonstrated various types of dynamics in a
range of parameters of the condensate and the obstacle. Our research can be helpful in
future applications of dark solitons in exciton-polariton condensates, e.g. for information
processing or creation of topological Wigner crystals of solitons [172, 173]. Additionally,
as was shown in [174], rogue waves, dispersive shocks, and soliton waves can be used
to implement neuromorphic computing systems. Thus, the equation of motion of dark
solitons can be useful for the realization of such systems.
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In the article [148] we proposed a theoretical description of relaxation oscillations in
a non-resonantly pumped polariton condensate. In this work, we modeled a polariton
condensate fed by two reservoirs of high-energy particles. We explored in detail topology
of trajectories in the condensate phase space. Depending on system parameters, we characterized different condensate dynamics such as fast stabilization, slow oscillations, and
ultrashort pulse emission. The most important result of this work was determining the
analytical condition for the occurrence of relaxation oscillation. We theoretically proved
that relaxation oscillations of an exciton-polariton condensate occur more frequently in
low quality microcavities (where the lifetime of excitons is much longer than the lifetime
of photons). Additionally, we showed that the existence of hot carrier reservoir is necessary to explain the phenomenon of relaxation oscillations in the condensate excited by a
short laser pulse. Our research answers important questions about exciton-polariton condensate dynamics, and can be used to design polariton systems emitting pulsed coherent
light.
• Application of nonlinear polariton dynamics in the implementation of neuromorphic computing systems.
The articles [152–154] studied the use of polariton condensates to implement braininspired computing systems. We proposed such systems theoretically and then, in collaboration with two experimental groups, presented the first two realizations of neuromorphic computing systems with exciton-polariton condensates. In the article [152] we
proposed the concept of reservoir computing in a lattice of weakly coupled polariton condensates, described by the complex Ginzburg-Landau equation. We combined the unique
properties of exciton-polaritons with the bio-inspired computing scheme. We showed
that exciton-polariton semiconductor microcavity systems offer computation with high
signal processing data rates, which can be achieved thanks to the extremely strong optical
nonlinearity acting on a picosecond timescale. The obtained results motivated the experimental realizations of analogue and binary polariton neural networks. Articles [153]
and [154] presented the first experimental implementations of polaritons neural networks.
Our research opened a new direction for applications of exciton-polariton condensates.
Furthermore, we demonstrated that polariton neural networks performance can be competitive or better than state-of-the-art hardware neural network implementations. The
long-term goal of the initiated research is to show that polariton neural networks can be
used in future ultra-fast optical processors with low energy consumption, working without
the limitations of the von Neumann architecture.
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Chapter 9
Publications
9.1

Publication: A
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We study theoretically the emission of dark solitons induced by a moving defect in a nonresonantly pumped
exciton-polariton condensate. The number of created dark solitons per unit of time is found to be strongly
dependent on the pump power. We relate the observed dynamics of this process to the oscillations of the drag force
experienced by the condensate. We investigate the stability of the polariton quantum fluid and present various types
of dynamics depending on the condensate and moving obstacle parameters. Furthermore, we provide analytical
expressions for dark soliton dynamics using the variational method adapted to the nonequilibrium polariton
system. The determined dynamical equations are found to be in excellent agreement with the results of numerical
simulations.
DOI: 10.1103/PhysRevB.97.155304
I. INTRODUCTION

Exciton polaritons are bosonic quasiparticles formed as
a superposition between a photon mode and a quantum
well exciton, which exist in the strong coupling regime in
semiconductor microcavities [1–3]. The increased interest in
exciton polaritons is caused by their unusual properties, such
as extremely low effective mass and strong exciton-mediated
interparticle interactions [4,5]. The low effective mass allows
for the creation of Bose-Einstein condensates at temperatures
much higher than in the case of ultracold atomic gases [6,7].
In some material configurations, the critical condensation
temperature can be higher than room temperature [6–10].
Exciton polaritons are also characterized by a finite lifetime.
Due to the escape of photons through the mirrors of the
microcavity, condensates need to be continuously pumped by
an external laser pump or electrical contacts to compensate for
the decay of particles. Moreover, polariton condensates can
behave as a superfluid, which was observed in open-dissipative
systems [11,12].
These exceptional properties of polariton quantum fluids
bring the possibility to observe topological and nonlinear
excitations such as solitons and quantized vortices [11,13–15].
Additionally, recent theoretical work predicted the existence
of solitary waves in polariton topological insulators [16,17].
The diversity of nonlinear effects makes polariton condensates
a promising area for the investigation of quantum nonlinear
photonics. In this work, we focus on one of the types of
nonlinear excitations, which is a dark soliton.
Dark soliton is a nonlinear excitation created when the
effect of nonlinearity compensates the dispersion present in
the system. It has the form of a localized density dip on
a continuous wave background [18]. The density dip in the
wave function separates regions with the same amplitude but
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different phases [19–21]. This nonlinear wave is a fundamental
excitation observed in many physical systems [22]. It should
be noted that experimentally there is a high degree of control
over the polariton system. Moreover, nonlinear excitations can
be created optically or by defects already existing within the
sample, as already demonstrated in multiple studies [23].
Nonlinear excitations in polariton quantum fluids have been
studied in many theoretical and experimental works. Historically, the first experimental observations of dark and bright
solitons were presented, respectively, in Refs. [11,15]. These
works initiated extensive research in this field. Over the last
few years, research on polariton solitons led to the observation
of new phenomena such as generation of gap solitons in
one-dimensional periodically modulated microwires [24] and
oblique half-dark solitons [25,26]. However, generation of dark
solitons in a nonresonantly pumped polariton condensate is still
an experimental challenge. In this work, we have developed a
theoretical description of this problem, which may facilitate
the experimental realization.
Many previously reported experimental results are accurately modeled by the Gross-Pitaevskii equation (GPE). The
use of GPE makes it possible to describe the fundamental
properties of dark and bright solitons in a polariton condensate,
such as their dynamics, stability, and continuous emission [27–
34]. Successful creation of nonlinear excitations and their manipulation gave rise to a new concept of information processing
based on vortices and soliton dynamics [35–37]. It is important
to note that using dark solitons or quantized vortices for
information processing devices requires a precise description
of nonlinear dynamics, which is the aim of our work.
We describe the dynamics of dark solitons in a quasi-onedimensional nonresonantly pumped polariton condensate. In
contrast to previous works [38–43], we take into account the
effects of the hot uncondensed reservoir. We consider a dark
soliton train generated by a defect moving with a constant
velocity, which can be created by an aditional off-resonant
laser beam via the dynamic Stark effect [44]. Both the soliton
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creation process and subsequent dynamics are analyzed in
detail with various physical parameters. We determine the
conditions necessary for soliton creation and link them to the
analytical condition for stability of the polariton condensate.
In addition, we determine the analytical form of soliton
trajectories in the variational approximation, which turns out
to reproduce numerical results very accurately. While the final
formulas are identical to those obtained by the perturbation
method [27], the derivation within the variational approach is
more transparent and easier to implement in the general case.
Finally, we discuss the realation of dark solitons generated by
the defect to exact Bekki-Nozaki hole solutions of the complex
Ginzburg-Landau equation.
The paper is structured as follows. In Sec. II, we present
a detailed description of the system under consideration.
Next, we describe the model based on the open-dissipative
Gross-Pitaevskii equation and present some relevant polariton
condensate properties. In Sec. III, we show examples of dark
soliton generation and their continuous emission based on
numerical simulations. We present drag force oscillations and
show how the number of emitted solitons and oscillation
period depend on the pump field intensity. The influence of the
condensate stability on the dynamics of generated dark solitons
are investigated as well. In Sec. IV, we present theory based
on the adiabatic approximation and variational approximation
for dark solitons [20,21] adapted to our model. We derive
analytical equations for dark soliton trajectory, velocity, and
acceleration, and compare them to numerical simulations. In
Sec. V, we discuss the similarities and differences between
tanh-shaped dark soliton solutions an Bekki-Nozaki holes. In
Sec. VI, we summarize our work.
II. MODEL
A. Moving obstacle in a quasi-one-dimensional
polariton condensate

In the present work, we consider a quasi-one-dimensional
semiconductor microcavity created by modern semiconductor
technology (e.g., molecular beam epitaxy). This method allows
the growth of structured photonic microstructures. Using the
ion etching techniques, one can create structures enabling photon and exciton confinement in a one-dimensional microwire,
see Fig. 1. As demonstrated in Ref. [44], the dynamic Stark
effect (DSE) with a far detuned laser beam allows for the
creation of a dynamical potential, and in particular, an optically
induced defect. The DSE creates an effective potential for the
polaritons without the excitation of the exciton reservoir. In
our work, we modeled this effect by introducing an effective
optical potential V (x,t) acting only on the polariton wave
function, without additional excitation of the reservoir density.
Perturbation of the polariton field caused by DSE is a possible
method of dark or bright soliton generation [45]. The change
in the spatial position of the laser spot responsible for the
creation of the defect could be performed with a spatial light
modulator (SLM) or a rapidly tilting mirror, which is driven
by a piezoelectric element or an electrically controlled screw.
We model the defect potential with a Gaussian function
V (x,t) = Vm e−

(x−vdef t)2
l2

,

(1)

FIG. 1. Schematic presentation of the considered system. A
quasi-one-dimensional semiconductor microwire provides an effective spatial confinement. Polaritons are generated optically using a
nonresonant excitation. The second laser beam, localized and detuned
from the polariton energy, creates a dynamical optical defect moving
with a constant velocity. The optical defect is due to the dynamic Stark
shift.

where Vm is the amplitude of the potential, l is an effective width of the Gaussian profile, and vdef is the obstacle velocity. The position of the optical defect is controlled by the detuned laser source. In the considered case,
the created potential strains the polariton quantum fluid,
which allows for the observation of interesting behavior
and nonlinear effects such as Cherenkov radiation, superfluidity, or continuous soliton generation. A similar configuration has been used in recent works [38–40,46–53]
and a black-hole analog laser configuration [47,54,55]. However, we consider here the configuration with a stationary
condensate and a moving defect, in contrast to the fixed defect
and a flowing condensate. This configuration is characterized
by a larger region of stability [56]. A conservative quantum
fluid, such as an atomic Bose-Einstein condensate, described
by the nonlinear Schrodinger equation, is characterized by
two different behaviors separated by the Landau criterion. As
shown in [46], effects observed in the system strongly depend
on the critical condition for the flow velocity. Above the critical
velocity, the steady flow solution vanishes by merging with an
unstable solution in the usual saddle-node bifurcation. This
unstable regime is marked by a continuous emission of gray
solitons [46,49,57]. As will be shown below, this behavior
can be also observed in a nonresonantly pumped polariton
condensate, but only in the weak pumping regime, when
P ≈ Pth , where Pth is the condensation threshold.

B. Open-dissipative Gross-Pitaevskii equation

We describe the considered system using the opendissipative Gross-Pitaevskii equation (ODGPE) [58]. This
equation governs the time evolution of the complex polariton
order parameter (x,t) and is coupled to the rate equation
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describing the uncondensed exciton reservoir nR (x,t):
i h̄

h̄2 ∂ 2 
∂
i
=− ∗
+ (R 1D nR − γC ) + U  + V ,
∂t
2m ∂x 2
2
(2)
∂nR
= P (x,t) − (γR + R 1D ||2 )nR ,
∂t

(3)

where m∗ is the effective mass, P (x,t) is the exciton generation
rate given by the pumping laser profile, and R 1D is the
stimulated scattering rate. We assume that the stimulated
relaxation of polaritons from reservoir to the condensate is
given by a linear term R 1D nR (x,t). In the above, U (x,t) is
the effective potential determined by the blueshift caused by
interactions
U (x,t) = gC || + gR nR ,
2

(4)

where gC and gR are the interaction coefficients describing the
interactions between the condensed polaritons and between
the reservoir particles and the condensate, respectively. The
finite lifetime of polaritons and the reservoir τC , τR are
described by loss rates γC = τ1C and γR = τ1R . It should be
noted that when polaritons are confined in a one-dimensional
semiconductor quantum wire, the system parameters must
be rescaled as compared to the two-dimensional case. The
nonlinear interactions coefficients and
√the stimulated scattering
1D
2D
) = (R 2D ,gC,R
)/ 2π D 2 , where D stands
rate are (R 1D ,gC,R
for the width of the microwire, see Fig. 1.
It is useful to introduce dimensionless parameters in the
ODGPE system [56]. We introduce dimensionless space,
time, wave function, and material coefficients according to
 , nR = (ξβ)−1
x = ξ
x , t = τ
t,  = (ξβ)−1/2 
nR , R 1D =
1D 1D
1D

(ξβ/τ )R ,
(gC ,gR ) = (h̄ξβ/τ )(
gC 
gR ),
(γC ,γR ) =

−1

τ (
γC ,
γR ), P (x) = (1/ξβτ )P (x), where ξ = h̄τ∗ and
2m

τ , β are arbitrary scaling parameters. Equations (2) and (4)
take the form
i

FIG. 2. Diagram of stability of a homogeneous condensate and
the corresponding dynamics with a moving defect. Solid line represents the stability criterion (8) for gR = 2gC . Three insets show
different types of evolution in stable and unstable cases. Note that the
horizontal axis in the insets corresponds to the position in a reference
frame moving together with the defect. (a) Stable with no solitons,
(b) weakly unstable with soliton emission, and (c) strongly unstable
with turbulent evolution. Parameters are (a) γγCR = 0.25, PPth = 1.25,
(b) γγCR = 0.8, PPth = 1.5, (c) γγCR = 2, PPth = 1.5, and R = 1, Vm =
0.8, vdef = 0.6, gC = 1,gR = 2gC , l = 1.

be [27]
P
gR γC
>
.
Pth
gC γR

When this condition is not fulfilled, the condensate becomes
dynamically (modulationally) unstable. In this case, small fluctuations grow exponentially in time, and dramatically affect
the time evolution of the condensate. The stability diagram is
presented in Fig. 2. The solid line, corresponding to the formula
above, separates the stable and unstable regions in parameter
space.


∂2
i
∂
= − 2 + (RnR − γC )
∂t
∂x
2


+ gC ||2 + gR nR + V (x,t) ,

∂nR
= P (x,t) − (γR + R|ψ|2 )nR .
∂t

III. GENERATION OF DARK SOLITONS
A. Analytical form of a dark soliton

(5)
(6)

In the case of homogeneous continuous wave pumping,
P (x,t) = P = const, the uniform condensate solution is
(x,t) = 0 e−iμ0 t , nR (x,t) = n0R .

(7)

When loss and gain are balanced, the equilibrium densities and
the chemical potential of the condensate are given by μ0 =
γC
g|0 |2 + gR n0R and n0R = nth
R = R . Above the condensation
threshold, when P > Pth , the condensate density takes the
form
|0 |2 =

P − Pth
.
γC

(9)

(8)

The stability of a homogeneous condensate depends on system
parameters. The analytical condition for stability was found to

It is instructive to recall the properties of dark solitons in
the case of the nonlinear Schrödinger equation (NLSE), which
in the context of Bose-Einstein condensation is also named the
Gross-Pitaevskii equation (GPE),
1
∂ψ
+ ∇x2 ψ + (1 − |ψ|2 )ψ = 0,
(10)
∂t
2
where
is the nonlinearity parameter. The GPE admits
nontrivial dark soliton solutions in the form [18–21,59]
i

ψs = iA + B tanh (Dξ (x,t)),

(11)

where ξ (x,t) = x − x0 (t) takes into account the motion of
the soliton center x0 (t) = vs t and vs is the relative velocity
between the soliton and the stationary background. Parameters
A and B are related by a simple trigonometric relation A2 +
B 2 = 1. We can write A = sin(φ) and B = cos(φ) where φ is
the soliton phase angle (φ < π2 ). The phase jump across the
dark soliton φ is given by the relation φ = 2[ tan−1 ( BA ) −
π
] = −2 tan−1 (A/B). In the case of unperturbed GPE, one has
2
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= vs = A and D = B. In the perturbed case considered
below, these relations may not be valid [18,20,21]. In the
limiting case, whenB = 1, Eq. (20) describes a static black
soliton with velocity vs = 0. In this case, the soliton phase
shift is exactly zero, and the phase is given by the Heaviside
function of an amplitude equal to π . Otherwise, when B  1,
the soliton is moving with a nonzero velocity dependent on the
phase shift. This type of soliton is called a grey soliton. A dark
soliton effectively behaves like a classical particle, obeying the
equation of motion and can be described within the classical
mechanics theory [18–20].
The Gross-Pitaevskii equation is a Galilean invariant, which
means that the motion of a soliton is the same in an inertial
frame, when the condensate is set into motion with a background velocity vb . The soliton velocity can be then expressed
as vs = vs + vb , where vs is the soliton velocity with respect
to the moving condensate. When such a condensate flow is
considered, Eq. (20) takes the form
dx0 (t)
dt

ψs = ψ0 eivb x−iμt [iA + B tanh(Dξ (x,t))].

(12)

Taking into account the relation between the soliton velocity
and amplitude, we can write the full solution




ψs = ψ0 eivb x−iμt ivs + 1 − vs2 tanh 1 − vs2 (x − x0 t) .
(13)
Note that in an exciton-polariton condensate, dark solitons
are subject to dissipation. Dissipation leads to the gradual
decrease of the soliton amplitude related to the B parameter,
which consequently leads to soliton acceleration [27]. This
behavior will be evident in the solutions of the full problem
(2)–(4) considered below.
B. Generation of solitons by a moving obstacle

For the modeling of the system we used a numerical scheme
based on the fourth-order Runge-Kutta spectral method with
periodic boundary conditions. We present numerical solutions
of the full system of time evolution equations (2)–(4) in Fig. 2,
which shows the diagram of stability of the homogeneous
condensate. The three insets show the typical dynamics in
the presence of a moving defect. Note that the horizontal
axis corresponds to the position in a reference frame moving
together with the defect, and its position is fixed at x −
vdef t = 0. Three different regimes can be clearly distinguished
depending on the pumping power and the decay parameters.
At high power and in the regime of a stable background, the
density is practically undisturbed except for the local density
dip due to the defect potential, as in Fig. 2(a). The condensate
behaves as a superfluid. At lower pump powers, closer to the
threshold, a nearly periodic train of dark solitons is created,
which propagate away from the defect, see Fig. 2(b). This is
accompanied by the oscillations of the condensate density in
the vicinity of the defect. Finally, in the regime of unstable
condensate background, shown in Fig. 2(c), the oscillatory
dynamics is destroyed by the dynamical instability at later
times of the time evolution.
We would like to emphasize that due to the lack of Galilean
invariance of the system, Eqs. (2)–(4), the setup with a moving
obstacle and stationary condensate considered here is not

equivalent to the case of a condensate flowing past a stationary
defect [60]. In contrast to the pure GPE case, Eq. (10), the
solutions of a condensate moving with velocity vb do not
have corresponding solutions in a stationary condensate due
to the presence of an immobile reservoir. Indeed, it was
demonstrated [56] that the stability region in parameter space
shrinks considerably in the presence of condensate flow.
The results of Fig. 2 suggest that the optimal region in
parameter space for the investigation of soliton dynamics is
the stable region at low pumping power (b). This is exactly
the region that becomes unstable in a moving condensate with
a stationary reservoir. We refer the reader to [56] for more
details on the stability of the flowing condensate. Thus the
configuration with a moving optical defect and a stationary
condensate is much more favorable for the generation of dark
solitons in a nonresonantly pumped condensate than the one
with condensate flowing past a defect.
The process of soliton creation by the potential defect has been analyzed and described in several works
[46,49,52,53,57]. As was predicted in the case of onedimensional defocusing nonlinear Schrodinger equation (conservative case) in the case of a flow past a potential obstacle,
two types of solutions exist, a stable and an unstable one
[46,49,57]. The two types of condensate flow coalesce through
a saddle-node bifurcation, which can be found analytically using the hydrodynamic approximation [46]. The stable steadystate solution was obtained in the system up to the characteristic
critical velocity, which depends on the potential V (x,t) [46].
In this case, the stable solution was localized at the obstacle
position. Above the critical velocity, the two types of solutions
merge. In this case, no steady solution exists in the system
and dark solitons are repeatedly emitted. It should be noted
that after emission of a soliton the system tries to relax to
the stable solution emitting gray solitons and returning to the
quasisteady solution. This unstable solution is an example
of transitional state. The quasisteady solutions are perturbed
by the current density flowing across the obstacle. When the
barrier is exceeded, a soliton is emitted. Next, the system is in
the quasistationary state and the process repeats again. Figure 3
present schematically the process of soliton generation which
occurs along these lines. While our system is driven dissipative
and does not allow for the analytical solutions, the main
phases of the soliton generation process are the same as in
the conservative case.
In Fig. 4, we analyze the dynamics of soliton creation in
the cases when some of the parameters of the system are
varied. The case shown in panel (c) is our reference solution,
which shows the generation of a soliton train. The transient
dynamics at early times are due to the gradual buildup of
condensate phase and density pattern after switching on the
moving condensate potential at t = 0. Several first solitons
are generated with a velocity such that their trajectories bend
back towards the defect (see Sec. IV B for more details on the
soliton trajectory). The backward bending is due to the gradual
appearance of the defect-induced global density current, which
gives rise to the background condensate velocity as in Eq. (13).
The backward bending indicates that the initial soliton velocity
is in fact negative (points towards the defect) in the reference
frame moving together with the condensate background, see
Sec. IV B. At later times, solitons are created periodically
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FIG. 3. The process of dark soliton generation. At t = 24 ps,
the condensate is in a quasistable regime, with a density dip at the
center of the defect (dashed black line). Next, due to the movement
of the defect, the density dip is released from the pinning potential
and becomes a dark soliton. At t = 60 ps, a dark soliton is emitted
away completely and the unstable solution decays into the quasistable
again. The sequence is repeated multiple times.

with an initial relative velocity that is positive, while their
trajectories are pointing outwards. We find that this transient
behavior is strongly dependent on the system parameters, in
particular on the depth of the defect potential. In panel (b),
the defect depth was increased, which led to a more regular
evolution with a shorter transient time. This can be understood
as the effect of an increased stiffness of the wave function
near the deep defect, thanks to which the condensate regular
dynamics is established more quickly.
In panels (a) and (e), we demonstrate the effect of the
variation of pumping power. In panel (a), stronger pumping
than in panel (c) leads to the decrease of the distance in time
between the subsequent solitons, but also shortens the soliton
lifetime. Note that the lifetime is limited due to the dissipative
nature of polaritons [27]. Since by increasing the pumping
power one is moving towards the “more stable” region in the
phase diagram (see Fig. 2), the shortening of soliton lifetime
can be understood as the effect of increased stability of a homogeneous, soliton-free solution. This observation is confirmed
by the analytical prediction for soliton trajectory, Eq. (32).
The increase of soliton emission rate is, on the other hand,
related to the increase of polariton density and consequently,
the shortening of the nonlinear timescale. In the low-density
case (e), no solitons are created due to the lack of sufficiently
strong nonlinearity. Only some linear waves are seen in this
panel, which undergo diffraction without well defined density
dips characteristic for solitons. The absence of solitons in
this case is natural as the nonlinearity is insufficiently strong.
Finally, in panel (d), we show the dynamics in the case of a
slower defect velocity, which results in a longer time interval
between soliton creation events. The reduced emission rate is

FIG. 4. (a)–(e) Examples of typical evolution of polariton density. In (c), the parameters in dimensionless units are γR =
6.66, γC = 0.15γR , P = 1.15Pth , R = 1, Vm = 0.8, vdef = 0.6 (=
0.42cs ), gC = 1,gR = 2gC , and l = 1. The other graphs differ with
respect to (c) in a single parameter, (a) P = 1.25Pth , (b) Vm = 1.3, (d)
vdef = 0.43cs , (e) P = 1.01Pth , (f) l = 0.7. (f) Map of the polariton
density current.

due to the clearly visible slower buildup of the polariton density
dip, which is the precursor of soliton emission.
C. Breakdown of superfluidity and drag force oscillations

In order to investigate quantitatively the breakdown of
superfluidity and emission of dark solitons, we determine the
drag force Fd exerted on the moving obstacle [38,61]:
Fd =

∞
−∞

|ψ(x,t)|2

∂
V (x,t)dx.
∂x

(14)

The Landau criterion for superfluidity is broken when the local
velocity of particle current exceeds the value of the critical
velocity. The flow in the vicinity of the obstacle becomes
dissipative, leading to the increase of the drag force and the
appearance of excitations induced by the defect.
We observe analogous behavior in the nonequilibrium system of exciton-polariton condensate. Drag force oscillations
and the corresponding soliton emission are presented in Fig. 5.
The drag force increases gradually in each period of oscillations and is sharply peaked at the instants that correspond
exactly to the appearance of a new soliton. The calculated time
evolution of drag force can therefore be used to determine
the time instants when dark solitons are created for various
condensate parameters.
Based on analysis of the drag force dynamics, we
can extract the characteristics of soliton train formation.
Figure 6 presents the dark soliton emission time as a function
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IV. ANALYTICAL PREDICTION
OF SOLITON TRAJECTORIES
A. Adiabatic approximation in the weak pumping limit

In the following, we will consider the adiabatic approximation, which assumes that the reservoir density quickly
adjusts to its steady-state value, ∂n∂tR = 0. This assumption
is justified under certain conditions [62], in particular when
the ratio of condensate to reservoir lifetimes is large, i.e.,
γR /γC
1. The reservoir density adiabatically follows the
change of macroscopic polariton wave function. In this case,
the reservoir density takes the form
FIG. 5. Emission of dark solitons and the corresponding drag
force oscillations (inset, Fd is given in dimensionless units). Maximum drag occurs at the time when solitons are generated by the defect.
Parameters are R = 1, γγCR = 0.15, PPth = 1.15, Vm = 0.8, vdef =
0.6 = 0.43cs , gC = 1, gR = 2gC , and l = 0.7. Corresponding parameters in physical units are τC = 3 ps, τR = 0.45 ps, gR1D =
17.39 × 10−3 μeV μm2 , gC1D = 8.69 × 10−3 μeV μm2 , R 1D =
13.21 × 10−3 μm2 ps−1 , γR = 2.22 ps−1 , γC = 0.33 ps−1 , and Pth =
281 μm−2 ps−1 .

of pump intensity. The time interval between subsequent
solitons tends to a constant value, different at each power,
which shows that the system dynamics becomes eventually
periodic after an initial transient time. This is related to the
stabilization of density∗ currents created in the condensate:
j (x,t) = 2i ( ∗ ∂
− ∂
) presented on panel (f) in Fig. 4.
∂x
∂x
Moreover, close to the condensation threshold, the dark soliton
emission period is shorter than in the case of more intensive
excitation, e.g., at P = 1.26Pth . At very high pumping, soliton
emission disappears completely and the condensate becomes
stable. Note that in the presented simulations the defect
velocity vdef = 0.6 is the same at each power, while the sound
velocity increases with pump intensity. As a result, the defect
velocity relative to sound velocity changes from vdef = 0.32cs
to 0.73cs , where cs is the sound velocity away from the defect.
However, the local sound velocity in the vicinity of the defect
is strongly reduced due to the dip in the condensate density,
which leads to the breakdown of superfluidity even at vdef < cs .

nR (x,t) =

P
.
γR + R|(x,t)|2

(15)

The limit of the validity of adiabatic approximation is estimated by three conditions [62]: k 2  2m∗ /(h̄τR ), gC < R, and
gR γC
P /Pth
. Under this assumption, the reservoir density
R γR
nR is able to quickly adjust to the condensate density |(x,t)|2 .
To determine the temporal evolution of dark solitons, we
consider the limit of pumping power slightly above threshold, P  Pth , in which generation of solitons is observed in
simulations, see Fig. 4. Following [27], we introduce small
perturbations in the form of the slowly varying condensate
wave function envelope ψ(x,t), close to unity, which corresponds to a homogeneous steady state, and the reservoir density
perturbation mR (x,t):
(x,t) = 0 ψ(x,t)e−iμ0 t ,

(16)

nR = n0R + mR (x,t).

(17)

We expand formula (15) in Taylor series up to second order in
|(x,t)|2 and use the formula (17)
n0R + mR (x,t) =

P
PR
+ 2 |(x,t)|2 ,
γR
γR

(18)

After some algebra, the above equation allows us to obtain an
analytical formula for the reservoir perturbation mR (x,t):
mR (x,t) =

P
γC 2
0 1 −
|ψ(x,t)|2 .
γR
Pth

(19)

Substituting Eq. (16) and (19) into (6), we obtained the
dynamical equation for wave function perturbation:
i

∂ψ
i
1 ∂ 2ψ
+ RmR ψ
=−
2
∂t
2 ∂x
2



P 
0
1 − |ψ|2 ψ, (20)
+ gC 0 + gR nR 1 −
Pth

where the second term represents the effective nonlinearity
in the system. This equation describes the time evolution of
a small perturbation of the condensate. As we consider the
regime of a weak pumping, P  Pth , Eqs. (19) and (20) are
simplified to
γC 2
 (1 − |ψ(x,t)|2 ),
(21)
γR 0
1 ∂ 2ψ
i
∂ψ
+
− gc 02 (|ψ|2 − 1)ψ − RmR ψ = 0. (22)
i
∂t
2 ∂x 2
2
mR (x,t) =

FIG. 6. The period between generation of subsequent solitons
T after its stabilization as a function of pump power. Simulation
parameters are the same as in Fig. 5.
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The above set of equations is equivalent to the well-known
complex Ginzburg-Landau equation (CGLE) [63].
B. Variational approximation

In this section, we will analyze the dynamics of small
perturbations, Eqs. (21) and (22), within the Lagrangian
formalism to describe dark soliton evolution. In contrast to
the systematic perturbation method considered in Ref. [27],
the variational approximation used here provides a transparent
and straightforward, easy to generalize method for derivation
of nonlinear wave dynamics, at the expense of somewhat less
precisely defined assumptions. It is instructive to compare the
two methods, which, as we will show below, give identical
analytical formulas for dark soliton trajectories.
For clarity, we begin our presentation with recalling the
approach presented in Ref. [20] in the context of the pure
nonlinear Schrödinger equation, Eq. (10). This equation can
be obtained from the Lagrangian density
L=

∂ψ ∗
1
∂ψ
i
ψ∗
−ψ
ψ 1−
2
∂t
∂t
|ψ|2

2
1
1  ∂ψ 
(|ψ|2 − 1)2
−
− 

2 ∂x
2

(23)

and the Euler-Lagrange equations
∂L  ∂ ∂L
−
∂u
∂v ∂uv
v

= 0,

(24)

where v = {x,t} and u = {ψ,ψ ∗ }. The Lagrangian of the
is the integral of the Lagrangian density over space, L =
system
∞
−∞ Ldx. Assuming the dark soliton ansatz in the form ψ =
ψs = B tanh (D(x − x0 )) + iA we obtain the “variational”
Lagrangian


2
B4
x0
−1 B
−AB + tan
−
B2D +
. (25)
L=2
dt
A
3
D
We now write down the Euler-Lagrange equations as
d
∂L
−
∂αj
dt

∂L

∂αj

= 0,

(26)

where αj = x0 ,A,B,D are the soliton parameters (which in
general are functions of time) and αj  = dtd αj . Substituting
(25) to the Euler-Lagrange equation (26), we can derive
evolution equations for the soliton parameters [18–21,30].
We note that a similar approach based on Lagrangian
formalism was successfully used to determine the parameters
of stationary soliton solutions in spinor polariton condensates
[30]. In our work we used this formalism and perturbative
theory to describe dark soliton dynamics.
Let us now return to Eq. (22). The basic difference between Eqs. (22) and (10) is the dissipative imaginary term
i
RmR (x,t)ψ(x,t) related to the small reservoir perturbation.
2
We can think of Eq. (21) as a generalized nonlinear Schrodinger
equation with an added term R(mR ,ψ) which is a functional
of mR (x,t) and ψ(x,t),
i

1 ∂ 2ψ
∂ψ
+−
− (|ψ|2 − 1)ψ = R(mR ,ψ),
∂t
2 ∂x 2

(27)

FIG. 7. Soliton trajectories in the laboratory reference frame vs
analytical predictions. Dashed lines show analytical fits to soliton trajectories. The first soliton s1 is created in the strongly nonequilibrium
transient conditions, which results in a direction of its movement that
is opposite to the subsequent ones. The calculated trajectories take
into account the nonzero particle current occurring in the vicinity of
the defect, see Fig. 2(f) and Eq. (13).

where R(mR ,ψ) = 2i R γγCR 02 (1 − |ψ(x,t)|2 )), and = gc 0
in the weak pumping regime. In this case, the evolution of
soliton parameters can be obtained from the generalized EulerLagrange equations [20,21]


∞
∂L
d ∂L
∂ψs
−
R∗ (ψs )
dx ,
(28)
=2

∂αj
dt ∂αj
∂αj
−∞
where
is the real part of the expression. For instance, if
we choose the parameter as αj = x0 we obtain the following
result:
4 γC

R|0 |2 A(t)B(t).
(29)
A(t) =
3 γR
The above equation describes the dynamics of the soliton
phase. Using the above equation and the relations between
soliton parameters, we obtain equations for the soliton acceleration, velocity, and trajectory:

1 
dvs
=
vs 1 − vs2 ,
dt
2τs


t
2 τs

vs0
e
as (t)dt = ±
t ,
2
2 τs
1 − vs0
+ vs0
e

as (t) =
vs (t) =
ss (t) =

(30)

(31)

vs (t)dt

= 2τs tanh−1

1
vs0


t
t
2
2
−e− τs vs0
+ vs0
+ e − τs ,

(32)

γC
where τs = 23 γR R|
2 is the dark soliton lifetime [27]. These
0|
formulas are identical to these obtained from the perturbation
theory presented in Ref. [27].
In Fig. 7, we present a comparison between the soliton
trajectories calculated analytically using the formula (32) and
numerically from Eqs. (5) and (6). Note that contrary to Figs. 2
and 4, here the x axis corresponds to the spatial variable in the
laboratory reference frame. The analytical dependence was
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amended by the addition of the background velocity of the
condensate flow, vb , which is kept constant for each trajectory,
and corresponds to the background density current visible in
Fig. 4(f). The agreement between analytical and numerical
trajectories is very good. The solitons experience gradual
acceleration, which leads to their disappearance after a certain
time of evolution, a phenomenon known in the studies of dark
solitons in the complex Ginzburg-Landau equations [63,64].
We note that the first soliton emitted at the initial transient has a
velocity that is opposite to the subsequent ones (with respect to
the background condensate velocity), which leads to opposite
trajectory bending, as predicted by the analytical model.

V. TANH ANSATZ AND BEKKI-NOZAKI HOLES

In this paper, as well as in the previous work [27], it was
shown that solitons of an approximate tanh shape decay in a
nonequilibrium condensate due to the acceleration instability.
However, the consistency of the tanh ansatz itself may be
questioned, as it assumes that the acceleration leads to the
change of the phase of the condensate arbitrarily far from
the soliton, through the change of parameters A and B. This
implies infinitely long-range interaction, which is inconsistent
with basic physical principles.
This apparent paradox becomes even more significant in the
view of the existence of the well-known Bekki-Nozaki hole
solutions of the complex Ginzburg-Landau equation (CGLE)
[64]. These solutions have a very similar analytic form to
dark solitons. However, the crucial difference is that they
possess infinite tails, which are characterized by a constant
density and a constant phase gradient, which corresponds
to the outgoing flow of particle density. These solutions are
stable in a pure CGLE, while may become unstable due to
accelerating instability in a CGLE perturbed by higher order
terms [65]. In contrast, the tanh-shaped solutions considered
here are unstable even in the pure CGLE.
The tanh ansatz may be considered as a Bekki-Nozaki hole
with wrong tails. The dip in the density at the soliton center is
a source of particle density, which must propagate outwards.
The absence of flow in the tails of the tanh wave form leads to
the accumulation of density around the soliton, especially in
front of it (in the direction it moves), which creates an effective
potential hill. The dark soliton, being a particle with a negative
effective mass, climbs up this hill, which leads to acceleration.
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We provide an analytical and numerical description of relaxation oscillations in the nonresonantly pumped
polariton condensate. Presented considerations are based on coupled rate equations that are derived from the
open dissipative Gross-Pitaevskii model. The evolution of the condensate density can be explained qualitatively
by studying the topology of the trajectory in phase space. We use a fixed points analysis for the classification of
the different regimes of condensate dynamics, including fast stabilization, slow oscillations, and ultrashort pulse
emission. We obtain an analytical condition for the occurrence of relaxation oscillations. Continuous and pulsed
condensate excitations are considered and we demonstrate that, in the latter case, the existence of the second
reservoir is necessary for the emergence of oscillations. We show that relaxation oscillations should be expected
to occur in systems with relatively short polariton lifetimes.
DOI: 10.1103/PhysRevB.98.195312

I. INTRODUCTION

Exciton-polaritons, coherently coupled excitons, and photons in a semiconductor microcavity [1,2] enabled the creation
of a class of bosonic condensates characterized by nonequilibrium dissipative nature and complex nonlinear dynamics. The
unique properties of polariton quantum fluids bring the possibility to observe phenomena of superfluidity, instability, selflocalization, self-trapped magnetic polarons, topological and
nonlinear excitations [3–16]. Describing polariton dynamics
is an interesting physical problem important for the fundamental description of light-matter condensation and potential
polaritonic applications [17–19]. In this paper, we focus on
the theoretical description of the nontrivial time evolution of
polariton quantum fluid characterized by oscillatory behavior.
To date, oscillations of emission intensity in polariton
systems have been investigated in several different contexts.
The common phenomenon occurring in the case of resonant
excitation is the Rabi oscillations between photonic and excitonic component of polaritons [20–22]. Spatial or spin oscillatory dynamics of exciton-polariton condensates were assigned
in several works to the coupling of condensates forming
an analog of a superconductor Josephson junction [23–26].
Josephson oscillations take place between two macroscopic
bosonic ensembles occupying single macroscopic states separated by tunnel barrier. The nontrivial polariton density oscillation in space was also studied in the context of Zitterbewegung effect [27].
Relaxation oscillations observed in polariton condensates
have a completely different character than Rabi or Josephson
oscillations, since there is no periodic transfer of particles
between components constituting the polariton fluid. Instead,
relaxation oscillations are due to periodic change in the

*
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efficiency of relaxation from the reservoir of uncondensed
particles to the condensate, and may even take the form of
sharp spikes, well separated in time. From the point of view of
the excitation spectrum, such oscillations correspond to complex frequencies with a nonzero real part in the limit of zero
momentum in the Bogoliubov dispersion. This is in contrast
to purely imaginary frequencies found in the cases considered
in Ref. [26]. The first experimental observation of relaxation
oscillation in polariton system was reported in Ref. [28]. The
oscillatory behavior was also studied in Ref. [29] and in
the context of ultrashort emission of pulses from polariton
condensate propagating in a disordered potential [30].
From the general point of view, relaxation oscillations are
a family of periodic solutions occurring in various dynamical systems. Mathematically, this type of dynamics can be
observed in a certain class of coupled nonlinear differential
equations. The most well-known examples are the oscillating
electrical triode circuits and B-class semiconductor lasers
[31–33]. These systems can be described by a nonlinear
Van der Pol equation. One of the characteristic properties of
relaxation oscillations is the possibility of the presence of
two stages in the cycle possessing different timescales [34].
The first timescale is related to a slow change of phase and
the second timescale represents rapid change due to a fast
relaxation. Following this rapid change, the system can return
to the stage of slow evolution [34].
Here, we study relaxation oscillations in an excitonpolariton condensate analytically and numerically using a
model including both an inactive and active reservoir coupled
to the polariton condensate. We derive a second-order differential equation for the condensate density, applicable in the
regime of continuous and pulsed nonresonant excitation. We
analyze the solutions to this equation in linear and nonlinear
regimes, and demonstrate that the oscillatory character of
nonlinear fixed points explains the existence of relaxation
oscillations in a certain parameter range. In the case of pulsed
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excitation, we find that the existence of the inactive reservoir
is crucial for the appearance of oscillations. An analytical
condition for the oscillatory regime is derived, which provides
results consistent both with numerical simulations and with
previous experimental observations.
The paper is structured as follows. In Sec. II, we define
the model based on the rate equations derived from the meanfield open-dissipative Gross-Pitaevskii equation (ODGPE). In
Sec. III, we investigate numerically the oscillatory evolution
of the condensate. We describe in detail the mechanism of relaxation oscillations, considering the stimulated scattering and
evolution of the reservoirs. In Sec. IV, we analyze the fixed
points of the model and the system time evolution in phase
space. We derive an analytical condition for the existence of
relaxation oscillations. Section V summarizes our work.
II. MODEL

Modelling exciton-polariton condensates excited nonresonantly is a complex problem. In many cases, theoretical
reconstruction of the experimental data must take into account
processes of exciton reservoir formation, their relaxation, and
stimulated scattering to the condensate. In our work, we
consider the evolution of two reservoirs called the active and
inactive reservoir [4,35]. The physical interpretation of these
two reservoirs may differ in different experimental conditions.
For example, in Ref. [28] the two reservoirs were attributed to
excitons residing in the vicinity of the localized condensate
and away from it. On the other hand, in Refs. [36,37] the two
components of dynamics were identified as the reservoir of
excitons and free carriers (electron-hole plasma). Here, we do
not specify the exact nature of the two fields, but assume that
the system can be roughly divided into two sets of excitations
and only the active reservoir modes provide direct stimulated
scattering to the polariton condensate. Importantly, as we
will show below, taking into account the second reservoir is
necessary for the existence of oscillations in the case of pulsed
excitation, which is relevant to recent experiments [28,30].
The considered system can be modelled using the ODGPE
and rate equations written, respectively, for both reservoirs.
The ODGPE describes the temporal evolution of the complex
polariton order parameter (r, t ). This equation is dynamically coupled to the rate equation for the active reservoir
nR (r, t ). We also include the equation describing population
of the inactive reservoir nI (t ) generated by the nonresonant
laser field. The equations take the form presented below:
i h̄



∂
i h̄
h̄2
= − ∗ ∇ 2 + (RnR − γC ) + U ,
∂t
2m
2
∂nR
= κn2I − γR nR − RnR ||2 ,
∂t
∂nI
= P − κn2I − γI nI ,
∂t

(1)
(2)
(3)

where m∗ is the effective mass of lower polaritons and P (r, t )
is the laser pumping rate. The scattering into the reservoir and
stimulated scattering rate into the condensate are described
by κ and R. We assume that the scattering from the inactive
reservoir and the stimulated relaxation of polaritons are respectively given by the function κnI (r, t )2 and the function

nR (r, t )R. While the form of scattering terms may be different
for a particular physical interpretation, the results presented
in this paper would not change qualitatively. The losses in
the system are characterized by the parameters γI , γR , and
γC describing the decay of inactive and active reservoirs and
decay of polaritons, respectively. The decay rate of polaritons
γC incorporates the finite lifetime of the photon component
in semiconductor microcavity and the none-radiative decay
rate of excitons. The potential U (r, t ) is the effective potential
composed of the static potential due to sample design or
disorder, the mean-field interaction within the condensate, and
between the condensate and reservoirs.
In our work, we will limit our considerations to the case
when the condensate is practically trapped in a potential well,
in which case it is possible to use simplified single-mode
approximation to the condensate dynamics. We will use the
same approximation to the reservoir fields, although allowing
that the active and inactive reservoir may posses different
spatial distributions than the condensate, as suggested in
Refs. [28,38]. Nevertheless, we will neglect any changes of
spatial distributions during the oscillations, which, however,
still allows us to describe the main physics behind these
phenomena. The reduced set of rate equations is the starting
point of our work, and reads
dnC
= RnR nC − γC nC ,
dt
dnR
= κn2I − γR nR − RnR nC ,
dt
dnI
= P (t ) − κn2I − γI nI .
dt

(4)

In our considerations, we will consider in detail two limiting
cases, the continuous wave pumping where P (t ) = const and
ultrashort pulse pumping where P (t ) = P0 δ(t ).
III. RESULTS

For clarity, we begin our presentation with an example
of relaxation oscillations in the case of continuous wave
excitation. We solved both the full model Eqs. (1)–(3) and
Eqs. (4) numerically with a fourth-order Runge-Kutta method.
Exemplary results are presented in Fig. 1. The details of
simulation parameters are given in Table I in the Appendix. To
obtain complex and relevant polariton condensate dynamics,
we used parameter values similar to the ones used in the
experimental works [28,30]. In particular, we chose a short
polariton lifetime with respect to the exciton reservoir decay
rate, which was inspired by the observation that the oscillating
dynamics appears naturally in lower quality microcavities
[28,30]. Initially, the reservoir fields are assumed to be empty
and the condensate density is seeded with a small nonzero
value, so that condensate formation buildup is possible. We
assume that such a small seed may result from thermal or
quantum fluctuations in the polariton field, but the investigation of its origins is beyond this paper. We emphasize that the
results do not depend qualitatively on the value of the initial
seed.
As shown in Fig. 1, initially the nonresonant pumping generates the population in the inactive reservoir nI , which builds
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the active reservoir to be replenished. In effect, the minima
and maxima of reservoir and condensate density are shifted
in time with respect to each other by one-quarter of a cycle,
see Fig. 1. These oscillations repeat until the condensate and
reservoir reach the equilibrium level. It should be noted that
in the single mode approximation, the numerical simulations
of Equations (1)–(3) and Eqs. (4) give the same results. In
the following sections, we focus only on the solution of rate
Eqs. (4) for clarity.
A. Dynamics of reservoirs

To investigate quantitatively the oscillatory behavior of the
polariton condensate, we determine the temporary dynamics
of the inactive Eq. (2) and active reservoir Eq. (3). In the case
of continuous wave condensate excitation, P (t ) = const. The
solution of Eq. (3) takes the form

1 
2 + γ 2 + ξ0
t
η
η2 + γI2 − γI
tanh
I
1
2
nI (t ) =
, (5)
2
κ
√
where η = 4P0 κ and P0 = αPth . The parameter
⎛
⎞
in
2n κ + γI ⎠
ξ 0 = tanh−1 ⎝  I
,
(6)
η2 + γI2

FIG. 1. Time evolution of polariton population nC (t ) and incoherent reservoirs nI (t ) and nR (t ) generated by continuous wave
excitation. Blue lines correspond to the analytical solution describing
the evolution of reservoirs under the assumption of negligible polariton population. Red line presents condensate evolution obtained by
nonlinear oscillator approximation, Eqs. (4). Grey points correspond
to numerical solution obtained from the full open-dissipative GrossPitaevskii Eqs. (1)–(3). Condensate parameters are given in Table I.

up quickly and saturates at a stationary level. The long-lived
inactive reservoir relaxes and feeds the active reservoir. The
active reservoir density is increased up to a level determined
by the stationary value n0R and the condensate density is
negligibly small. This phase of dynamics is marked as stage I
in Fig. 1.
Next, the increasing density of the exciton reservoir results
in accumulation of the polariton condensate density due to
the stimulated relaxation process. The polariton field grows
exponentially. This short phase of condensate dynamics is
presented as stage II in Fig. 1.
The relaxation oscillations in the condensate develop when
the rapid condensate density growth stops due to the resulting
depletion of the active reservoir. In stage III in Fig. 1, the
system is described by two timescales. The first timescale
is related to the fast oscillations and the condensate decay
rate. The second timescale is slower and it is related to the
active reservoir decay. In each cycle of oscillations, the active
reservoir density is initially depleted by the strong scattering
to the condensate. The decreased reservoir density cannot
sustain the condensate, which leads to fast decay of the
polariton field, due to its large decay rate γC . In the second
stage of the cycle, the reduced stimulated scattering allows

takes into account the initial level of inactive reservoir density
nin
I . When this reservoir is empty initially, i.e., when we
consider turning on the pump abruptly with (nI (0) = nin
I = 0)
and γI  γC , γR , the parameter ξ 0 is negligibly small. The
temporal evolution of nI (t ) according to Eq. (5) is presented
in Fig. 1 (top) with a blue solid line.
Typically, the population of the inactive reservoir given by
Eq. (3) stabilizes relatively quickly after turning on the pump
at t = 0. This is due to the asymptotic nature of the hyperbolic
tangent solution of Eq. (6). The steady-state level of inactive
reservoir density is obtained by equating the left-hand side of
Eq. (3) to zero, which results in

−γI + 4κP0 + γI2
.
(7)
nstb
I =
2κ 1D
Stabilization of the inactive reservoir in stage I allows us
to use the assumption that the inactive reservoir is constant
during the subsequent stages (II, III) of evolution.
Next, we consider the dynamics of the active exciton reservoir nR . We assume the absence of excitons in the active reservoir nR (0) = 0 at the initial time. We consider two cases; that
is, in the presence and absence of the condensate. These two
types of dynamics have different solutions which also depend
on the condensate density. First, we assume no polaritons in
the condensate |ψ (t )|2 = 0. This assumption is correct below
2
threshold intensity when (nstb
I ) κ < Pth = γC γR /R, or above
threshold at the initial stage of the system evolution (stage I),
when polariton density is still negligibly small in comparison
to the reservoir density. The active reservoir Eqs. (4) has the
analytic solution
 stb 2
n
κ −γR t
nR (t ) = − I
(e
− 1),
(8)
γR

195312-3

OPALA, PIECZARKA, AND MATUSZEWSKI

PHYSICAL REVIEW B 98, 195312 (2018)

where the characteristic level of the stationary density is
n0R =

PI
,
γR

(9)

2
where PI = (nstb
I ) κ describes the effective pumping intensity
generated by the inactive reservoir. On the other hand, as
follows from Eqs. (4), above threshold PI > Pth when the
condensate density achieves the stationary level, the reservoir
density is equal to

nCR =

γC
.
R

(10)

We can introduce the n parameter describing the difference
between reservoirs level in the case of the condensate absence
n0R and presence nCR
n =

PI − Pth
.
γR

(11)

The value of this parameter can be connected to the amplitude
of the oscillations of the active reservoir. In the case of large
n, stabilization of the condensate density is accompanied by
noticeable oscillations.
In the case of excitation of the system with an ultrashort
optical pulse, we assume that time evolution starts just after
the arrival of the pulse. The pulse generates a certain density
of the inactive reservoir nI (0) = nin
I at t = 0. The relaxation
and decay of the inactive reservoir density is described by
d
nI (t ) = −κnI (t )2 − γI nI (t ).
dt

obtain the second-order equation for the evolution of polariton
density:
d 2 nC
= − (γC γR + γC RnC (t ) − PI R)nC
dt 2
d
2
n (t )
dnC
dt C
+
,
− (RnC (t ) + γR )
dt
nC (t )

(14)

(12)

where PI = n2I κ. The above form of the equation suggests
that the solutions may have the form similar to those of a
damped harmonic oscillator. However, we note that this is
not the case in the low polariton density limit. Indeed, it
is straightforward to show that in the linear limit of nC →
0 and with the substitution x = ṅC /nC the above equation
reduces to

(13)

ẋ = −Ax − B,

The above equation has the analytical solution
γI nin
 I
.
nI (t ) =  in
κnI + γI exp(γI t ) − κnin
I

FIG. 2. Evolution of polariton condensate density under ultrashort pulsed excitation. The above three panels show, respectively, (a)
spiked pulse emission, (b) decaying harmoniclike oscillations, and
(c) smooth stabilization. Simulation parameters are given in Table I.

This equation describes the quasiexponential decay of the
inactive reservoir population. Note that it is independent of
the active reservoir and condensate density.
B. Condensate dynamics

In this subsection, we analyze the full dynamics of the system, including the polariton condensate. We present nontrivial
oscillatory dynamics resulting from the coupling between the
active reservoir and the condensate.
Our starting point is the set of evolution equations in
the single mode approximation, Eqs. (4). To demonstrate the
qualitative properties of its solutions, we note that the inactive
reservoir is not influenced by the other two components.
Moreover, its dynamics in the oscillatory stage are typically
slow, both in the case of pulsed and continuous wave excitation. This is due to the small decay rate γI , which physically
is related to the low probability of radiative recombination of
high energy excitations. Therefore, for qualitative analysis, it
is reasonable to approximate the inactive reservoir density by
a constant value. In the case of continuous wave excitation,
it is equal to the stationary value given by Eq. (7), while
in the pulsed excitation case it is the instantaneous value of
nI , which is assumed to decay very slowly. We combine the
two remaining equations of the set Eqs. (4) for nC and nR to

(15)

where A and B are constants, which has an exponentially
decaying solution. Therefore, any oscillatory behavior may
only occur in the nonlinear regime, where the second-order
terms in nC in Eq. (14) provide qualitative corrections to the
dynamics. The more detailed mathematical analysis of the
nonlinear regime is presented in the next subsection.
To demonstrate the character of complex oscillatory dynamics of the system, we present the evolution described by
the full model Eqs. (4). The typical evolution of condensate
density is presented in Fig. 2, showing (a) the spiked pulsed
emission, (b) decaying oscillations, and (c) quasiexponential
decay. Note that all three behaviors were observed in experiments [28,30]. The evolution in a three-dimensional phase
space in the case of Fig. 2(a) is presented in Fig. 3(a). The spiral corresponds to the periodic behavior of the system, with a
gradually decaying inactive reservoir density nI . In Fig. 3(b),
we present a cross-section of phase space corresponding to
the blue surface in Fig. 3(a). The arrows correspond to the
gradient of the evolution in the (nC , nR ) subspace at the time
when the value of nI is equal to the 1000 μm−2 . The orange
dot is the center of the spiral, which is a stationary point
within the subspace. In this case, instead of vibrations around
a stationary path in phase space, large-amplitude pulsations
occur as the condensate density intermittently decreases to
zero. The phase space evolution is characterized by a spiral
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flattened at the nC = 0 axis. A spiral of different dynamics
is presented in Fig. 3(c) and corresponds to the decaying
oscillations of Fig. 2(b). The evolution is essentially different
than the pulsed spiked dynamics, especially evident in the
spiral shape in the cross-section. In this case, the amplitude
of oscillations decreases in time, which is the reason for convergence of the phase space trajectory. Additionally, reservoir
density is characterized with small oscillations around the
reservoir stabilization level.
The remarkable characteristic of the oscillatory dynamics
is the change of the character of the solution type from
exponential to oscillatory in the subsequent stages of the evolution. These qualitative changes in the dynamics are related
to bifurcations and are analyzed in the next section.
IV. FIXED POINT ANALYSIS

In this subsection, we analyze the fixed points of Eq. (14)
and determine the character of solutions around these points
in the approximation of small perturbations. Such analysis
is well suited for the description of solutions of nonlinear
differential equations. These investigation adapted to the obtained nonlinear polariton equation allows us to determine the
analytical condition for oscillations by classification of fixed
points which generally can be a spiral, a center, a saddle, or a
stable/unstable node [39].
We rewrite Eq. (14) in the form
Ẋ = f (Y )
Ẏ = g(X, Y ),
where X = nC (t ) and Y = dtd nC (t ), which results in
⎧
⎪
⎨Ẋ = Y,
Ẏ = −(γC γR + γC RX − PI R)X
⎪
2
⎩
−(RX + γR )Y + YX .

FIG. 3. (a) Phase space of trajectory in the pulsed excitation
case of Fig. 2(a) (red line). Purple lines correspond to the evolution
projected, respectively, to (nI , nC ), (nI , nR ), and (nR , nC ) subspaces.
The spiral evolution corresponds to the oscillatory behavior of the
system, with a gradually decaying inactive reservoir density nI . It
follows the evolution of the stationary state at a particular value of
nI (orange line). (b) Cross-section of the phase space corresponding
to the blue surface in panel (a). The arrows indicate the gradient of
the evolution in the (nC , nR ) subspace at the time when the value of
nI is equal to 1000 μm−2 . The orange dot is the center of the spiral,
which is a stationary point within this subspace. (c) Same as (b) but
in the case of decaying harmoniclike oscillations of Fig. 2(b).

(16)

(17)

We consider the phase portrait in the vicinity of fixed points
(X∗ , Y ∗ ), which fulfill the conditions f (X∗ , Y ∗ ) = 0 and
g(X∗ , Y ∗ ) = 0.
Equation (17) is characterized by two fixed points (X1∗ , Y1∗ )
and (X2∗ , Y2∗ ). The first point Y1∗ = 0, X1∗ = 0 corresponds to
the absence of condensate in the system. As we demonstrated
in the previous section, in the vicinity of this point, i.e., in
the limit nC → 0, the system cannot display any oscillatory
dynamics as the evolution has the character of a smooth decay
described by Eq. (15).
An important consequence of the absence of oscillations
around (X1∗ , Y1∗ ) is that they cannot appear in the model with
only one reservoir, in the case of pulsed excitation. Indeed,
consider the following simplified model:
dnC
= RnR nC − γC nC ,
dt
dnR
(18)
= P (t ) − γR nR − RnR nC ,
dt
where we removed the inactive reservoir and replaced the
scattering term with direct pumping P (t ). After arrival of
the pumping pulse, this system would follow the evolution
given by the above equation with P (t > 0) = 0, which does
not possess the nontrivial fixed point (X2∗ , Y2∗ ). Therefore,
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the second, inactive reservoir is crucial for the existence of
relaxation oscillations in the pulsed excitation case. Note that
in the continuous wave excitation case, the second reservoir
is not crucial for the existence of oscillations since the continuous external pumping would have the same effect as the
nonzero PI term in the full set of equations. The second fixed
point Y2∗ = 0 and X2∗ = (PI − Pth )/(γC ) corresponds to the
above-threshold (PI > Pth ) stationary solution achieved when
the condensate is stabilized, and it will be considered below.
We can classify the different types of system dynamics using
linearization around (X2∗ , Y2∗ ). This technique can reveal the
phase portrait near the fixed point and determine their type
[39]. We introduce a small perturbation given by u = X − X∗
and v = Y − Y ∗ , with u̇ = Ẋ and v̇ = Ẏ . Using Taylor series
expansion we rewrite Eq. (17) in the form

∂f
∂f
u̇ = u ∂X
+ v ∂Y
+ O(u2 , v 2 , uv)
(19)
∂g
∂g
v̇ = u ∂X + v ∂Y + O(u2 , v 2 , uv),
where the derivatives are taken at (X2∗ , Y2∗ ). The perturbation
(u, v) evolves as
 
 
u̇
u
≈A
,
(20)
v̇
v
where we neglected second-order terms and A is the Jacobian
matrix
 ∂f

∂f
A=

∂X
∂g
∂X

∂Y
∂g
∂Y

(21)

.
|(X∗ ,Y ∗ )

We find the eigenvalues of the problem λ

2
τ(X∗ ,Y ∗ ) ± τ(X
∗ ,Y ∗ ) − 4 (X ∗ ,Y ∗ )
I,I I
,
λ(X∗ ,Y ∗ ) =
2

(22)

where τ and  are the trace and the determinant of the
Jacobian, respectively, given by
τ = −RX∗ − γR +

2Y ∗
,
X∗

 = −RPI + 2γC RX∗ + γC γR + RY ∗ +

(23)
Y ∗2
.
X∗ 2

(24)

The solution of Eq. (22) can be real or complex. The full
diagram of possible fixed points is presented in Fig. 4. In
the case when the eigenvalues are complex, the fixed point
is a stable spiral which attracts trajectories surrounding it
while they perform oscillations. Such trajectories are similar
to damped harmonic oscillations, and in our case spirals
correspond to relaxation oscillations. On the other hand, when
the eigenvalues are real, the evolution is a simple exponential
decay and there are no oscillations.
Substituting Eqs. (23) and (24) into Eq. (22) and substituting the analytical form of (X2∗ , Y2∗ ), we obtain the analytical
condition for relaxation oscillations given by the square root
2
∗
∗
of τ(X
∗
,Y ∗ ) − 4(X2 ,Y2 ) :
2

2

(RPI )2 − 4γC2 R(PI − Pth ) > 0,

(25)

which determines whether the fixed point is a stable spiral or
a stable node. When the above relation is fulfilled, condensate

FIG. 4. Schematic presentation of the types of fixed points. The
figure axes correspond to the trace τ and the determinant  of
the Jacobian A. The bold black line corresponds to the analytical
condition for relaxation oscillations.

evolution is characterized by relaxation oscillations, as the
fixed point is a stable spiral.
The analytical condition for relaxation oscillations Eq. (25)
and the equation for the inactive reservoir stationary density
Eq. (7) allow for the determination of a diagram in parameter
space, presented in Fig. 5, together with typical system dynamics. For continuous wave excitation and fixed parameters
R and γR , the region in parameter space corresponding to
oscillations is broader for a short polariton lifetime, which
means that this phenomenon should be pronounced for relatively low-quality samples with short polariton lifetimes, as
shown in phase diagram at the bottom of Fig. 5. The oscillations can have the character of spiked pulsations as in Fig. 5(a)
and, at higher pumping power, quickly decaying oscillations
as in Fig. 5(b). Nevertheless, even for long polariton lifetime,
oscillations can be observed at low pumping. These observations are in qualitative agreement with the experimental data
presented in Ref. [28].
When the relation Eq. (25) is not fulfilled, the condensate
stabilizes at a stationary level without oscillations, which is
presented in Figs. 5(c) and 5(d). In the case of Fig. 5(c), condensate density increases rapidly and then relaxes to a steady
state without oscillations. The peak of condensate intensity is
due to the high ratio of P /Pth . In Fig. 5(d), polariton condensate saturates slowly and stabilizes at a stationary value.
In the case of pulsed excitation, presented in Fig. 6, the
character of oscillations can be determined only for a given
value of nI (t ), which is assumed to change slowly in time.
Consequently, during the evolution, the system may evolve
from exponential decay, through oscillatory, and back to
exponential stage. This is illustrated in Fig. 6(a), where the
paths of evolution corresponding to Fig. 2 are marked. While
all the paths go through the oscillatory region, the evolutions
in Figs. 2(a)–2(c) are markedly different. In particular, in
Fig. 2(c) there are no visible oscillations. This behavior can be
explained by analysis of the trajectory in the full phase space
in Fig. 6(b). Before reaching the oscillatory region, the system
“sticks” to the stationary state through relaxation in the stable
regime. In subsequent evolution, the system is very close to
this state, which makes the oscillations unobservable. In this
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FIG. 6. (a) Diagram similar to Fig. 5, but in the case of pulsed
excitation. Here, instead of power P /Pth , we plot the inactive reservoir density, which decays slowly during the evolution. The arrows
indicate the paths in parameter space corresponding to the panels in
Fig. 2. While all evolutions traverse the oscillatory region, in the case
(c) there are no visible oscillations because the system “sticks” to the
stationary state while passing through it, as shown in panel (b).

FIG. 5. Bottom: Diagram showing region in parameter space
which exhibits oscillations in the case of continuous wave excitation,
according to the analytical formula, Eq. (25). (a)–(d) Examples of
evolutions of condensate density corresponding to the points marked
in the diagram.

sense, extremely small oscillations of polariton field exist,
continuously changing the amplitude around a steady point.
In contrast, the spiked pulsed emission of Fig. 2(a) can
be understood as the result of a large deviation of the initial
state from the stationary state in this case. The oscillations in
parameter space are so large in amplitude that they no longer
have a harmonic character but are characterized by periods of
complete disappearance of the condensate density, as shown
in Fig. 3(b).
The above considerations indicate that the range in parameter space which correspond to oscillations is mostly placed
in the short polariton lifetime region. A similar condition
has been previously determined for the polariton condensate
instability in the case of continuous nonresonant pumping
[14]. Both oscillations and instability appear to be related to
the nonadiabaticity of the evolution, when the active reservoir
and condensate density cannot be reduced to a single degree
of freedom [40]. This instability was recently observed in
Refs. [14] and [41]. However, we note that the two phenomena
are very different, which is clear from the fact that the instability relies on the polariton-reservoir interactions, while in the

description of relaxation oscillations the effect of interactions
can be neglected on the level of Eqs. (4).
V. CONCLUSION

In conclusion, we studied relaxation oscillations in an
exciton-polariton condensate analytically and numerically using a model including both active and inactive reservoir. We
derived a second-order differential equation for condensate
density, applicable in the regime of continuous wave excitation or pulsed excitation provided that inactive reservoir is
decaying slowly. We investigated the properties of fixed points
of the equation and concluded that oscillations can occur only
around the nontrivial second fixed point which appears in
the nonlinear regime. We derived an analytical condition for
the appearance of oscillations consistent both with numerical
simulations and with previous experimental observations. We
demonstrated that oscillatory behavior should be observable
mainly in low quality microcavities, i.e., having short photon
lifetimes. Additionally, we presented regimes of oscillating
and spiked pulsating dynamics, and described the corresponding trajectories in the phase space.
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APPENDIX

Below, we present the parameters used in the numerical simulations, summarized in Table I.
TABLE I. Parameters used in simulations to obtain the results presented in this paper. Note that some parameters are given directly in the
figures.
Figures

Fig. 1

Figs. 2, 3, and 6

Fig. 5

τC
τR
τI
R

2
40
1000
8 · 10−3

0.5
800
2000
10−2

100
1000
10−3

κ
P

5 · 10−2
1.25

10−5
-

5 · 10−2
-
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The availability of large amounts of data and the necessity of processing it eﬃciently have led to the
rapid development of machine-learning techniques. To name a few examples, artiﬁcial-neural-network
architectures are commonly used for ﬁnancial forecasting, speech and image recognition, robotics,
medicine, and even research. Direct hardware for neural networks is highly sought for overcoming the von
Neumann bottleneck of software implementations. Reservoir computing (RC) is a recent and increasingly
popular bioinspired computing scheme that holds promise for eﬃcient temporal information processing.
We demonstrate the applicability and performance of RC in a general complex Ginzburg-Landau lattice
model, which adequately describes the dynamics of a wide class of systems, including coherent photonic
devices. In particular, we propose that the concept can be readily applied in exciton-polariton lattices,
which are characterized by unprecedented photonic nonlinearity, opening the way to signal processing at
rates of the order of 1 Tbit s−1 .
DOI: 10.1103/PhysRevApplied.11.064029

I. INTRODUCTION
In contrast to single- or multilayer (deep) feedforward
networks, recurrent neural networks (RNNs) may exhibit
complex internal-state dynamics. This makes them particularly eﬃcient in the analysis of time-dependent signals
that require memory, such as speech or text recognition and
interpretation [1]. On the other hand, the training of RNNs
is diﬃcult and not always convergent. The idea of reservoir computing (RC), also known as echo-state networks
or liquid-state machines, may be viewed as a generalization of the RNN concept, inspired by the internal structure
of the brain [2–5].
The core of the system is formed by a recurrent network of nodes (neurons) that are connected to each other
(see Fig. 1). This network, called the reservoir, is static,
as its connections are unchanged during training. This
is important for both the feasibility of a physical implementation and the convergence of the training procedure.
Typically, the input signal represented by ui (t) is multiplied by random weights and injected into reservoir nodes.
The subsequent dynamics of the amplitudes in the nodes
(called neuron activations) are delivered to output neurons
yi that are used, for example, for classiﬁcation or prediction
of time-dependent signals. In the classiﬁcation task, the
output neuron with the highest activation is identiﬁed with
the predicted class. A supervised training procedure consists of presenting many diﬀerent inputs to the system and
*

opala@ifpan.edu.pl

2331-7019/19/11(6)/064029(10)

adjusting the output weights to minimize the average error.
The output signals are linear superpositions of the amplitudes of the reservoir, which results in a training procedure
that is both eﬃcient and convergent [6].
The simple scheme described above has proved to be
surprisingly eﬃcient in various machine-learning tasks.
The performance of RC in time-series prediction and
speech recognition is particularly well described [2,7–12].
Notably, software implementation of RC has won a ﬁnancial time-series prediction competition [13]. To date, RC
has been successfully realized not only as a software but
also as hardware implementations in systems including
semiconductor chips [14], memristor arrays [15,16], optoelectronic [7,17,18] and all-optical systems [19], mechanical oscillators [20], and even in a bucket of water [21]. For
a comprehensive review, see Ref. [22]. Photonic systems
are particularly interesting as they hold promise for huge
signal-processing rates [7,8,11,23,24].
In many machine-learning approaches, input data are
transformed in a multidimensional space according to a
nonlinear map. This nonlinear mapping in RC is typically provided by the complex dynamics of the reservoir,
although nonlinear read-out has also been implemented
[11]. To be useful for computing, the network has to posses
several characteristics. First, the size of the reservoir must
be suﬃciently large so that it is able to perform the desired
computation within its ﬁxed internal structure. The socalled echo-state property [5] is related to the stability of
the system. The state of the reservoir must be determined
solely by the history of the signal ui , but for suﬃciently
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FIG. 1. The concept of RC. A single input layer ui (t) is used
to excite signals in the nonlinear reservoir consisting of hidden
nodes. Signals propagate between the nodes, which are connected to each other with random weights. This performs a
nonlinear transformation of input in a high-dimensional space.
The evolution of node amplitudes is collected in the output layer
yi and used for classiﬁcation or prediction. In contrast to standard
recurrent neural networks, the input weights and connections
within the reservoir are static. Only the output weights are trained
using a convergent regression procedure.

long evolution it should not depend on the initial conditions or signals from the distant past. On the other hand, the
dynamics must be suﬃciently nonlinear so that the state of
the reservoir allows for the separation of signals that differ by a small amount. The optimal working point appears
to be placed close to a certain stability threshold [6,11].
Importantly, it has been demonstrated that powerful computation can be achieved in a variety of diﬀerent designs
and systems. For instance, according to the original idea,
reservoir nodes are connected to each other with random
weights [2]. However, various other designs have proved
to be eﬃcient as well [7,11,12].
In this work, we consider the implementation of RC
in systems described by the complex Ginzburg-Landau

equation (CGLE), which is one of the fundamental models
of wave phenomena [25]. It provides a universal description of weakly nonlinear spatiotemporal systems that are
invariant under a global gauge change ψ → ψeiφ , where
typically ψ is a slowly varying envelope of an oscillatory wave packet. Its range of applications spans from
the description of hydrodynamic systems and chemical
reactions to superconductors and superﬂuids, to ultracold
quantum gases, and to lasers [25–27]. We propose to
implement reservoir dynamics in a lattice of weakly coupled traps with nearest-neighbor couplings. According to
our estimates, semiconductor exciton-polariton microcavity systems appear to be a promising platform for RC
with very high signal-processing data rates, which can be
achieved due to the extremely strong optical nonlinearity
on a picosecond time scale [28].
II. MODEL
We consider the discrete version of the CGLE, which
describes a system enclosed in a simple two-dimensional
array of weakly coupled traps:

dψn
in
= Wnm
um − i
Wnm ψm
dt
m=nn


+ γ − |ψn |2 − ig|ψn |2 ψn ,

(1)

where the ﬁrst term on the right-hand side corresponds
in
to coherent signal injection, with Wnm
being the mask
applied to the signal um (see Fig. 2). The coupling coefﬁcients between nearest-neighbor lattice sites are denoted
by Wnm , γ = P − κ is the gain coeﬃcient, in general
equal to the diﬀerence between the pumping rate (P)
and the linear decay rate (κ),  is the nonlinear decay

FIG. 2. A scheme for a handwritten digit classiﬁcation task. The data are convoluted with random weights and imprinted on the
lattice by driving each of the lattice sites. At the same time, the system is pumped to maintain a dynamic state close to the stability (or
lasing) threshold. The resulting density In (t) = |ψn (t)|2 in each node (activations) is recorded at the end of the sequence and used for
classiﬁcation of the input.
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rate, and g is the conservative nonlinear coeﬃcient. The
geometry of the lattice and the scheme of the experiment
designed for a classiﬁcation task are shown in Fig. 2. In our
numerical simulations, we consider a simple rectangular
N × N lattice reservoir with random positive symmetric
nearest-neighbor couplings, which is a natural choice for
photonic systems such as microcavities, photonic crystals, or waveguide arrays. Note that simpler geometries,
such as a one-dimensional lattice with identical couplings
and even single-site systems, have been demonstrated to
perform well in experimental tests [7,9,12,17]. The twodimensional multisite system has, however, an advantage
in terms of increased eﬃciency.
The parameters of the model (1) used in numerical simulations are chosen to correspond to a lattice
of coupled semiconductor exciton-polariton microcavities
[29–32]. Exciton-polaritons are composite quantum quasiparticles of semiconductor excitations and photons in the
strong-coupling regime [33–35]. They exhibit an interesting combination of properties of matter and light. The
extremely low eﬀective mass of polaritons, of the order
of 10−4 times the electron mass, results from the photonic
component and allows for the eﬀective transport across
the lattice on a picosecond time scale. On the other hand,
the interaction resulting from the exciton component provides unprecedented instantaneous nonlinearity g, orders
of magnitude stronger than in other photonic systems [28].
These properties have been used recently to demonstrate
remarkable phenomena including nonequilibrium condensation and lasing and superﬂuidity of polaritons [36–39], as
well as realization of ultrafast all-optical switches [40–42].
Recently, a single-layer neural-network design has been
proposed [43]. Note that reservoir computing should not be
confused with the exciton reservoir, which consists of incoherent particles in the lasing regime. Here, we neglect the
inﬂuence of the exciton reservoir on the dynamics of the
system, which can be achieved by an appropriate pumping scheme [44]. Our results apply to a range of other
systems due to the universality of the CGLE and its scaling properties, which allows them to be conveyed to other
systems with diﬀerent values of physical parameters in
the CGLE (1) (details of the rescaling are given in the
Appendix A).
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digits and in our simulations for training (4000 digits) and
testing (1000 digits) we use randomly picked subsets of
the whole set. Each digit consists of 20 × 20 gray-scale
pixels.
We convert each image of a digit into temporal signals
according to the scheme illustrated in Fig. 2, with pixels
in each row converted into step-wise signals ui (t), where
i = 1, . . . , 20 is the row number. The temporal length τ
corresponding to a single pixel is adjusted to achieve the
optimal recognition rate. This parameter must be adjusted
so that the time scales of the reservoir and of the input signal are compatible, but the overall performance is not very
sensitive to its value. The signal vector ui (t) is multiplied
by a random constant matrix Win of dimension 202 × N 2 ,
which has the purpose of both distributing the information across the lattice and adjusting the length of the input
vector to the number of pillars in the lattice N 2 . The
incoming signal initiates dynamics of complex reservoir
amplitudes ψn (t), which correspond to neuron activations.
The squared modulus of each lattice site is recorded at
the end of the sequence. A linear transformation is used
to translate
the read-out into output neuron activations,

yj = n Wjnout |ψn (tE )|2 , where j = 0, . . . , 9 and tE = 20τ
is the length of the sequence. In the training phase, logistic
regression is used to obtain optimal output weights W out
(see Appendix C). During testing, the obtained W out are
used to classify the digit. Ideally, the result is equal to
dj = 1 for the correct digit and yj = 0 for all other digits. In practice, all di have mixed values and we choose the
one that is the highest as the predicted digit.
An example of the resulting error rates is presented
in Fig. 3. The average accuracy for this particular 9 × 9
lattice is 89.2%, higher than that obtained by a linear classiﬁer [45]. Additionally, we note that due to the reduced
dimensionality of the output (N 2 ) with respect to the input

III. RESULTS
We present results for handwritten digit recognition
using the modiﬁed National Institute of Standards and
Technology (MNIST) data set, which is one of the standard
tests of pattern recognition in machine learning. Additional simulations for the Mackey-Glass nonlinear system
prediction task and speech recognition are presented in
Appendices D and E. The goal of the MNIST recognition
task is to classify the digits of various writers using the
recorded gray-scale images. The data set contains 70,000

FIG. 3. The classiﬁcation error rate for the MNIST data set
for each handwritten digit, in the case of a 9 × 9 lattice with 81
nodes.
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(202 ), the regression performed during the learning phase
requires much less computation time. This is important if
the minimization of error, performed oﬄine, turns out to
be the most time-consuming part of teaching. At the same
time, no oﬄine computations are required during testing
and the recognition rate is limited only by the reservoir
dynamics time scale.
We use realistic parameters that correspond to experiments performed in gallium arsenide polariton lattices
[31,32], with couplings Wnm distributed at random between
zero and 0.165 meV, g = 0.25 μeV,  = 0.1 μeV, and
τ = 2.5 ps. Signal processing on a picosecond time scale
can be achieved due to the use of a photonic system with
a very strong nonlinearity in the regime of quantum coupling of light and matter. According to our simulation,
the typical rate at which data can be fed into each lattice
site and processed eﬃciently is one byte (understood as a
unit of information) every few tens of picoseconds. This
estimation is in agreement with numerous time-resolved
experiments in polariton systems performed in the nonlinear regime [46–50]. In contrast to single-site RC systems,
here signal processing is performed at N 2 nodes in a
truly parallel manner. A lattice of a 100 nodes should
enable a realistic data rate, of the order of 1 Tbit s−1 ,
in a micrometer-sized system. This compares favorably
even with state-of-the-art optoelectronic [8] and passivephotonic-microcircuit [11] RC implementations, which
have recently achieved 10 Gbit s−1 data rates.
Figure 4 shows the dependence of the error rate on the
eﬀective gain parameter γ . RC systems display optimal
performance when, in the absence of an input signal, the
system is stable but close to an instability threshold. In the
case of the CGLE, at the zero gain point γ = 0, the trivial solution (ψn = 0) loses stability and a new stationary

FIG. 4. The dependence of the error rate on the pumping bias
parameter γ . The optimal working conditions appear to be close
to the stability threshold, γ ≈ 0.

state appears. This threshold is interpreted in the excitonpolariton context as the onset of polariton lasing. It is clear
from Fig. 4 that an optimal working point is found close to
zero gain or at the lasing threshold.
We present the dependence of the error rate on the size
of the lattice in Fig. 5. In this ﬁgure, the error rates are
calculated as a result of averaging over ten diﬀerent simulations corresponding to diﬀerent random weights in the
reservoir W and in the input matrix Win . Since the input
data ui is convoluted with random weights before being
used for excitation, adjusting the number of rows in the
rectangular matrix Win allows for imprinting the data on
an arbitrary-sized lattice. While in the case N > 20 redundancy in the input is unavoidable, the same signal may be
processed in various ways in diﬀerent parts of the reservoir,
which leads to improvement of the overall performance.
Indeed, as shown in Fig. 5, the error rate consistently
decreases with N and the error rate for a 50 × 50 lattice
is as low as 5.0%, similar to a feedforward neural network
with a single hidden layer [45]. The recognition rate in the
case of a 9 × 9 lattice is equal to 89.2%, similar to that of
a memristor-array reservoir computer of comparable size
[15], but the read-out vector size is much smaller in our
case (100 variables versus a 176 × 10 network).
As the error rate decreases with the system size, one
can expect that the larger Hilbert space of quantum systems might oﬀer increased performance [10] compared to
their classical counterparts. Indeed, in Appendix F, we
ﬁnd a reduced error rate if one has access to additional
nonclassical observables. However, given the additional
complexity of measuring these quantities, the quantum
advantage would not necessarily be more practical.

FIG. 5. The dependence of the error rate on the linear size of
the lattice N , with the total number of lattice sites equal to N 2 .
The data points are obtained by averaging over ten random realizations of the reservoir-weights matrix W and the input matrix
Win . The error bars indicate the standard deviation of the error
rate. Note that the point marked with a star corresponds to a
single realization.

064029-4

NEUROMORPHIC COMPUTING IN GINZBURG-LANDAU. . .
IV. DISCUSSION
In this work, we demonstrate the applicability of the RC
framework in the wide class of systems described by the
CGLE. We would like to point out that the majority of the
previously considered systems, including optoelectronic
ones, were based on amplitude-dependent nonlinearity. On
the other hand, the investigated CGLE model describes
evolution of a complex wave function, where the couplings
between nodes are represented by imaginary values, as in
the second term in Eq. (1), and the nonlinearity relies on
phase modulation (the g interaction constant), which is
very diﬀerent from the amplitude nonlinearity. Our results
extend the applicability of RC to an important class of
weakly nonlinear wave systems with gauge invariance,
which include coherent photonic systems. Importantly, our
scheme is robust to both disorder and dissipation, which
are usually hindrances in information-processing schemes.
Here, dissipation is useful for ensuring the echo-state property and a disordered network of connections is part of the
design. We also demonstrate the robustness of the model
against spatiotemporal noise (see Appendix B).
To illustrate the theoretical performance of the proposed
system, we estimate the data-processing rate and compare it with hardware implementations of reservoir neural
networks realized experimentally. As the MNIST digitrecognition task has not been implemented in many works
on RC, we use the TI 46 speech-recognition task as a
benchmark. The details of the implementation in the case
of an exciton-polariton network are given in Appendix E.
Our numerical simulations demonstrate an estimated processing rate of 1.6 × 1010 words/s, compared to the 2500
words/s reported in a complementary metal-oxide semiconductor (CMOS) ﬁeld-programmable gate array (FPGA)
implementation of liquid-state machines [51] and the
record high processing rate of 7.7 × 105 words/s achieved
in an optoelectronic-delay-line system [7]. The very high
estimated processing rate of exciton-polariton systems
results from the strong optical nonlinearity on a picosecond time scale and the parallel processing in each node of
the lattice.
In terms of scalability of the system size, we note
that polariton lattices with several thousands of pillar nodes have already been fabricated and investigated experimentally [52]. One can also estimate the
physical size scalability with respect to other (non-RC)
neuromorphic implementations. For example, the IBM
TrueNorth chip [53] contains 1 million neurons on an
approximate surface of 2 cm2 , which gives an average of 5000 neurons/mm2 . A typical size of a polariton pillar node is 10 μm2 , which gives an estimate of
100, 000 nodes/mm2 . While nodes in the RC framework are not equivalent to neurons in other architectures,
which usually have some tunability, this estimate indicates
that—at least in some applications—polariton RC could be
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competitive with respect to state-of-the-art neuromorphic
systems.
From the point of view of energy eﬃciency, an important advantage of exciton-polariton systems is that they
belong to the class of photonic (neutral-particle) systems,
which do not suﬀer from radiative heating, an important
issue that is limiting further development of CMOS and
other electronic technologies. Since excitons are neutral
particles, they also do not contribute to radiative heating.
Energy loss in polariton lattices results mostly from the
escape of photons through imperfect microcavity mirrors.
However, this does not impose a fundamental limit on the
energy eﬃciency (contrary to radiative heating in electronic systems) and several solutions can be proposed to
suppress this loss channel. For example, transverse-photon
modes trapped by total internal reﬂection can be used to
reduce polariton decay through the mirrors [28].
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APPENDIX A: SCALING PROPERTIES OF THE
COMPLEX GINZBURG-LANDAU EQUATION
The discrete CGLE with noise reads as follows:

dψn
in
um − i
Wnm ψm
= Wnm
dt
m=nn


+ γ − |ψn |2 − ig|ψn |2 ψn + Dξn (t).

(A1)

The simplicity of Eq. (A1) allows for the rescaling of physical coeﬃcients using two arbitrary scaling parameters,
τ and α, according to t = τ t̃, ψn = α 1/2 ψ̃n , un = α 1/2 ũn ,
γ = γ̃ /τ , Win = W̃in /τ , Wnm = W̃nm /τ , g = g̃/(τ α), and
˜
 = /(τ
α). The dynamics of the system with tildes will
be identical to those of the original one except for the
diﬀerence in the time scale and amplitude of the wave
function. It follows that the only relevant parameters that
govern the qualitative behavior of the system are the ratio
in
g/  and the relative values of coeﬃcients γ , Wnm
, Wnm ,
and ξn (t). In numerical simulations, the random values in
the nearest-neighbor weight matrix Wnm and in Win matrix
are created by the uniform pseudorandom-number generator. The function ξn (t) represents the Langevin noise, with
D being the noise strength.
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The cost function is described by the following equation:

APPENDIX B: THE EFFECT OF NOISE
The additional Langevin noise term ξn (t) represents
noise in the system that is random in space and time.
The eﬀect of noise on the prediction error for the MNIST
and speech-recognition tasks is presented in Figs. 6 and 8,
respectively.
APPENDIX C: LOGISTIC REGRESSION
We use a logistic-regression algorithm to train the readout function for the digit-recognition task. Values between
0 and 1 are assigned by a linear-regression classiﬁer to the
output values for each vector y containing N 2 elements.
We introduce the hypothesis function h (y), given by
h (y) = (T y),

(C1)

where  is the weights vector. For classiﬁcation of the
hypothesis representation, we introduce the function g(z):
h (y) = g(

T

1
.
1 + e−z

1
1 + e−

Ty

n

∂J ()
1    (i) 
h y − x(i) y(i)
=
j .
∂j
m i=1

(C6)

Weights are calculated using the MATLAB 2016 software
with the function “FMINCG(),” written by Carl Edward
Rasmussen.
APPENDIX D: THE MACKEY-GLASS
PREDICTION TASK

(C3)

.

(C5)

Using the reservoir, we want to predict the solution of
the Mackey-Glass equation:

Combining the above equations, the hypothesis function
reads as follows:
h (y) =

n


1   (i)
−x log h (y(i) )
n i=1



 
− 1 − x(i) log 1 − h y(i) ,

where n is the number of samples and x(i) is the correct
output for given input states y(i) . We minimize the cost
function by the gradient method:

(C2)

y),

where g(z) is given by the logistic function
g(z) =

J( ) =

(C4)

∂z
α z(t − τMG )
=
− γMG z(t),
∂t
1 + z β (t − τMG )

(D1)

which is a nonlinear diﬀerential equation with time-delay
feedback. We use the parameters α = 0.2, γMG = 0.1,
τMG = 17, and β = 10. Using a set of training data, we
would like to ﬁnd output weights W out such that

y(t) = z(t) − 1 =
Wnout |xn (t)|2 ,
(D2)


n

where the feedback u = n Wnout |xn (t − t)|2 , in which
t is a small time step. As a performance measure, we use

FIG. 6. The dependence of the error rate on the linear size of
the lattice N for the MNIST recognition task, in the cases with
and without noise. The data are averaged over ﬁve random realizations of the reservoir-weights matrix W, the input matrix Win ,
and the noise ξ(t). The parameters are the same as in Fig. 5. The
inset plot shows the dynamics of the density In (t) in n = 15 nodes
with nonzero noise.

FIG. 7. The Mackey-Glass prediction task performed by a
reservoir computer formed with a Ginzburg-Landau lattice. We
show y(t) evaluated from Eq. (D1) (points) and predicted by the
reservoir computer (solid line) as functions of the time t. The
overall prediction error σ = 3 × 10−4 (NRSE value). Here, we
consider N = 16,  = 5, γ = 10−4 , g = 2, and a training data
set of 1000 time steps.
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the normalized mean-square error (NRSE):

[y(ti ) − yp (ti )]2
σ = i
,
2
i [y(ti ) + yp (ti )]

(D3)

where y(ti ) and yp (ti ) are the true solution of the MackeyGlass equation and the corresponding prediction from the
reservoir computer at time ti , respectively.
In Fig. 7, we show the performance of our reservoir
computer (a Ginzburg-Landau lattice with N = 16) for the
Mackey-Glass prediction task. For a linear lattice size N =
16, we ﬁnd an NRSE of σ = 3 × 10−4 , which is similar to
the values reported in Ref. [54].
APPENDIX E: SPEECH RECOGNITION
Here, we consider the task of isolated spoken-digit
recognition, which has been a commonly considered
benchmarking task for RC systems [11,17,18]. We use a
standard data set, which was collected at Texas Instruments
(TI) in 1980 (the NIST TI 46 corpus, which is available
from the Linguistic Data Consortium). The data are a set
of ten isolated spoken digits (0–9) by eight diﬀerent female
individuals. In the training set, each individual utters a digit
ten times, resulting 800 spoken digits in total. After training the network, we evaluate the success rate of our system
by using an additional 560 spoken digits (ten digits spoken
seven times by the eight individuals).
Each recorded piece of speech is sampled at 12.5 kHz
and is then converted into a cochleagram using the Lyon
cochlear-ear model [55], previously identiﬁed as a good
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form of preprocessing for speech recognition [56]. These
cochleagrams are used as input to the reservoir computer
using the same scheme as illustrated in Fig. 2. At a given
time t, the input temporal signals un (t) represent a column
of the cochleagram data with n = 1, . . . , 78 (row number). The full set of cochleagram data are sent through
24 (column number) time steps. The elements of the constant matrix Win of size 78 × N 2 are chosen at random in
the range ±0.5 (78 × 24 is the dimension of the cochleagram data and N is the system size). We read out the
computed |ψn |2 after sending a full cochleagram signal.
The ﬁnal
 output is then obtained with the linear transform
yj = n Wjnout |ψn |2 , where j = 0, 1, . . . , 9. Using the training data set, we obtain the optimal output weights W out .
In the test phase, we use the 560 test data. The output
is recognized as the digit j if yj is the maximum among
j = 0, 1, . . . , 9. The error rate in recognizing the spoken
digits is presented in Fig. 8. As an example for comparison to other works, we obtain smaller error rates than the
reported values for the same task in Ref. [56].
APPENDIX F: AN EXAMPLE OF COMPUTING
WITH QUANTUM RESERVOIRS
Let us introduce a quantum version of the reservoir network considered in the main paper, described by the master
equation for the system density matrix ρ:
i



∂ρ
2ân ρ â†n − â†n ân ρ − ρ â†n ân
= i(γQ /2)
∂t
n
+ Ĥ , ρ ,

FIG. 8. The linear lattice size N versus the error rate for isolated spoken-digit recognitions with (red) and without (black)
noise. We ﬁnd that a noisy system has a lower error rate than that
of a system without noise when N is large. This could be due to
the overﬁtting of the speech data with a large number of degrees
of freedom (for large N ), which typically diminishes in the presence of random noise. The data are averaged over ten random
realizations of W and Win . The parameters are  = 5, γ = 10−4 ,
g = 2, and noise strengths D = 0 (black) and D = 0.05 (red).

(F1)

FIG. 9. A typical prediction (solid lines) from a classical reservoir of size 2 × 3 compared with the Mackey-Glass data (circles). The error σ ∼ 0.5 (NRSE value). We use  = 5, γ =
10−4 , g = 2 and a training data set of 200 time steps.
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where the Hamiltonian is given as follows:
Ĥ =

†

where the amplitude operator p̂n = (ân + ân )/2, the phase
†
operator q̂n = (ân − ân )/(2i), and the variance of an oper2
ator V(Ô) = Ô  − Ô2 . Assuming that these quantities
are experimentally accessible, we deﬁne




Jnm â†n âm + â†m ân + U
â†n a†n ân ân


n,m



Fn â†n + Fn∗ ân
+u

n

(F2)

y out (t) =

n


n

in which the hopping amplitudes Jnm and pump strengths
Fn are chosen at random. In a straightforward analogy with
the classical version, we may deﬁne

+

Wnout â†n (t)ân (t)



out
Dnm
Smn (t),

(F5)

mn

(F4)

with the feedback u = y out (t − t). We can add the same
entanglement measures to the output of the classical reservoir. However, Smn remains 1 for any two sites n and m due
to the absence of entanglement in a classical system. We
study these systems considering a 2 × 3 lattice. Given that
the Hilbert space of H is large, only this small lattice can
be simulated within our available computational resources.
A small classical system (2 × 3) has limited accuracy with a NRSE σ ∼ 0.5 (see Fig. 9). The same realsized quantum system obtains better results (σ ∼ 0.01),
as shown in Fig. 10, due to the larger size of its Hilbert
space and the larger number of available output quantities.
It should be noted that here we consider a system in the
strongly interacting regime, to obtain nonclassical correlations. We also neglect the feedback caused by the process
of measuring the quantum system, which implies the use
of many copies of the system, as considered in Ref. [10].
As a consistency check, let us now take our quantum
reservoir in the regime max[Jnm ]
γQ , where the hopping

FIG. 10. A typical prediction (solid lines) from a quantum
reservoir of size 2 × 3 compared with the Mackey-Glass data
(circles). The error σ ∼ 0.01 (NRSE value). We use U = 5γQ ,
random J uniformly distributed in [±γQ /2], and a training data
set of 200 time steps. We see that a quantum reservoir has a
greater prediction capability than that of a classical one of the
same size.

FIG. 11. Predictions (solid lines) from a highly dissipative
quantum reservoir of size 2 × 3 compared with the MackeyGlass data (circles). The error σ ∼ 0.51 (NRSE value), similar
to that of a classical reservoir. We use U = 5γQ , random J distributed in [±γQ /8] and a training data set of 200 time steps. A
Jmn suppresses the quantum entanglement
high decay rate γQ
in the reservoir and thus the quantum advantage is lost.

y

out

(t) =



Wnout Tr[ρ(t)â†n ân ]

n

≡



Wnout â†n (t)ân (t)

(F3)

n

and the feedback u = y out (t − t). However, such a setting has no quantum advantage, as the number of outputs
†
y out (t) remains the same and ân (t)ân (t) is an eﬀectively
classical quantity, which does not itself represent any
quantum correlations.
To make use of the larger Hilbert space of the quantum
system and access its potentially nonclassical correlations,
we consider the quantum-entanglement measures Smn for
the continuous variables between two sites m and n [57,58]
as additional measurable quantities:
Smn = V(p̂m − p̂n ) + V(q̂m + q̂n ),
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between the sites is weaker than the decay rate γQ . In this
regime, the quantum entanglement is suppressed and thus
we lose the advantage of using the quantum reservoir (see
Fig. 11).
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ABSTRACT: Machine learning software applications are ubiquitous in many ﬁelds
of science and society for their outstanding capability to solve computationally vast
problems like the recognition of patterns and regularities in big data sets. In spite of
these impressive achievements, such processors are still based on the so-called von
Neumann architecture, which is a bottleneck for faster and power-eﬃcient
neuromorphic computation. Therefore, one of the main goals of research is to
conceive physical realizations of artiﬁcial neural networks capable of performing
fully parallel and ultrafast operations. Here we show that lattices of exciton-polariton
condensates accomplish neuromorphic computing with outstanding accuracy
thanks to their high optical nonlinearity. We demonstrate that our neural network
signiﬁcantly increases the recognition eﬃciency compared with the linear classiﬁcation algorithms on one of the most widely used
benchmarks, the MNIST problem, showing a concrete advantage from the integration of optical systems in neural network
architectures.
KEYWORDS: Exciton-polaritons, optical microcavities, neuromorphic computing, reservoir computing, semiconductors

■

INTRODUCTION

previously shown to exhibit a range of intriguing highly
nonlinear eﬀects,16,17 including transitions between ground
and excited states,18 gap solitons,19 and spin correlations.20
More recently, lattices of localized polariton condensates have
been used to form topological protected states21,22 and to solve
many-body Hamiltonians.23 Aside from providing an example
of the application of nonlinear polariton lattices, we ﬁnd that
their complexity remarkably generates pattern recognition
success rates higher than originally expected and highly
competitive with previously considered hardware implementations.
Biologically inspired artiﬁcial neural networks (NNs) are
typically deﬁned by a set of neurons, which are the individual
processing elements, and their interconnections. Each neuron
receives a combined signal from many surrounding neurons,
reacts to that signal nonlinearly, and passes its own signal to
subsequent neurons in the network. The interconnections
transmit signals with diﬀerent weights, and it is the choice of
these weights that is critical to determining the network

It is well-established that artiﬁcial atoms in the form of excitons
in semiconductors can hybridize with photons to form excitonpolaritons when placed inside a cavity.1,2 Polaritons demonstrate many properties analogous to those of cold-atom
systems, such as Bose−Einstein condensation,3 together with
properties analogous to those of nonlinear optical systems,
such as four-wave mixing4,5 and soliton formation.6,7 Thanks to
their hybrid nature, polaritons are interesting both for
fundamental studies and for their possible integration into
optical devices. Indeed, photonic systems have been advocated
for use in information processing for a long time because of
their potentially superior speed and energy eﬃciency with
respect to their electronic counterparts.8 Polaritons are suitable
candidates for this purpose because of their high optical
nonlinearity and femtosecond reaction time.9−11 Several
experimental milestones using polaritons to reproduce binary
logic elements have been completed, including the construction of individual logic gates,5 switches,12 routers,13 and
transistors,14,15 although polariton systems have not been
suﬃciently developed to perform any practical informationprocessing task.
Rather than using polaritons to reproduce binary logic
systems, we demonstrate here the use of polaritons in an
alternative neuromorphic architecture and show how the
nonlinearity and complexity in a polariton lattice are able to
distinguish patterns very eﬃciently. Polariton lattices were
© 2020 American Chemical Society
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function. If such weights can be engineered precisely enough,
one obtains powerful information processing systems for the
recognition and classiﬁcation of patterns even with imperfect,
noisy, or incomplete information. NN architectures are
radically diﬀerent from existing (von Neumann) computational
architectures, as there is no physical separation of memory and
processing units. Thus, NN architectures avoid a key
bottleneck in the data transfer rate, the von Neumann
bottleneck, which limits the speed of modern computers.
NNs are also highly eﬃcient in parallelizing tasks, as all of the
neurons can operate simultaneously. Aside from implementations using conventional binary logic to simulate NNs,
hardware implementations24 have been based on memristors25−27 and spintronic28 and optical systems.29 However, the
individual control of the connection weights remains a key
challenge in the development of scalable hardware implementations.
A promising solution appeared in the form of reservoir
computing (RC), which throws out much of the paradigm that
weights inside the network need precise control and allows all
weights inside the bulk of the network to be random.30,31
Instead, only a single layer of weights that are applied to an
output set of neurons is controlled. Remarkably, this scheme
still results in a working NN, and because only a small part of
the whole system needs to be controlled, this design is much
more accessible, with photonic systems,32,33 microwaves,34 and
memristors35 among physical hardware realizations of these
NNs.36 Importantly, the time required to teach the RC
network is signiﬁcantly reduced compared with that for other
architectures, as there is no need to implement computationally costly algorithms such as back-propagation to tune all of
the weights. Moreover, optoelectronic implementations of RC
can reach extremely high data processing rates, beyond 100
Gbit/s.32,33,37
Here we experimentally implement a nonlinear NN made of
a lattice of driven-dissipative condensates of exciton-polaritons.
We demonstrate a recognition rate at the 93% level on a
standard set of hand-written digits (Mixed National Institute of
Standards and Technology, MNIST), compared with 83−
88.1% obtained with memristor RC networks35,38 and 89.1%
with a ﬁeld-programmable gate array (FPGA) system.39 We
show that our system is also the ﬁrst one to go beyond the
linear classiﬁcation benchmark. We note that the potential to
improve these rates is demonstrated with software simulations
of RC networks that achieve over 99% accuracy in the MNIST
pattern recognition task, comparable with state-of-the-art
neural networks.40−42 Diﬀerently from the original proposal,43
in order to achieve highly eﬃcient and ultrafast image
recognition, here we exploit the unique properties of excitonpolaritons with a nonconventional approach to RC in which
data representing single digits are processed simultaneously
instead of sequentially.

Letter

Figure 1. Scheme of the experimental conﬁguration. (a) An index j is
assigned to each pixel of an n × n input image, such that the input
intensities are aj. These inputs are multiplied by an 82 × n2 sparse
random matrix, giving the input as bi = Wijaj. Here i indexes diﬀerent
pixels of an 8 × 8 image that is directly coupled to the 8 × 8 sites of
the reservoir. The same procedure is used for all input images. (b)
The resulting data set is sent to the SLM to pattern the laser beam.
The nonlinear transmission (c) of the polariton RC produces an
output (d), which is recorded by a CCD camera and multiplied by the
weight matrix (e) to obtain the digit classiﬁcation (f). (g) Scheme of
the experimental setup corresponding to the steps described in (b−d).

Each node in the network is optically created by using a spatial
light modulator (SLM) to shape the pump laser beam
(wavelength λ = 836 nm) into an array of spots with
controllable intensity and phase. The laser light is injected
into a semiconductor microcavity, in which exciton-polaritons
are created by tuning the laser frequency to the polariton
resonance (see the SI). The information on the digit is
encoded in the intensities of the spots (Figure 1b), which
excite diﬀerent realizations of the polariton network, while
junctions between neurons are created by imposing a phase
diﬀerence of Δθ = π between adjacent nodes.44 The
nonlinearity is provided by the Kerr-type interactions between
polaritons: for resonant excitation, the curve of the total
transmission (output) intensity as a function of input power
shows a nonlinear behavior (Figure 1c) that depends on the
frequency detuning of the laser beam with respect to the
polariton resonance.45 Thus, each network node can be
considered as an artiﬁcial neuron with a nonlinear response
function, while the fast polariton propagation within the cavity
plane provides the eﬀective connectivity between nodes. The
threshold power (of the laser outside the cavity) for each node
is typically around a few milliwatts, and the ﬁngerprint of the
whole polariton RC is limited to only 150 μm × 150 μm.
The transmission pattern from the polariton lattice (Figure
1d) is recorded by the camera, and the image, sampled with a
chosen resolution, is taken as the output of the reservoir.
Because of the limited throughput of our SLM, a random
choice of 5000 digits (80% for the training stage, 20% for the
testing stage) is used with no preprocessing to evaluate the
performance of the network. Training is realized by ﬁnding

■

RESULTS AND DISCUSSION
The schematic of the experimental procedure is shown in
Figure 1. To distribute the information over the whole
reservoir, each digit is converted into a matrix with the same
number of elements as the number of nodes in the polariton
network. This is done by multiplying the input digit (Figure
1a) by a random matrix, which is taken the same for all digits.
The particular choice of the random matrix has a limited eﬀect
on the ﬁnal recognition eﬃciency (see the Supporting
Information (SI) for details on the data set preparation).
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weights in the output layer (Figure 1e) that minimize the error
rate of predictions. We implement logistic regression, an
eﬃcient algorithm for linear classiﬁcation, on a computer to
adjust the output weights in the readout matrix. In the testing
phase, the trained network is used to predict the recognition
rate on examples that the system has not seen before. It should
be noted that at this stage the computer could be replaced by
an all-optical device performing a linear vector−matrix
multiplication operation.46 We always compare our results
against the pure logistic regression on input data to evaluate
the gain of the recognition rate due to the nonlinear
transformation performed by the network. To this scope, the
transfer function of the SLM is calibrated to be strictly linear
(see the SI) in order to measure solely the contribution of the
polariton nonlinearity to the image recognition eﬃciency. This
is important because although the ﬁnal eﬃciency can be
increased by adding a nonlinear transfer function to the SLM,
the polariton array can work much faster than the electronically controlled SLM, allowing operation rates up to the
terahertz range. Moreover, while the SLM is used here as a
convenient way to generate an array of polariton nodes,
polariton lattices with a few thousand nodes can be realized
through lithographic patterning for on-chip integration.47
In Figure 2, we test the recognition eﬃciency of the
polariton RC on the MNIST data set. To avoid any spurious
eﬀect, such as the possibility that a continuous drift in the
temperature would artiﬁcially increment the recognition
eﬃciency, the input frames in the data set are randomly
shuﬄed, conﬁrming the proper operation of the polariton RC
in the classiﬁcation task (see the SI). Given the limited
reservoir size considered here, we reduce the resolution of the
MNIST digits from 28 × 28 pixels to 7 × 7 pixels (top row
“M” in Figure 2 left). Although this operation loses some
information, the recognition rate of the polariton RC remains
higher than that set by logistic regression on the full-resolution
MNIST, which is illustrated by the shaded gray region in
Figure 2 right for diﬀerent training set sizes. The exact
recognition rate depends on which examples in the MNIST
data set are taken for training and testing. Thus, the diﬀerent
data points have error bars, calculated from statistical analysis
of diﬀerent random choices of the training and testing sets.
More training samples result in better performance, but it is
remarkable that the polariton RC performs well even with a
limited number of training samples. One can also compare to
the recognition rate obtained from performing logistic
regression on the 7 × 7 input digit set (point M in Figure 2
right), performing logistic regression on the 8 × 8 SLM pattern
(point S in Figure 2 right), and performing logistic regression
on the laser beam image after the SLM (point L in Figure 2
right).
These numbers indicate that nonlinear polariton lattices are
particularly eﬃcient in performing image recognition. Even
though a direct comparison between diﬀerent physical
architectures is diﬃcult, our system is able to obtain higher
accuracy than previously reported RC approaches while
working with lower-resolution images. In Table 1, diﬀerent
strategies are compared, including the realization of terahertz
deep NN with metallic masks50 (81% MNIST accuracy), a
convolutional approach in which the hopping conduction in a
silicon contact is controlled by artiﬁcial evolution48 (96%
MNIST accuracy), and a cellular automata approach to RC
(ReCA) implemented on an FPGA49 (98% MNIST accuracy).
While state-of-the-art software realizations of NNs achieve
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Figure 2. Comparison of polariton RC vs a linear classiﬁer. On the
top, samples of four digits (1, 3, 5, and 7) processed in the polariton
reservoir are shown. First row (“M”): MNIST digits with 7 × 7
resolution. Second row (“S”): SLM mask after multiplication of “M”
by the random matrix. Third row (“L”): laser output after the SLM.
Bottom row (“P”): polariton RC, where the quadratic deviation from
the mean is shown to highlight the nonlinear redistribution of the
information. The spatial scale of the polariton reservoir is 150 μm ×
150 μm. On the bottom, the success rate obtained with polariton RC
is compared with that of a linear classiﬁer (shaded region, full MNIST
data set of 60 000 training digits and 10 000 testing digits with 28 ×
28 resolution). The logistic regression recognition rates on the same
training and testing sets used in the experiments are shown as black
and green open squares for M, S (91%) and L (90.8%), respectively.
Logistic regression recognition rates (gray points) are calculated as
averages over 10 randomly chosen subsets of the training data set, and
their error bars correspond to the standard error of the mean. For the
experiments, the error bars are calculated by partitioning the testing
set of 1000 digits into 10 subsets of 100 digits each as the standard
error of the mean recognition rate.

accuracies on the MNIST data set higher than 99.8%, the
potentiality of photonic NN can be most appreciated in
reducing the energy consumption or accelerating speciﬁc
operations in complex problems of image classiﬁcation.51−53
The picosecond dynamics and high accuracy of polariton
lattices therefore seem to be suited for image recognition when
fast operational speed, noisy information, or oﬄine devices are
involved. Moreover, the polariton RC works extremely well
also when the resolution of the input image is reduced to only
4 × 4 pixels. Logistic regression performed on the nominal 4 ×
4 input data set gives a recognition rate of 81.6%, while the
signal processed by the polariton array allows an accuracy of
86.3% to be reached, with an increment of 4.7% (Figure S3).
The accuracy can be further increased by employing a reservoir
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in the network, with a redistribution of intensities between
nodes.
This shows the importance of using hybrid light−matter
particles to simultaneously obtain high nonlinearity and
eﬃcient connectivity between nodes. Indeed, the nonlinear
behavior of polariton nodes can be simulated by a nonlinear
calibration of the SLM transfer function and redirection of its
output to the camera. However, even though the success rate is
slightly increased over the linear classiﬁer, in this case the result
is still lower than that obtained by processing the information
in the polariton RC. This is due to the lack of eﬃcient
connections between nodes in the SLM array, which are
instead present in the polariton network. In Figure 4, we show

Table 1. Comparison of Diﬀerent Hardware NN
Performances on MNISTa
system

MNIST

training

testing

polariton RC
memristor RC35
THz deep NN50
hopping current48
FPGA ReCA49

93%
88.1%
81%
96%b
98%c

4000
14000
1500
60000
60000

1000
2000
50
10000
10000

resolution

speed

×
×
×
×
×

THz
kHz
THz
MHz
MHz

7
28
28
28
22

7
28
28
28
20
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a

The sizes of the testing and training sets as well as the resolution of
the input digits are reported together with the success rate. The speed
is an estimated maximum operational frequency for digit classiﬁcation
based only on the fundamental physical limits of the system. bThe
hopping current experiment in ref 48 is not a full hardware
implementation but rather a software simulation of thousands of
identical dopant systems. cThe ReCA system in ref 49 was trained
with an extended MNIST data set including distortions, which
improved the recognition rate.

with a larger number of nodes (Figure S4) or, equivalently, by
increasing the readout resolution (Figure S5).
In the following, the nonlinear output of the polariton node
and the connectivity of the neural network are analyzed in
more detail. In Figure 3a, the output of a single node of the
polariton RC is shown (only the node indicated by the red dot
in the inset of Figure 3a is activated). The input laser is slightly
blue-detuned with respect to the polariton resonance, resulting
in low transmission at low power. For increasing power,
polariton−polariton interactions blue-shift the polariton
resonance up to the laser frequency, resulting in a nonlinear
increase of the transmission through the cavity.14 If the input
power is further increased, the transmitted intensity saturates
to an output value, which depends on the energy detuning ΔE
between the laser and the polariton resonance. The laser
detuning (with respect to the polariton resonance at low
power) and the range of input powers are optimized by
maximizing the recognition rate of the whole polariton RC, as
shown in Table S1. In Figure 3b, the whole polariton RC is
activated, and the output intensities of single neurons are
compared. While all of the nodes show a nonlinear
transmission curve in the same range of powers, a speciﬁc
behavior is associated with each node. From a comparison of
Figure 3a and Figure 3b, it is evident that the behavior of
polariton nodes is modiﬁed by the activation of other neurons

Figure 4. Connectivity between nodes. (a) Comparison of the output
intensities of node A activated by the contributions from the ﬁrst and
second neighbor nodes A′ and A″ (blue line) and from second
neighbor nodes A″ only (red line). (b) Region of the network with
the pump power at node A intentionally set to P = 0. (c) Same as in
(b) but with the power set to P = 0 at the ﬁrst neighbor nodes A′ as
well. Node A is activated in this case also, with a transmitted intensity
of about 1/3 with respect to the conﬁguration shown in (b).

that hopping of polaritons between nodes provides the
required connectivity. In Figure 4b, all of the nodes except
the central one, marked as A, are pumped using an almost
homogeneous SLM pattern. When the intensity of the
surrounding nodes is increased, the switched-oﬀ node A is
activated as well, reﬂecting the intensity redistribution in the
array (blue line in Figure 4a). Remarkably, connections are not

Figure 3. Interconnected nonlinear behavior of polariton RC. (a) Output of a single node of the lattice vs input power (only the node indicated by
the red dot in the inset is activated). (b) Outputs of several nodes in the polariton lattice as functions of the input power. When multiple nodes are
activated, the behavior of each node is inﬂuenced by the connection between neighboring nodes.
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limited to ﬁrst neighbors but extend farther in the polariton
network. In Figure 4c, the ﬁrst neighbor nodes A′ are also
switched oﬀ, and node A can be activated only by the second
neighbor nodes (indicated as A″ in Figure 4). The red line in
Figure 4a shows that nodes A″ contribute to A with a
connection strength of about one-half compared with nodes
A′.
Moreover, the redistribution dynamics within the network
takes place on a time scale comparable to the polariton
lifetime. As shown by simulations (see the SI), the steady state
is reached in this case after about 50 ps. Even though the
present experiments use a continuous-wave pump, we
anticipate that the recognition rate can be further improved
by following the transient dynamics of the system (see the
section on time multiplexing in the SI). Finally, we note that in
order to take advantage of the ultrafast polariton dynamics, the
SLM and CCD used in our proof-of-principle experiment can
be replaced by faster technologies. However, these elements
are not essential components of the polariton RC. Indeed, the
polariton RC can work as a photonic accelerator that directly
processes an optical signal without any optical-to-electronic
conversion. In this case, the RC output is then multiplied alloptically by the classiﬁcation matrix and instantaneously sent
to ultrafast photodectors. Such a system does not make use of
an SLM or CCD and can fully exploit the terahertz operation
rate of the polariton neural network.
In conclusion, neuromorphic computing in a physical
network of multiple connected nonlinear nodes is demonstrated. We show that exciton-polaritons are a suited system
thanks to their mixed light−matter components: polariton−
polariton interactions bring the desired nonlinearities, while
the photonic component assures the connectivity between
nodes and high operational speeds. We measured the
recognition eﬃciency on the MNIST data set and found a
signiﬁcant increase in the accuracy with respect to linear
classiﬁers and previous examples of photonic NNs. We note
that a further increase in the recognition rate can be obtained
in polariton networks by exploiting the spin degree of freedom
and the phase diﬀerence between nodes.54,55 With larger
polariton arrays, success rates comparable to software
implementations of reservoir models can be achieved with
present technologies, moving toward a realistic integration of
applied artiﬁcial intelligence based on optical systems.
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ABSTRACT: The rapid development of artiﬁcial neural networks
and applied artiﬁcial intelligence has led to many applications.
However, current software implementation of neural networks is
severely limited in terms of performance and energy eﬃciency. It is
believed that further progress requires the development of neuromorphic systems, in which hardware directly mimics the neuronal
network structure of a human brain. Here, we propose theoretically
and realize experimentally an optical network of nodes performing
binary operations. The nonlinearity required for eﬃcient computation is provided by semiconductor microcavities in the strong
quantum light-matter coupling regime, which exhibit exciton−
polariton interactions. We demonstrate the system performance
against a pattern recognition task, obtaining accuracy on a par with
state-of-the-art hardware implementations. Our work opens the way to ultrafast and energy-eﬃcient neuromorphic systems taking
advantage of ultrastrong optical nonlinearity of polaritons.
KEYWORDS: exciton-polaritons, binary network, nonlinear optics, semiconductors, microcavities
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INTRODUCTION

energy eﬃciency of memory, communication channels, and
processing units, which no longer improves exponentially as in
the previous decades.5 Therefore, it is crucial to ﬁnd an energyeﬃcient and powerful alternative for big data processing. Such
a platform is required to realize a neuromorphic approach to
neural networks, in which the massively parallel structure of
the network is realized physically rather than simulated.3 In
this context, photonic systems are natural candidates;4,6−12 but,
most of the existing realizations were only able to perform
basic machine learning tasks, and the advantage of optical
system in terms of speed or energy eﬃciency has not been
clearly demonstrated.
Recently, semiconductor microcavities in the quantum
strong-coupling regime have emerged as a promising hardware
platform for machine learning.13,14 Exciton-polaritons are
quasiparticles resulting from the coupling between photons
and excitons in this system.15,16 They exhibit properties of
both light and matter. Electrostatic interactions of excitons lead
to optical nonlinearity orders of magnitude stronger than in

The human brain, despite consuming only about 15 W of
power, is superior to the most advanced modern supercomputers in many practical tasks, such as object detection and
classiﬁcation. Artiﬁcial neural networks (ANNs) are an
approach to data processing that mimics the operation of a
biological network of neurons, allowing researchers to
implement machine learning. Recent years have witnessed
immense progress in ANN-based applied artiﬁcial intelligence,
which has found many important applications in a growing
diversity of ﬁelds, including medicine, logistics, ﬁnance,
marketing, defense, agriculture, quantum science, geoscience,
gaming, information technology, cybersecurity, language
processing, robotics, and autonomous vehicles.1,2
As the amount of data continually grows, there is an urgent
need to provide faster and more energy eﬃcient systems.
However, in comparison with the human brain, software
simulations of neural networks are ineﬃcient.3 In the von
Neumann architecture, prevalent in conventional computers,
the memory and processing units are physically separated,
which results in a communication bottleneck. Moreover, the
development of current semiconductor technology is bounded
by the practical limit of Moore’s law and Amdahl’s law, which
hinder the further increase of computational power through
the decrease of system size or the increase of the number of
processing units.4 These bounds are largely due to the limited
© XXXX The Authors. Published by
American Chemical Society

Received: November 27, 2020
Revised: February 23, 2021

A

https://dx.doi.org/10.1021/acs.nanolett.0c04696
Nano Lett. XXXX, XXX, XXX−XXX

Nano Letters

pubs.acs.org/NanoLett

Letter

17,18

conventional optical media.
The cavity photon lifetime
results in a picosecond reaction time. The extremely low
eﬀective mass of polaritons allows for Bose−Einstein
condensation16,19 recently realized at room temperature in
organic and nonorganic materials,20−22 demonstrating strong
nonlinear eﬀects.23,24 Basic logic elements such as polariton
switches, transistors, and gates have been realized.18,25−30 A
system consisting of a polariton microcavity and an oﬀ-line
classiﬁer was demonstrated to outperform linear classiﬁcation
algorithms.14
To solve practical tasks of high complexity, a neural network
has to perform a nonlinear transformation of input data into an
eﬀective higher-dimensional space. This allows for determining
the result with a linear classiﬁcation at the output layer.31
Recently, binarized neural networks, in which the activations or
weights of connections are two-level and the neurons perform
simple binary operations, have received much attention.32,33
Binarized networks are characterized by a greatly improved
speed and energy eﬃciency, at the cost of a minimal reduction
of inference accuracy.
Here, we propose theoretically and realize experimentally a
binary network implemented in a polariton microcavity system.
Importantly, the hardware of the network is composed of
energy-passive optical elements only, such as resonators, beam
splitters, and optical ﬁlters. We demonstrate that binarized
neurons can operate in a fully all-optical mode, which allows
for exploiting the intrinsic ultrashort time scales and high
energy eﬃciency of photonics.34 The energy cost of a single
binary operation is measured to be of the order of picojoules,
which is comparable to the state-of-the-art electronic neuromorphic implementations, while the computation time scales
are in the picosecond range. We demonstrate approximately
96% classiﬁcation accuracy of handwritten digits from the
Modiﬁed National Institute of Science and Technology
(MNIST) data set, using a simple single-hidden-layer network
in a noisy experimental environment.

Figure 1. Nonlinear classiﬁcation and experimental realization. (a)
The XOR operation is a generic classiﬁcation problem that is linearly
inseparable in the space of inputsthere exists no straight line
separating points corresponding to the “0” and “1” results marked
with blue and orange circles, respectively. (b) An additional feature,
represented by the z axis, which is a nonlinear function of inputs,
allows for performing classiﬁcation with a two-dimensional plane. (c)
Experimental realization in an exciton−polariton system. A series of
picosecond pulses encoding the inputs are incident on a semiconductor microcavity in the strong coupling regime, triggering a
nonlinear response as a result of bosonic condensation. The emission
is used to perform linear classiﬁcation.

directed to the linear classiﬁer. The classiﬁer is trained to
distinguish “0” and “1” results by adjusting output weights, or
the cut in the feature space (Figure 1b).
Figure 2 shows the results obtained using an optoelectronic
setup. The photoluminescence of a condensation site as a
function of the combined pulse energy of the two inputs
resembles the ReLU (rectiﬁed linear unit) activation function,
see Figure 2a. Figure 2b shows the energy integrated output
intensity from one of the sites for the four possible binary input
combinations. The emission intensity from the two sites is
converted to electronic signals by the camera and used to infer
the result using linear classiﬁcation. As demonstrated in Figure
2c, the accuracy (or the ratio of correct to total predictions) of
the XOR gate depends on the degree of nonlinearity η (see the
Supporting Information for the deﬁnition of η), and an almost
perfect operation is obtained for η ≈ 5. Our system achieved
perfect accuracy (no mistakes in several hundred thousand
operations) due to the nonlinearity reaching η ≈ 50.
Having constructed the XOR unit, we build a binary
network with a single hidden layer of several thousand (Ngates)
of XOR gates, see Figure 2e. We consider the handwritten digit
recognition task using the MNIST data set, which consists of
60000 training samples and 10000 testing samples of 28 × 28
greyscale images.37 At the input, we convert each image into a
black and white bitmap, and assign a random pair of pixels
from the 28 × 28 image to each of the gates, see Figure 2e. The
same pairs of pixel positions denoted by p1···pn are assigned to
the same gates 1···n for all digits. This allows us to detect
nontrivial correlations between pixels even in the single-layer
network. The above stage does not require any nonlinear
operation and can be implemented all-optically, for example,
using a three-dimensional laser-written waveguide array.38
Since the assignment is random and does not change during
training, the structure of the network can be considered as a
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RESULTS
All-Optical XOR Logic Gate. The ﬁrst step in the
implementation of a binarized network is the realization of
its basic building block,33 a single XOR gate. The XOR task is a
generic example of a problem not solvable using a perceptron
or a linear classiﬁer, see Figure 1a. Therefore, it is a benchmark
of the capability to solve problems that require a nonlinear
transformation. The principle of the implementation is
depicted in Figure 1b. In addition to the inputs, which
correspond to the two-dimensional xy plane in Figure 1b, a
nonlinear feature (z axis) is provided by a micrometer-sized
exciton−polariton condensate.
In our experiment, the microcavity consists of two CdTebased Bragg mirrors, separated by an approximately 600 nm
thick (Cd,Zn,Mg)Te layer. At the antinodes of the electromagnetic standing wave, six (Cd,Zn,Mn)Te quantum wells
(QWs) are introduced for eﬃcient coupling of QW excitons
and the photonic modes (see the Supporting Information for
more details).
We excite two spatially separated localized condensation
sites, Figure 1c, with a series of nonresonant picosecond laser
pulses, encoding the corresponding inputs with low (0) or high
(1) pulse energy. The two sites are localized close to each
other, with a 2 μm distance, which results in a Josephson
junction type coupling.35,36 The light emitted from condensation sites is a nonlinear transformation of the inputs,
B
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Figure 2. Optoelectronic machine learning. (a) The nonlinear dependence of the total emission intensity from the condensation site on the energy
of two input pulses. (b) Emission in the four input conﬁgurations demonstrates nonlinearity. Insets show typical real-space emission observed on a
CCD camera for each realization. The same color scale is preserved for each panel. Image size is of ∼7 μm × 7 μm. (c) Accuracy of the XOR gate
as a function of the useful degree of nonlinearity η. (d) Accuracy of the MNIST handwritten digit prediction versus the number of XOR gates.
Dashed lines show the benchmarks of software linear classiﬁcation for the full and binarized MNIST input. (e) Conceptual scheme of the network
with a single hidden layer of XOR gates.

binary generalization of extreme learning machines.39 Deep
networks with more complex structures can be implemented
by cascading layers of XOR gates.33 To demonstrate the
capability of the network, we use time multiplexing to realize
all gates in the hidden layer. Logistic regression is used to
determine the optimal classiﬁcation hyperplane in the Ngatesdimensional space (see the Supporting Information for
details). The results are shown in Figure 2d, where we plot
the accuracy of inference as a function of Ngates. For around
10000 gates the accuracy reaches a plateau at the level of
approximately 96%. This is comparable to or higher than that
for the state-of-the-art neuromorphic implementations9,14,40−42
and is considerably higher than the accuracy of pure software
linear classiﬁcation of the grayscale MNIST data set (92.7%)
or its binarized version (91.5%), obtained with logistic
regression algorithm.
Similar to the majority of photonic realizations,7,8,40,43 in the
above scheme the linear classiﬁcation is implemented
electronically. This limits the speed and energy eﬃciency of
the system. To solve this issue, we demonstrate that binarized
neurons can operate in the all-optical conﬁguration. Such a
device is a photonic analog of neural network accelerators.44−47
In Figure 3a, we show the modiﬁed setup of the XOR gate, in
which the linear classiﬁcation is performed by optical elements
only. The input pulses are directed at beam splitters, which

create auxiliary optical paths bypassing the microcavity. In
contrast to the previous scheme, a single condensation site is
excited by both input pulses. The weights w1 and w2 of direct
connections between the input and the output are
implemented with neutral density ﬁlters, which reduce the
pulse intensity in a controlled way. Since the emission from the
condensate is always darker than the input pulses, the emission
weight is set to unity. The emission from the condensate mixed
with the two weighted auxiliary pulses constitutes the optical
output of the gate. This intensity mixing eﬀectively performs a
simple three-component vector-matrix multiplication, which is
necessary to perform the classiﬁcation in the three-dimensional
feature space (see the Supporting Information for details).
The nonlinear element has to exhibit a negative diﬀerential
input−output dependence in a range of excitation powers, as
shown in Figure 3b. As the ﬁlter weights w1 and w2 cannot be
negative, the monotonically positive dependence would not
lead to a useful gate (see the Supporting Information). We use
a long-pass spectral ﬁlter placed behind the cavity to obtain the
negative response shown in Figure 3b. In the “11” input
conﬁguration the polariton−polariton interactions shift the
emission to higher frequencies, which are blocked by the ﬁlter.
This method allows for obtaining the well-deﬁned “0” and “1”
output levels, which are consistent for all input conﬁgurations,
C
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systems as a platform for energy eﬃcient information
processing.
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Figure 3. All-optical implementation of XOR gate. (a) Scheme of the
experimental setup, in which the linear classiﬁcation of Figure 1b is
implemented with two auxiliary pulse paths controlled with neutral
density ﬁlters, corresponding to weights w1 and w2. (b) Dependence
of emission intensity on the energy of excitation pulses for equal pulse
energy in both pulses. The spectral ﬁlter placed behind the sample
allows for obtaining a negative diﬀerential response of the condensate
emission. (c) Measured ﬁltered emission intensity for all four
combinations of inputs (blue) and the output intensity of the alloptical XOR gate (dark blue), which consists of the emission
combined with the weighted inputs. Black dashed lines separate
realizations of diﬀerent inputs. Red dashed lines indicate the gate
output intensity levels corresponding to results “0” and “1”. Insets
show typical real-space emission observed on a CCD camera for each
realization. The same color scale is preserved for each panel. Image
size is of ∼6 μm × 6 μm.

see Figure 3c. The noise of the output results mostly from the
limited stability of our laser.
To estimate the energy eﬃciency we determine the input
pulse energy required for a single gate operation. The power of
input pulses in the “1” state was measured using a power meter
at the entrance to the microcavity to be 1.2 mW at 76 MHz
repetition rate, which gives approximately 16 pJ pulse energy
per gate operation, while the energy of auxiliary pulses was
much lower. The approximate cost is around 16 pJ per synaptic
operation, comparable to the state-of the-art neuromorphic
electronic implementation.3
Discussion. The radical change of the paradigm of
computation allows us to propose an optical system that can
be realized with currently available optical elements. In
particular, the system does not require a separate memory
unit, as all information is carried by photons propagating
through the network. We emphasize that despite the binary
structure of the network, which is based on XOR gates, we go
beyond the traditional digital computer architecture. Our
approach reveals the potential of semiconductor microcavity
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