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group of resear h papers presented here as a s ienti

a hievement

4.1 Introdu tion and motivation
About 20 years ago the experimental resear h on truly quantum properties of matter entered
a new era, in whi h the

oherent manipulation and measurement of individual quantum sys-

tems be ame possible. The mid-90s breakthroughs in manipulation of quantum states of single
trapped ions [1℄ and of small numbers of mi rowave radiation photons trapped in a
re ognized in 2012 by the Nobel

ommittee. In the

avity [2℄ were

ontext of this dissertation it is important to

note that these pioneering experiments also demonstrated how intera tion with an environment
leads to de oheren e of quantum states of a single system [3℄.
At the same time interest in

reation of a quantum

omputer was spurred by two theoreti al

breakthroughs: the dis overy of quantum algorithm of fa torization by Shor [4℄, and the proof
of possibility of error

orre tion of quantum states of qubits [5℄. These provided both the strong

pra ti al motivation and the hope for a tually a hieving the goal of buliding a large-s ale (multiqubit) devi e exhibiting quantum

oheren e.

The resulting ex itement qui kly ae ted the
lassi al

ommunity of solid state physi ists. Sin e the

omputation is the main area of pra ti al appli ation of solid state physi s (espe ially

semi ondu tor physi s), it was natural to suggest to build a quantum

omputer with solid-state

devi es. The most often invoked motivation was the prospe t of easy s alability of su h a system
(something whi h is not obvious with, say, trapped ions). The main obsta le in this endeavour
is the fa t that, in

ontrast to the systems studied in quantum opti s, the semi ondu tor or

super ondu tor based qubits are embedded in a

ondensed matter environment. Strong

with many environmental degrees of freedom (latti e vibrations, u tuating ele tri
moving

harges, magneti

eld u tuations due to paramagneti

oupling

elds due to

spins present in the material,

et .) means that the de oheren e is expe ted to be mu h faster.
The question of whether the benets of potential s alability outweigh the drawba ks asso iated with the strong

oupling to nontrivial environment remains still unsettled. However, from

the point of view of basi

s ien e, the resear h on solid-state based qubits during the last 15 years

has been quite fas inating. Most importantly in the
pling to an environment having ri h physi s

ontext of this dissertation, the strong

an be seen as an interesting theoreti al

ou-

hallenge,

whi h requires going beyond the weak- oupling and Markovian approximations.
The resear h des ribed below en ompasses two fa ets of the de oheren e problem for the solidstate based qubits. In hapter 4.2 I will review the theory of de oheren e of a spin qubit (a spin of
an ele tron lo alized in a semi ondu tor quantum dot) whi h is intera ting via hyperne
with the spins of the nu lei of atoms of the host material. In this

oupling

ase the Hamiltonian of the

environment and of the qubit-environment

oupling is known (thanks to previous theoreti al and

experimental studies), and the theoreti al

hallenge is posed by the strong qubit-bath

2

oupling

and the slowness of the dynami s of the environment. These two pre lude the use of Born-Markov
approximation (whi h leads to textbook Blo h-Redeld equations for Markovian dynami s of the
qubit's redu ed density matrix). In hapter 4.3 I will fo us on an often en ountered (in

ondensed

matter systems) situation, in whi h the information on the dominant sour e of noise ae ting the
qubit is la king. Either the main sour e of noise is simply unknown, or important parameters
hara terizing the environment are not available from measurements other than those of the
qubit itself. I will dis uss there how, under the assumption that the bath is a sour e of
Gaussian noise, one

an use the measurements of

oheren e dynami s to re onstru t the spe tral

density of su h a noise. The two parts of the dissertation are therefore
should be noti ed that the
noise is

lassi al

al ulations from se tion 4.3.2, where qubit

omplementary, but it
oupling to a square of

onsidered, have a similarity to the theory of hyperne-indu ed de oheren e of ele tron

spin from se tion 4.2.4. This similarity is not a
intera tion with the nu lear bath

idental: below I will try to explain how the

an be approximately mapped on the problem of quadrati

oupling to a Gaussian-distributed quantum variable.

4.2 From the mi ros opi des ription of the environment to al ulation of
qubit's de oheren e dynami s: the ase of ele tron spin oupled to the
nu lear bath
In this

hapter I will des ribe a theory of de oheren e of a single lo alized ele tron spin

aused

by its intera tion with a bath of nu lear spins. Creation of this theory was motivated by spin
e ho experiments on quantum-dot based spin qubits whi h were

ondu ted between 2005 and

2008, espe ially Refs. [6, 7℄. At that time no existing theoreti al model was appli able to the
regime of rather low magneti

elds in whi h these experiments were

ondu ted.

The theory

presented in papers [H2℄ and [H3℄ was fo used on this regime in quantum dots based on IIIV

ompound semi ondu tors.

The formalism presented in these arti les allowed for e ient

al ulation of the spin e ho signal, and it was used to predi t

oheren e dynami s in other

experimental proto ols. The predi tions of papers [H2,H3℄ for the

ase of spin e ho were later

onrmed by experiments [8℄. Furthermore, while the Ring Diagram Theory (RDT) of [H2,H3℄
was relying on the assumption of large nu lear bath (te hni ally it employed
where

N

is the number of nu lei appre iably

1/N

oupled to the ele tron spin), the

RDT with exa t numeri al simulations of a system with

N = 20

expansion,

omparison of

spins [H4℄ showed that it

an

des ribe quite well the spin e ho de ay due to intera tion with su h a rather small environment.
These results were dis ussed in a review paper [H5℄, where the
at short times and

al ulation using the quasi-stati

lose relation between the RDT

bath approximation was noted.

The RDT of Refs. [H2,H3℄ employs an ee tive pure-dephasing Hamiltonian obtained from the
full Hamiltonian of the hyperne intera tion by an approximate
an approa h

an be straightforwardly generalized to more

anoni al transformation. Su h

ompli ated multi-ele tron systems.

The most important example of su h a system is a singlet-triplet (S-T) qubit in a double quantum
dot, whi h has been a subje t of intense experimental resear h sin e 2005 [6, 810℄. The ee tive
Hamiltonian based
predi tions for

al ulation of singlet-triplet de oheren e is the subje t of paper [H7℄, where

oheren e de ay are given for the S-T qubit operated in the regime of singlet-

triplet splitting larger than the typi al Overhauser splitting of two-ele tron spin states.
Despite the fa t that the RDT su

esfully predi ted the spin e ho de ay at low magneti

elds

in GaAs, doubts about the validity of the ee tive Hamiltonian approa h were raised in works
in whi h the Nakajima-Zwanzig (NZ) generalized Master equation approa h was employed while
using the full hyperne Hamiltonian [11, 12℄. The paper [H6℄ sheds some light on the relation
between the ee tive-Hamiltonian approa h of [H2,H3℄ and the results obtained using the NZ
approa h.
The rst three se tions of this

hapter

ontain a rather detailed review of the physi s of spin

qubits intera ting with the nu lear bath. I hope that they provide enough ba kground for the
subsequent three se tions, in whi h the results of papers [H2-H7℄ are summarized.
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4.2.1

Semi ondu tor spin qubits and the nu lear bath

When using a spin of a single ele tron

onned in a quantum dot (QD) as a qubit was proposed

in 1998 [13℄, quantum dots available then had at least tens of ele trons
there was in fa t no truly realisti
subsequent de ade

hanged this, and by about 2006 qubits based on single spins, and pairs of

spins in double dots, were initialized,
Spins

onned in them, and

idea for readout of single-spin states. Work done during the
oherently

ontrolled, and read-out in many laboratories.

onned in ele trostati ally dened gated quantum dots in GaAs were

time-dependent gate voltages [14℄, while the ones
dots were

ontrolled with

onned in self-assembled InGaAs quantum

ontrolled opti ally [15, 16℄. In the following we will take the

oherent

ontrol of spin

for granted, sin e we fo us here on the intera tion of the spin with its environment and the
resulting de oheren e of quantum states of the qubit.
Before a single spin was a tually
relaxation in nite magneti

eld

B

onned in a quantum dot, it was predi ted that its energy
(longitudinal relaxation in the NMR/ESR terminology)

will be dominated by pro esses of phonon s attering, with the spin-orbit intera tion allowing
for transitions between the Zeeman-split energy levels [17℄ (see also [14℄ for a very transparent
dis ussion).

This predi tion was experimentally veried in both self-assembled [18℄ and gated

QDs [19℄, with the phonon-indu ed pro esses identied by their
ture dependen e. The phonon-indu ed energy relaxation
Blo h-Redeld [20℄ approa h: the spin-phonon

hara teristi

B

and tempera-

ould be des ribed using the standard

oupling is weak, allowing for using the se ond-

order perturbation theory, and the auto orrelation time of the phonon bath is mu h shorter
than the times ale on whi h the spin relaxes, allowing for the use of Markovian approximation
leading to the exponential de ay of the elements of qubit's redu ed density matrix.
important to note that the relaxation times
onditions. The phonon

T1

ontribution to spin dephasing (transverse relaxation in the NMR/ESR

terminology) was theoreti ally shown [21℄ to lead to dephasing time
the latti e vibrations and spin-orbit
would remain

It is also

are at least a milise ond for typi al experimental

T2 = 2T1 ,

showing that if

oupling were the main sour e of de oheren e, spin qubits

oherent for up to a milise ond. Unfortunately, it is not the phonon bath that is

the most dangerous for spins in semi ondu tors. The main
theoreti al methods more

ulprit demanded the development of

ompli ated and interesting than the textbook Blo h-Redeld theory.

The hyperne oupling of the ele tron spin to the nu lear spins and the nu lear
Hamiltonian.
Already around 2001 it was noti ed that the most dangerous environment ae ting the
of a spin lo alized in a semi ondu tor is in fa t the bath of nu lear spins
by

oheren e

oupled to the ele tron

onta t hyperne (hf ) intera tion [2224℄. This is espe ially relevant for III-V materials su h

as GaAs and InGaAs, sin e neither Ga, nor In and As have any zero-spin isotopes.
following I will fo us on the

ase of III-V quantum dots, but it should be kept in mind that the

spin bath is almost ubiquitous in the

ase of semi ondu tor spin qubits (also the ones in sili on

and diamond), and for all the single-spin qubits being
of de oheren
The hf

oupling of a lo alized ele tron spin to nu lear spins is des ribed by the Hamiltonian

X
i

hf

Ŝ is

urrently investigated it is the main sour e

1
e.

Ĥhf =
where

In the

Ai Ŝ · Ĵi ,

(1)

Ĵi is the operator of the i-th nu lear spin, and the onta t
Ai = Aα[i] |Ψ(r i )|2 , where Ψ(r i ) is the ele tron envelope
fun tion at the i-th nu lear
R
2
normalization to the primitive unit ell volume:
V |Ψ(r)| dr = ν0 ). The hf energies
the ele tron spin operator,

ouplings

site (with

1 In the

ase of qubits based on more than one spin, su h as the singlet-triplet qubit, the manipulation of whi h

relies on ex hange intera tion between the two ele trons, the
some parameter regimes [25℄. In any

harge noise might be in fa t more important in

ase, it is easier to suppress

a typi al semi ondu tor nanostru ture.

4

harge noise than remove the nu lear spins from

Aα for a nu lear spe ies α are Aα = 23 µ0 ~2 γS γJα |uα |2 , where µ0 is the va uum permeability,
γS and γJα are the ele tron and nu lear spin gyromagneti fa tors, respe tively, and uα is the
amplitude of the periodi part of the Blo h fun tion at the position of the nu leus of α spe ies
R
2
(the normalization is
ν0 |u(r)| dr = 1). The number of nu lei intera ting appre iably with the
ele tron is dened as
R
|Ψ(r)|2 d3 r
N≡R
(2)
,
|Ψ(r)|4 d3 r
whi h implies that

X
i

where

nαP
is

X
α

nα A2α

X
u

|Ψ(ru )|4 =

X nα A2

α

α

N

the average number of nu lei of this spe ies in the unit

α nα = 2),

we have

A2i ≈

and the sum over

u

,

(3)

ell (i.e. in III-V

is over all the Wigner-Seitz unit

ompounds

ells.

P an be written as Ĥhf = Ŝ · ĥ, where we have introdu ed the Overhauser
ĥ =
i Ai Ĵi . In some ases (dis ussed below) one an negle t the quantum
ĥ(t) (written here in Heisenberg pi ture), and repla e it by lassi al ve tor h. The

The hf Hamiltonian

eld operator
dynami s of

quantum averages measured in a given experimental setup are then repla ed by
over an appropriate distribution of

h.

lassi al averages

In this pi ture we see that the loss of

oheren e of the

ele tron spin is due to an averaging over ele tron pre ession about randomly distributed ee tive
magneti

elds

h.

Another representation of the hf Hamiltonian whi h will prove useful in the following dis ussion is

where

Ĥhf = ĥz Ŝ z + V̂ ,

(4)

1
V̂ = ĥx Ŝ x + ĥy Ŝ y = (ĥ+ Ŝ − + ĥ− Ŝ + ) ,
2

(5)

is the ele tron-nu lear ip-op operator. Note that in this ip-op term we nd the transverse
(with respe t to the magneti

eld dening the

The Hamiltonian in Eq. (1) is very often
nian is in fa t integrable, and it

z

axis)

alled the

omponents of the Overhauser eld,

entral spin

2
Hamiltonian.

h⊥ .

This Hamilto-

an be diagonalized with the help of Bethe ansatz, as was rst

done by Gaudin [26℄. However, it has to be stressed that the integrability of the problem does
not allow for obtaining the solution for dynami s of a system with an appre iable number
spins, sin e for the

al ulation of

of the Hamiltonian with the

entral spin

∼N

of

orresponding eigenstates. The brute-for e numeri al treatment of

the problem requires dealing with a Hilbert spa e of dimension
only needs to deal with

N

oheren e dynami s one needs the full spe trum

2N , while

in Gaudin solution one

degrees of freedom - but one has to solve a set of

∼N

nonlinear

oupled Bethe equations for these quantities. It turns out that this task is manageable only for

N ≤ 20

(see [27℄ and [28℄), whi h is in fa t the same as the system size whi h

an be treated

with appropriate numeri al methods for quantum state evolution [29℄. Gaudin's solution is also

impossible in the

ase of all nu lei not having the same Zeeman splitting - a situation whi h

exists for III-V quantum dots, and whi h is very important for theory of spin e ho de ay in this
system [H2,H3℄.
The Hamiltonian of the whole system (the qubit and the bath)

ontains also the qubit's part:

HQ = ΩŜ z + Ĥ ontrol (t)
2 It

(6)

should be noted that the term  entral spin problem is often used to refer to any system in whi h we

have the  entral spin of interest (the qubit) whi h is
qubit-bath

oupled to many other spins

omprising the bath. The

oupling does not have to be of the Heisenberg form, and the self-Hamiltonian of the bath

an have

many forms. The Hamiltonian of the ele tron intera ting with the nu lear spins in a quantum dot des ribed here
belongs to su h a generalized

lass of

entral spin problems when the dipolar intera tion between the nu lear

spins is in luded.
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where

Ω

elds.

is the Zeeman splitting, and

Here I will only

Ĥ ontrol (t)

onsider external

rotations of the qubit's state, say

π

or

π/2

The nal element of the mi ros opi

represents the time-dependent external

ontrol

ontrols in the form of very short pulses performing
rotations about the

x

axis.

des ription of the system is the Hamiltonian of the bath

itself:

Ĥbath =

X

ωα[i] Jˆiz + Ĥdip ,

(7)

i

where

ωα

is the Zeeman splitting of the nu leus of the

α

spe ies, and

of the dipolar intera tions between the nu lear spins. For magneti
experiments on spin qubits these intera tions
of the nu lear spin:

X

Ĥdip =

i6=j

where the summation is over the nu lei
by

i

an be assumed to

Ĥdip

is the Hamiltonian

elds used in almost all the
onserve the net

z

omponent

bij (Jˆi+ Jˆj− − 2Jˆiz Jˆjz ) ,

and

j

(8)

of the same spe ies, and the

ouplings are given

1 − 3 cos2 θij
1
bij = − ~γi γj
3
2
rij

where

rij

is the distan e between the two nu lei and

θij

(9)

is the angle of

r ij

relative to the

B

eld

dire tion.

Energy s ales in the Hamiltonian and their basi onsequen es
It is

ru ial to note the smallness of the energy s ale of the intrinsi

ompared to the typi al temperatures at whi h the experiments are

Hamiltonian of the bath

B

ondu ted. For

elds used

in experiments (whi h rarely ex eed one Tesla, and are always less than about 10 Teslas) the
nu lear Zeeman energies

ωα

are of the order of

thermore, the nearest-neighbour dipolar
to

0.1 µeV, whi

orresponds to about

0.1 peV, whi

0.1 mK. Fur-

h

orresponds

fridges, rea hing temperatures

∼ 1 mK, the

ouplings are of the order of

∼ 1 nK. This means that even in the best dilution

thermal equilibrium density matrix of the nu lei will be
slowness of the intrinsi

h

ρ̂J ∼ 1.

The other

onsequen e is the

nu lear dynami s. In fa t, it is not obvious that in a given experiment

the average over many repetitions of the

y le of qubit intialization-evolution-measurement is

equivalent to averaging over this density matrix, i.e that the time averaging is equivalent to
ensemble averaging. In other words, the ergodi ity of the nu lear dynami s should not be taken
for granted when

onsidering real experimental situations.

Let us look more
Overhauser eld,

h⊥ ,

losely at intrinsi

nu lear dynami s.

de orrelate on times ale of

The transverse

τ⊥ ∼ 100 µs

omponents of the

in III-V materials, whi h is set by

the broadening of the nu lear resonan e lines by dipolar intera tions [i.e. the spread of nu lear

P

ˆz ˆz
i,j bij Ji Jj term in Eq. (8)℄. At nite B eld we also have Larmor
x,y
, and in the range of B relevant for experiments on III-V QDs the period of
pre ession of h
energy splittings due to the

this pre ession is mu h shorter than

τ⊥ .

Su h a

oherent pre ession of a ma ros opi

number of

nu lear spins has a striking impa t on the dynami s of spin e ho de ay, see Se tion 4.2.4. On
the other hand, the longitudindal

z
longer times ale τ|| . h
the

omponent of the Ovehrauser eld,

whi h is

∼ 10
3 The

∼ 1 - 10

orrelates on a mu h

hanges due to nearest-neighbour ip-ops [the rst term in Eq. (8)℄, and

umulative ee t of many su h ip-ops

[30℄. Given the nu lear spin diusion
of

hz , de

an be des ribed as a pro ess of nu lear spin diusion

onstant

minutes in gated quantum

D

and the size

3
dots.

L

of the QD, we have

τ|| ∼ L2 /D ,

The experiments give the de orrelation time

s in GaAs [32℄, in qualitative agreement with theory [33℄.
thing to note is that the gated dots are strain-free relatively to the self-assembled ones. In the latter,

the spatially inhomogeneous strain leads to lo al gradient of ele tri
of the nu lei. These splittings
eld dynami s in SAQDs

elds, and thus to quadrupolar splittings

an strongly suppress the nu lear spin diusion, and the longitudinal Overhauser

an be even slower, with nu lear polarization in these QDs persisting for at least tens

of minutes [31℄.
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k-th

In the presen e of the ele tron the
maximum value of whi h is

Aα

∼ A/N

nu leus experien es the Knight eld

are of the same order of magnitude). This quantity, whi h in GaAs QD with

neV, is also the spread of

Ak

N ∼ 106

ouplings. From time-energy un ertaintity prin iple we

that for times mu h shorter than

∼ Ak ,

the

(for simpli ity I use here the fa t that in III-V materials all

N/A ∼ 10 µs,

the inhomogeneity of the

is

∼ 0.1

an expe t

ouplings should not

have any impa t on system's dynami s, while at mu h longer times the exa t distribution of
(i.e. the shape of the ele tron's wavefun tion)
for many of the following

onsiderations.

The last important observation is related to the mismat h of ele troni
splittings:
magneti
is

∼1

Ω ≈ 1000 · ωα

due to the ratio of ele troni

Ω

eld for whi h

and nu lear Zeeman

and nu lear magnetons. We fo us here on

is mu h larger than the Overhauser eld felt by the ele tron

mT in GaAs, see below), and

spin splittings (whi h

Ak

ould matter. This observation will be important

ωα

4

(whi h

is mu h larger the the dipolar broadening of nu lear

orreponds to a eld of about

0.1

mT). At su h elds

Ω ≫ ωα

means

that the dire t ele tron-nu lear ip-op des ribed by Eq. (5) is energeti ally forbidden.

V̂

thus natural to treat the

It is

term perturbatively, as it only leads to virtual transitions, whi h

in the se ond order of perturbation theory lead to appearan e of ee tive ele tron-mediated

h⊥
2
eld is strongly suppressed, with this eld ontributing a orre tion to spin splitting ∼ h⊥ /Ω and

intera tions between the nu lei. An equivalent statement is that at large
giving a small tilt of the quantization axis away from the
Taking all the above into a

µs the

ount we

the inuen e of

dire tion by angle

∼ h⊥ /Ω.

an safely assume that on times ales of less than a few

nu lear bath is stati , and then we

averaging over a

z

B

an repla e tra ing over the nu lear density matrix by

lassi al distribution of stati

Overhaused elds. Sin e the number of nu lei

N

is large, the distribution of these elds (appli able when the signal averaging time is longer than
the auto orrelation time of

hz )

is Gaussian [2224℄:



1
h2
P (h) =
exp − 2 ,
2σ
(2π)3/2 σ 3
with

σ2 =

(10)

X
1X
1X
A2
Jα (Jα + 1)
A2i =
Jα (Jα + 1)nα α .
3 α
3 α
N

(11)

i∈α

The standard deviation

σ

of the distribution of the Overhauser eld is an important quantity:

this is the typi al value of the ee tive eld exerted by the nu lei on the ele tron. In gated dots
made of GaAs,

4.2.2

σ

orresponds to a eld of about

3

mT.

Ele tron spin de oheren e due to its intera tion with the nu lear bath: basi
onsiderations

When

Ω≫σ

we

an

an either

ompletely negle t the inuen e of

h⊥

(or equivalently

V̂ ),

or

perturbatively repla e it by an ee tive ele tron-mediated inter-nu lear intera tion. The latter
ase will be dis ussed in detail in Se tion 4.2.4.

Here we only fo us on the fa t that in both

situations we will deal with pure dephasing Hamiltonian:

Ĥ = ΩŜ z + ĤB + Ŝ z V̂ ,
where

ĤB

is the bath Hamiltonian, and

V̂

is the bath operator

(12)
oupling to the

z

omponent of

the ele tron spin. With su h a Hamiltonian, the diagonal elements of the redu ed density matrix
of the qubit are

onstant, and intera tion with the environment

auses only the de ay of the

o-diagonal element,

4 This

ρS+− (t) ≡ h+| TrJ ρ̂(t) |−i h+| TrJ e−iĤt ρ̂(0)eiĤt |−i ,
orresponds to a very reasonable, from the point of view of qubit

ontrol, requirement that the ele tron

spin splitting and the dire tion of its quantization axis is mostly due to the external
small

orre tion.

7

(13)

B,

with nu lei giving only a

in whi h

|±i

are eigenstates of

Ŝ z , ρ̂(t)

is the density matrix of the total system, and TrJ is the

partial tra e over the nu lear degrees of freedom. Let us dene the de oheren e fun tion
whi h for the

ase of free evolution of the spin is given by

WFID (t) =
where

W (t),

h...i ≡ TrJ [ρ̂J (0)...],

ρS+− (t)
= heiĤ− t e−iĤ+ t i ,
ρS+− (0)

(14)

and

Ĥ± = ±Ω/2 + ĤB ± V̂ /2 .
The

al ulation of qubit's dephasing is now mapped on averaging (over the initial density matrix

of the bath) of a spe i

evolution of the bath itself: equation (14)

average of the evolution due to
der

(15)

Ĥ− .

This

Ĥ+

an be interpreted as an

forward in time, followed by ba kward-in-time evolution un-

an be viewed as a variation of a typi al stru ture en ountered in nonequilibrium

quantum statisti al me hani s [34℄, an average over an evolution dened on a
ontour. This stru ture allows for use of methods of diagrammati

losed time-loop

perturbation theory, as we

will see in Se tion 4.2.4.

Inhomogeneously broadened free indu tion de ay
In most of the experiments on single QDs, the total time of data a quisition (a

y le of qubit

intialization-evolution-readout repeated many times) is longer than a minute. This means that
the result of the experiment

orresponds to averaging of the qubit's evolution over the equilibrium

nu lear density matrix. The same situation is of

ourse en ountered in experiments on ensembles

of opti ally-ex ited self-assembled quantum dots [35, 36℄. The measured dephasing of the ele tron
is then dominated by the ensemble averaging, and it o

urs on times ale on whi h the bath

dynami s is irrelevant.
As already mentioned, for

z
the averaging over the h

Ω≫σ

the ee ts of

h⊥

are suppressed.

On the other hand,

omponent leads to very strong dephasing of the ele tron spin. Let

us fo us on standard free evolution experiment ( alled free indu tion de ay, FID, in most of
literature, in deferen e to old terminology of NMR), in whi h the ele tron spin is intialized in
the

xy

plane, it is allowed to freely pre ess for time

t,

and nally it is rotated again to the

z

axis

and subje ted to a proje tive measurement. From many repetitions of su h an experiment (with
many measurements taken for ea h delay

t)

the time-dependen e of

hŜ x,y (t)i

is obtained. The

expe ted result is the average of pre ession over a Gaussian distribution of pre ession frequen ies,

Ω + hz ,

whi h reads

1
∗ 2
cos(Ωt)e−(t/T2 ) ,
2
√
∗
dephasing time T2 =
2/σ

hŜ x (t)i =
where the inhomogenous broadening
is about

10

(16)
[with

σ

given by Eq. (11)℄

ns in GaAs QDs, whi h is mu h shorter than the times ales of nu lear dynami s

dis ussed in the previous se tion. We

an see that in this

(QSBA), in whi h the nu lei are treated as stati

ase the quasi-stati

bath approximation

during ea h instan e of spin evolution, but

their u tuations due to their dynami s between the repetitions of the experiment are taken
into a

ount, is justied. Su h a fast Gaussian de ay of spin

oheren e was

onrmed in many

experiments [6, 3740℄
However, in the

ontext of quantum

omputation, the dephasing due to inhomogeneous

broadening is not the fundamental obsta le.

The

T2∗

de ay

omes from ine ient and noisy

readout pro ess enfor ing very long data a quisition time. The apparent dephasing is only due
to our la k of knowledge about the initial value of

hz

- if this value was known at the beginning

of the experiment, then, provided that the experiment took less than a few minutes, there would
be mu h less averaging over
probably ne

hz

involved. In fa t, single-shot readout s hemes (whi h are most

essary anyway for operation of any realisti

quantum

omputation

ir uit) were

developed for quantum dots [41℄, allowing for shortening of the experiment duration by orders of

8

magnitude, down to times signi antly shorter than the

hz

auto orrelation time. Furthermore,

if we are interested in using the qubit as a quantum memory, the ee ts of quasi-stati
shifts of the qubit

energy

an be removed by the appli ation of the spin e ho pulse sequen e [30, 42℄.

Let us now review these methods of looking beneath the inhomogenous broadening.

Spin e ho and its generalizations
In a spin e ho (SE) experiment the spin initialization and readout are the same as in FID, but
the spin is additionally rotated by angle
evolution, at time

t/2.

π

around one of the in-plane axes at the midpoint of its

Su h a pulse sequen es

an be written as

t/2 − π − t/2.

This pro edure

t/2

period after the

(on times ale of t) spread of the pre ession frequen ies, sin e the evolution

will remove the stati

of every spin during the rst period of

t/2

pulse. This refo using of the spins of

ourse does not work perfe tly when the bath is dynami ,

will be undone during the se ond

so the amplitude of the SE signal will de ay with in reasing

t.

The multi-pulse generalizations of SE have been used in NMR for more than 60 years now
[43℄, with the simplest example being the Carr-Pur ell sequen e,

5

whi h

π − t/n − π − ...− π − t/n − π − t/2n, with n being the number of pulses.

prote tion of

an be written as
In the modern

oheren e of individual qubits, the multi-pulse e ho-like pro edures

t/2n −

ontext of

ome under the

name of dynami al de oupling (DD) [4446℄ (i.e. de oupling of the qubit from its environment by
driving it). Due to potential importan e of various DD sequen es for long-lasting prote tion of
qubit's

oheren e, it is important for a theory of de oheren e to easily take into a

ount various

spa ings of many pulses. The theory presented in Se tion 4.2.4 has this useful feature.
The evolution of

ρS+−

in the

ase of SE (and for

πx

pulse) is given by

ρS+− (t) = TrJ h+| e−iĤt/2 (−iσ̂x )e−iĤt/2 ρ̂J (0)ρ̂S (0)eiĤ t/2 (iσ̂x )eiĤt/2 |−i ,
whi h for the pure dephasing

(17)

ase is equal to

D
E
ρS+− (t) = ρS−+ (0)WSE (t) = ρS−+ (0) eiĤ+ t/2 eiĤ− t/2 e−iĤ+ t/2 e−iĤ− t/2 ,

where the de oheren e fun tion for the SE

ase,

WSE (t),

(18)

is dened. The de oheren e fun tions

for DD sequen es with more pulses are dened in an analogous way.

Narrowed state free indu tion de ay
While the e ho experiments have been routinely performed in NMR and ESR for past 60 years,
the idea of narrowing of the state of the nu lear bath is mu h younger [4749℄, sin e it pertains
to measurements on a single spin, and only during the last 10 years it has be ome experimentally
possible to address individual spins. The idea is to pre-measure the value of
experiment is done.

Of

ourse this makes sense when we

hz

before the FID

an assume that this

hz

does not

hange during the gathering of data. In fa t, the most natural way of measuring the narrowed
state free indu tion de ay (NFID) is to perform the whole experiment during time mu h shorter
than

hz

de orrelation time.

This was done in gated quantum dots by using a sensitive setup

for single-shot readout of spin states [50℄. When the datapoints for various time delays between
the initilization and readout are all taken during only about

100

ms, the FID signal does not

∗
exhibit the T2 de ay. Instead, spin pre ession with frequen y given by

Ω + hz

was seen, and

there was pra ti ally no de ay of the os illation amplitude visible for time delay of less than a

6

mi rose ond.

5 Experimentally

the modi ation of this sequen e introdu ed by Meiboom and Gill is usually implemented.

The dieren e in CP and CPMG sequen es is the
with the CPMG
onsider ideal

6 There

π

hoi e of in-plane axes about whi h the rotations are performed,

hoi e leading to results more robust to systemati
and

π/2

pulse errors. This is irrelevant here, sin e I

pulses.

are many other experiments showing various degrees of narrowing of nu lear eld distributions in both

gated QDs (e.g. [9℄) and in ensembles of self-assembled QDs [31, 35℄, but the example given above seems to me
to be the ni est illustration of the separation of times ales spe i

9

to the nu lear bath.

Figure 1:

a) The

losed loop

ontour along whi h the operators in Eq. (19) are ordered. b) The

plot of the time-domain lter fun tion

f (t; τ ) ≡ ft (τ )

for the Spin E ho sequen e.

) The same

for 2-pulse CPMG sequen e. The Figure is adapted from Ref. [H3℄.

In order to theoreti ally model the ideal NFID experiment, one has to

al ulate the evo-

lution of the ele tron spin using Eq. (14), but assuming an initial nu lear density matrix
des ribing the state with a well-dened value of

ρ̂J (0)

hz .

Causes of de oheren e in SE and NFID experiments
In these experiments the quasi-stati

u tua tions of

hz

are irrelevant: in SE they are

an elled

z
by the pulse sequen e, in NFID the value of h at the beginning of ele tron pre ession is premeasured. The de ay of
1. Dynami s of
2. The residual

ĥz

o

oheren e in these

ases is then

aused by two me hanisms:

uring on times ale of ele tron spin evolution.

h⊥ .

oupling of the ele tron spin to

both the quasi-stati

ase (averaging over stati

Here, depending on times ale of interest,

hx

and

hy

(involving the a tual u tuations of nu lear spins due to the

The rst me hanism will be briey outlined in Se tion 4.2.3.

elds) and the dynami al

V̂ term) need to be

ase

onsidered.

The se ond me hanism will be

explained in more detail in Se tion 4.2.4.

4.2.3

Spin de oheren e at very high magneti

elds:

luster expansion theory for

dipolar dynami s of the nu lear bath

7

eld the

V̂

For high enough

magneti

only qubit-bath

oupling remaining is

operator in Eq. (1)

S z ĥz .

The

hz

an be

ompletely negle ted, and the

eld u tuates then due to the presen e

of inter-nu lear ip-op terms in the Hamiltonian of the dipolar intera tion, Eq. (8). Note that

Ω simply disappears from the al ulation of spin
Ω.
formulas for W (t) an then be rewritten as

 Z

W (t) = TC exp −i Ĥdip (τc )dτc
,

under this approximation

oheren e: the theory

outlined in this se tion gives results independent of
All the above

7 The
taking

(19)

C

pre ise meaning of what I mean by high enough will be explained in Se tion 4.2.4, where the theory

V̂

into a

ount will be given.

10

TC

where

denotes ordering of the operators on the

being the time variable and

c=±

being the

intera tion written in an intera tion pi ture on a
are given by

τc = (τ, c) with τ
Ĥdip (τc ) is the dipolar
operators within Ĥdip (τc )

ontour shown in Fig. 1a,

ontour bran h label, and
ontour. The nu lear


Z
±
±
ˆ
ˆ
Jk (τc ) = Jk exp ±iωk τ ± ic

τ
0

Ak
ft (t ) dt′
2
′

where the slightly nonstandard se ond term in the exponent



,

(20)

omes from the fa t that we have

introdu ed an intera tion pi ture with respe t to a time-dependent operator

X

Ĥ0± (τc ) =

ωk Jˆkz + cft (τ )ĥz /2 .

(21)

k

in whi h

ft (τ )

is the temporal lter fun tion spe i

to the pulse sequen e (see Fig. 1b and 1

for examples).
The theoreti al task is now redu ed to performing a quantum average of a generalized exponent in Eq. (19). A natural approa h to su h a problem is the linked

luster expansion, in whi h

the average of the exponent is rewritten as an exponent of a sum of linked (in diagrammati
sense) terms in the expansion of

W (t).

Note that in any diagrammati

representation of pertur-

bation series the dis onne tedness of a given diagram is equivalent to statisti al independen e of
the dis onne ted
linked

ontributions. From this point of view it should be

luster expansion is

losely related to the

The di ulty with this approa h is
bosoni

aused to the fa t that spins have neither fermioni

statisti s, and the standard methods of many-body diagrammati

do not apply here. Rather umbersome adaptations of diagrammati
to the spin bath problem have to be used [52, 53℄, and the
very

lear that the diagrammati

umulant expansion [51℄.

ompli ated beyond the se ond order in

development of

Ĥdip .

perturbation theory

methods and Feynman rules

al ulation of linked

lusters be omes

This te hni al problem was

ir umvented by

luster expansion methods in whi h one had to simply numeri ally obtain the

evolution of an ele tron
onstru t a solution
expansion [53, 54℄.
nu lear dynami s

oupled to given real-spa e

orresponding to a
These

luster of nu lei and use these

al ulations to

ertain resummation of the diagrammati

linked

an be well-des ribed

8

by simply taking the two-spin

lusters [5457℄, while

al ulation of dynami s due to larger

lusters [58, 59℄. The physi al explanation of this result is simple: on the times ale

W (T2 ) = 1/e

luster

al ulations showed that the SE and NFID de ay due to dipolar

the use of multi-pulse DD sequen es might ne essitate the
by

nor

the non-trivial

T2

dened

orrelations among groups of more than two nu lear spins are

not built-up yet, and irredu ible dynami s of only pairs of spins in the bath has to be taken into
a

ount. Let me note that this theory [52, 5456℄ has been very su

esful at explaining the SE

results obtained for ele tron spins bound to phosphorous donors in sili on [60, 61℄.

4.2.4

Theory of spin qubit de oheren e
at low magneti

aused by intera tion with the nu lear bath

elds

The theory of dephasing due to dipolar indu ed dynami s of nu lei outlined in the previous
se tion predi ts

W = exp[−(t/T2 )4 ]

in GaAs QDs for both SE and NFID, with

T2 ∼ 10 − 50 µs

(depending on the QD shape) [54, 56, 57℄. This predi tion was in very visible disagreement with
the experimental SE results available in 2008 [6, 7℄. This simply meant that the
in these experiments were not high enough, but the theory dealing with smaller
la king. The papers [H2,H3℄ were written in response to this

B elds used
B elds was

hallenge.

Ee tive Hamiltonian and ring diagram theory
The starting point is the ee tive Hamiltonian

8 By

well-des ribed I mean that the theory

dependen e of

W (t)

for

t

omparable to this

T2 ,

H̃

orre tly

of hf-mediated intera tions [56, 62℄ obtained

aptures the

hara teristi

and possibly somewhat larger.

11

de ay time

T2

and the time-

from the full hf Hamiltonian by a
Hermitian operator
expression for

H̃

hosen to remove

V̂

Ĥ .

from

X Ai Aj

is an anti-

H̃

It should be noted that the tranformation of states,

V̂ )

we obtain

(Jˆi+ Jˆj− + Jˆi− Jˆj+ ) .

4Ω

i,j

Ŝ

where

In order to obtain the lowest-order (in

2
z
we use Ŝ = V̂ Ŝ , and expanding
Ω

H̃ (2) = Ŝ z

a

H̃ = eŜ ĤeŜ ,

anoni al transformation:

ψ̃

E

(22)

= e−Ŝ |ψi,

whi h in prin iple should

ompany the transformation of the Hamiltonian, is negle ted here. Although this is a rather

standard step, and approximate justi ations for taking it were given [56℄, the inuen e of this
approximation on

al ulations of spin de oheren e remains somewhat

ontroversial (see Se tion

4.2.7 for more dis ussion). However, we will soon see that this approximation has been highly
su

essful at predi ting SE signal de ay, and for now we

lose this dis ussion with su h an

empiri al argument.
The above transformation
small parameter

an lead to a reasonable approximation only when

ontrolling the appli ability of the ee tive Hamiltonian is

δ≡
This is

lear from a

Ω ≫ σ,

i.e. the

σ
.
Ω

(23)

lassi al reasoning. In the presen e of

h

eld the qubit's quantization axis

and its splitting is perturbed. If we disregard the tilting of the axis (whi h is roughly equivalent
to disregarding the transformation of states above), we only have to deal with the inuen e of

h

on splitting, whi h is given by

Ω̃ =
where

Ω≫σ

is assumed (with

q

σ

(Ω + hz )2 + h2⊥ ≈ Ω + hz +

h2⊥
,
2Ω

(24)

being the estimate of the maximal value of

he k that Eq. (22) is simply the quantum version of the

h2⊥ /2Ω

h⊥ ).

It is easy to

term appearing above.

We write now the de oheren e fun tion analogous to the one from Eq. (19)

W (t) =
Ṽ

where

is

1/2

times

H̃ (2)

additional presen e of the





TC exp −i

Z

C

cft (τ )Ṽ(τc )dτc



,

(25)

written in the intera tion pi ture dened in Eq. (20).

ontour index

c=±

and the lter fun tion

is due to the fa t that the hf-mediated intera tion is
Taking only the lowest-order terms in linked

onditioned on

ft (τ )
Sz .

luster expansion (as it

Note the

in the exponent: this

an be done for dipolar

intera tions within the bath, see Se tion 4.2.3) is not a good approximation now, be ause the
intera tion from Eq. (22) is

oupling all the

N

spins.

intera tion allows for a dierent kind of solution.
of produ ts of many
matrix, ea h

Jk+

Jk±

operators.

For both the thermal and the narrowed nu lear density

has to be paired with

importantly, sin e every spin is

However, the long-range nature of the

Expanding Eq. (25) we en ounter averages

Jk−

in order for the average to be non-vanishing. Most

oupled with similar strength to every other of

∼N

spins, in

k-th order of expansion there are ∼ N k terms with a maximal number of distin t nu lear indi es.

These are the ring diagrams, the leading order terms in
in
in

al ulation of Eq. (25).

1/N

as a

1/N

9

expansion

of averages appearing

They are easy to evaluate, be ause taking the leading order terms

expansion means that the nu lear spins involved in dierent pairings are distin t, and

onsequen e the spin operators

h[Jk+ , Jl− ]i = 2pJδkl , where
9 Note

the

p

an be assumed to

ommute inside the averaging bra ket:

is the average polarization of the nu lear spins. In the

lose relation between this solution to the

model [63℄. The dieren e in the quantum

12

p=0

al ulations of partition fun tion of long-range Ising

ase at hand is that we have to deal with a generalized

exponent.

ase of

ontour-ordered

Figure 2:
of

W (t)

Graphi al representations of lowest-order ring diagrams appearing in the expansion

and the exponential resummation of these terms. The Figure is adapted from Ref. [H3℄.

onsidered in [H2-H4℄ this simply means that the spin operators ee tively
al ulating the ring diagrams we
in the

k-th

order of expansion,

Rk ,

is a linked one, and

leads us to

W (t) ≈ exp
The expressions for

Rk

have a

X

Rk =

i1 6=i2 6=...6=ik

Tkl

is the

T -matrix

k=1

k

!

Rk (t)

(26)

Ti1 i2 (t)...Tik i1 (t) ≈ Tr[T(t)]k ,

q

hJk+ Jk− ihJl+ Jl− i

Z

C

N×N

oarse-grained

T̃ -matrix, whi

(28)

matrix. However, in pra -

an simplify the problem even more. Instead of dealing with the full

use an ee tive

(27)

cf (t; τ )Ṽ(τc )dτc .

al ulation of de oheren e requires then diagonalization of

ti e we

.

given by

Tkl (t) =
The

∞
X
(−i)k

ombinatori s of pairings (see Fig. 2)

y li al stru ture (whi h justies the name given to su h a term)

allowing us to write

where

ommute, i.e. when

an use Wi k's theorem. Furthermore, a ring diagram appearing

T -matrix,

h appears when we write Eq. (27) in the

limit, repla ing the sums over the nu lei by integrals over appropriate density
plings, and then repla e

ρ(A)

ρ(A)

by an approximate pie ewise- onstant fun tion. This

to repla ing the real envelope wavefun tion

Ψ(r)

by a wedding

ake fun tion.

we

an

ontinuum
of hf

ou-

orresponds
It is easy to

M , is needed to obtain a good approximation
for W (t) on a given times ale. For example, for t ≪ N/A, we an use M = 1, and for a bath with
NJ nu lear spe ies (NJ = 3 for GaAs) it is enough to use a T̃ -matrix of dimension NJ × NJ .
he k then what number of

oarse-graining steps,

Results for narrowed state free indu tion de ay (NFID)
In the

ase of NFID the

T -matrix is parti

ularly simple at short times

Tkl ≈ hJα+ Jα− i

t ≪ 1/(Ak −Al ), 1/(ωk −ωl ):

Ak Al
t,
2Ω

(29)

from whi h we get that

Rk (t) =

X
α

nα 31 Jα (Jα + 1)A2α t
NΩ

where we have used the fa t than in an unpolarized bath

!k

≡ (ηt)k ,

hJα+ Jα− i = 23 Jα (Jα + 1).

(30)

We

an now

write out all the terms appearing in the exponent in Eq. (26). Then we have to note that the

13

obtained power series' dene fun tions that
this way we obtain

This result
stati

an also be obtained using a

we obtain

he

ontinued to any values of

e−i arctan ηt
WN F ID (t) = e−i(Ω+hz )t p
.
1 + η 2 t2

distribution of

−iΩ̃t

an be analyti ally

h⊥

lassi al

t.

In

(31)

al ulation involving averaging over a quasi-

elds [H5℄. We take the expression for qubit splitting from Eq. (24) and

−i(Ω+hz )t

i=e

Z

1
1 −h2 /2σ2 −ith2 /2Ω 2
−i(Ω+hz )t
⊥
e
e ⊥
d h⊥ = e
2 ,
2
2πσ
1 + it σ

(32)

Ω

σ 2 from Eq.p(11), giving us
sin arctan ηt = ηt/ 1 + η 2 t2 . This

whi h is in fa t equal to Eq. (31) on e we plug in the values of

η = σ 2 /Ω,

and we noti e that

p
cos arctan ηt = 1/ 1 + η 2 t2

and

is an example of how performing the resummation of all the ring diagrams is a generalization of
performing Gaussian average over phase whi h is proportional to a square of the random variable.
We will en ounter the same stru ture in Se tion 4.3.2.
At long times,

t ≫ N/A,

we have a very dierent solution.

α
expression for Rk due to nu lei of spe ies

Rkα = nkα akα
where

Z

dA1 ...

Z

We obtain then the following

α:

dAk ρα (A1 )...ρα (Ak )

A21 ...A2k sin A12 t sin A23 t sin Ak1 t
...
(2Ω)2
A12
A23
Ak1

Akl = (Ak − Al )/2, aα ≡ 32 Jα (Jα + 1) and the density of Ak ouplings, ρ(A),
Z
1
ρα (A) =
δ[A − Aα |Ψ(r)|2 ]d3 r .
ν0 V

(33)

is

(34)

oarse-grained T̃ R2 term dominates
2
Akl t → πt δ(Akl ) we

In [H2,H3℄ it was dis ussed, based on numeri al results of diagonalization of
matri es, how in the

A/Ω ≪ 1

the sum over all the rings.

10

limit (i.e. when

Using the fa t that for

arrive at

R2α
and the result for

B≫a

πa2 n2
≈ t α 2α
2Ω

Z

oheren e de ay at high

few Tesla in GaAs) the

Akl t → ∞

ρ2α (A)A4 dA ≡

B



WN F ID (t ≫ N/A) ≈ exp −
P

,

(35)

t
T2,long



urs at long

,

(36)

T2,long ∼ N Ω2 /A3 , so that the hara teristi de ay
2
time in this regime is longer by a fa tor of Ω/A than the half-de ay time (∼ 1/η ∼ N Ω/A ) in
low elds. A ording to the expe tations, T2,long depends now on the shape of the wavefun 2
3
tion, i.e. the distribution of Ak ouplings determines now the prefa tor multiplying N Ω /A [H3℄.
with

α
−1
α (T2,long ) .

2t
T2,αlong

elds (for whi h this de ay indeed o

times)

T2,−1
long =

we have sin

Note that

Results for the de ay of spin e ho signal
The rst thing whi h should be noted is the fa t that in a homonu lear system, or a system in
whi h the ip-ops between nu lei of distin t spe ies are forbidden by Zeeman energy mismat h
at very high

B

elds, the appli ation of SE sequen e

ompletely removes the inuen e of the

se ond-order ee tive Hamiltonian from Eq. (22). It is easy to
term in the Hamiltonian

in Eq. (18) is equal to unity, and thus
only at low magneti

10 I

he k that when the intera tion

ommutes with the Zeeman term, the produ t of operators under average

WSE (t) = 1.

This means that

H̃ (2)

elds, at whi h the inter-spe ies ip-ops start to o

have sin e then analyti ally obtained the expression for the sum of all the

remains unpublished. The analyti al formula

onrms the results of numeri al

14

Rk

an lead to SE de ay
ur.

at long times, but this result

al ulations from [H2,H3℄.

Figure 3:

WSE (t) in GaAs. The dots are obtained in
W (t) = [1 + 21 R2 (t)]−1 , while the solid lines are the results of

Spin e ho de oheren e fun tion

A/N ≪ ωαβ , 1/t

limit, when

the
the

T̃ -matrix large enough to guarantee onvergen e. The dieren es between
µs time-s ale are visible for the smaller dot (upper panel, N = 105 ), but
6
the larger one (lower panel, N = 10 ). The gure is adapted from [H2℄.

al ulation with the

the two approa hes on a
are negligible for

Using the above-des ribed formalism it is easy to derive the
for the

ase of SE. At short times and for moderate

oarse-grained matrix of

NJ × NJ

B

T -matrix and expressions for Rk
ωkl ≫ Akl , we have the

elds, for whi h

dimension:

Aα Aβ 2i iωαβ t/2 2 ωαβ t
√
√
T̃αβ = (1 − δαβ ) aα aβ nα nβ
e
sin
.
N Ω ωαβ
4
In GaAs we have

NJ = 3,

and a simple

al ulation of eigenvalues of

following solution for de oheren e fun tion

WSE ≈
where

R2 (t) =

1
1+

X 4A2α A2β

2
N 2 Ω2 ωαβ
α6=β

1
2 R2 (t)

3×3

(37)

matrix leads to the

,

nα nβ aα aβ sin4

(38)

ωαβ t
.
4

(39)

Rk of all orders. In the se ond
1
order of linked luster ( umulant) expansion we have W (t) ≈ exp(− R2 (t)) (whi h is the solution
2
given in [56℄). The fa t that only R2 appears in Eq. (38) is due to the fa t that higher-order Rk
an be expressed in terms of R2 under the above approximations.
5
In Fig. 3 there are examples of WSE (t) al ulated for two GaAs QDs of dierent sizes (N = 10
6
and 10 ). At B ≤ 0.1 T the signal shows a pra ti ally irreversible de ay ot times ale of a
Note that this solution is a result of nontrivial resummation of

mi rose ond,

higher

B

onsistent with SE measurements performed at su h low elds [7℄.

elds one

and spe i

an see the quasi-periodi

At slightly

behavior of the signal. This is somewhat a

idental

to GaAs, in whi h the Larmor frequen ies of the three isotopes are approximately

ommensurate. This os illatory

hara ter of the SE signal was the main predi tion of [H2,H3℄.

Almost two years after the appearan e of [H2℄ as a preprint online this predi tion was

onrmed

by experiments on double quantum dots made of GaAs [8℄.
While the presentation above is fo used on general quantum-me hani al theory of de oheren e
due to hf-mediated intera tions, the most striking features of the SE signal (whi h appear at

15

t ≪ N/A)

short times,
times one

an be derived using a semi lassi al approa h [64℄.

an obtain Eqs. (38) and (39) by treating the Overhauser elds

nu lear spe ies as

lassi al ve tors pre essing about the external

hx

ee tive Hamiltonian is of the se ond order in

and

hy ,

B

At these short

oming from distin t

eld dire tion. The

lassi al

whi h explains the nonlinear mixing

of frequen ies of pre ession of distin t nu lear spe ies. Again, this underlines the fa t that the
RDT applied to

H̃ (2)

is a quantum-me hani al generalization of performing Gaussian averages

over phases proportional to a square of a random eld. Te hni ally, it is the

1/N

approximation

that leads to Gaussianization of the nu lear bath.

4.2.5

Comparison of RDT results with the exa t numeri s in a system of 20 nu lear
spins and dynami s of spin e ho signal at very low magneti

Before the predi tions of RDT for the SE
exa t numeri al simulations aimed at

ase were

onrmed experimentally, we had performed

he king the a

N = 20

simulation of a system of an ele tron and

elds

ura y of the RDT [H4℄. The numeri al

nu lear spins was done using the Chebyshev

polynomial based method [29℄. In the parameter regime in whi h the RDT was expe ted to work,
i.e. for

δ ≪ 1,

hours of

we found a good agreement between the exa t numeri al simulation (taking a few

omputing time), and the RDT

al ulation involving only a diagonalization of

matrix. An example of this agreement in shown in Fig. 4, where the exa t

al ulation is

20 × 20

ompared

to RDT using the lowest-order hf-mediated intera tion (dis ussed in detail above), the next order

H̃e

intera tion appearing in expansion of

V̂

with respe t to

(see [H3℄ and [H4℄ for details), and

R2
ωαβ

the pair- orrelation approximation (PCA) or Ref. [56℄, whi h amounts to keeping only

in

the linked

in

luster expansion. Note that the os illations of the SE signal due to nonzero

a heteronu lear system are invisible now. This is be ause the
fullled in a wide range of

B

ondition of

ωαβ ≫ Akl ,

whi h is

elds in real QDs, and whi h is ne essary for the appearan e of a

prominent os illation, is broken here. The RDT is however working very well as long as

δ ≪ 1.

Furthermore, the qualitative statement that the SE de ay is mu h stronger in a heteronu lear
system

ompared to a homonu lear system, is seen to hold even at

units used in these

δ=1

(i.e. for

Ω=1

in the

al ulations), see Fig. 5.

B

The results of numeri al simulations show that at low

elds (for

a homonu lear system exhibits pronoun ed os illations with frequen y

ω

pre ession frequen y

δ > 1),

the SE signal in

orresponding to Larmor

of the nu lei (see the solid lines in Fig. 5). A similar ee t is known in

the literature under the name of Ele tron Spin E ho Envelope Modulation (ESEEM) [6567℄,
and it appears in the presen e of anisotropi
the bath spins, i.e. terms of the form
used in the

al ulations, one

on regime of

δ ≪ 1,

hyperne intera tion beteween the

Sz J x.

entral spin and

Although su h terms are absent in the Hamiltonian

Ω. Let us fo us now
is already visible (see the Ω = 2.5 result in Fig. 5). As

an argue that they ee tively appear at low

in whi h the os illation

dis ussed before, the random Overhauser eld leads to tilting of the ele tron pre ession axis away
from

z

dire tion by an angle proportional to

1 − δ2 .

signal by a fa tor of

δ,

whi h leads to a rapid suppression of

This visibility loss'

an be

oheren e

learly seen in Figures 4 and 5. The

physi al pi ture is then the following: the ele tron spin is pre essing with frequen y

≈Ω

about

′
the tilted z axis, and this pre ession is so fast that the inuen e of the ele tron spin on the
nu lear spins averages out to zero, and the nu lear spins are simply pre essing with frequen y
about the original

z

axis. If we then rotate the

ele tron spin quantization axis, from the original
ee tively anisotropi

term

∼

oordinate system so that the

AS z J z

entral spin strongly

The above semi lassi al explanation suggests that the
ed model in whi h all the hf

ouplings

Ak

ω

dire tion is the

Overhauser term we will obtain also the

′
′
S z J x . In this way the anistropi

generated during the evolution of a

z′

hf intera tion is dynami ally

oupled to a nu lear spin bath.

ω

os illation should appear in a simpli-

are taken to be the same, all equal to

orresponds to a box-shaped wavefun tion of the ele tron.

A = A/N .

Su h a box model

This

an be solved

exa tly under the assumption of the presen e of only a single nu lear spin spe ies. The hf Hamiltonian is then given by

AS·J, with J =

P

k

Jk

being the operators of the total spin of the

16

N

nu lei.
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Figure 4: Comparison between the exa t (solid line) results for SE signal and the analyti al
al ulations: RDT with the 2nd and 3rd order ee tive Hamiltonian, and PCA (see text). The
units are su h that
unit of

Ω

k

A2k = 1

(with randomly

√hosen Ak given in
8. The 20 nu lei

∗
is 1/δ , and the unit of time is T2 /

(numbering

0.0354,

P

and

10, 6,
0.045.

and
One

4

spins)

[H4℄), whi h means that the
are divided in three groups

orresponding to distin t nu lear spe ies with

an see that the agreement between the RDT

2nd order hf-mediated intera tion and the exa t result is very good for
adapted from [H4℄.

We

an then use the basis of eigenstates of

J2

states well known from quantum opti s [68℄:
and

N
γj

J z |γj , j, mi = m |γj , j, mi, and where γj

ωα = 0.02526,

al ulation employing the

Ω ≫ 1.

The gure is

J z . In the ase of Jk = 1/2 these are the Di ke
|γj , j, mi for whi h J2 |γj , j, mi = j(j + 1) |γj , j, mi
and

is the quantum number spe iying the way in whi h

spins were added to obtain a state with a given

j . The
Dj of

index, and we only need to know the degenera ies

hf Hamiltonian is diagonal in this
subspa es asso iated with given

j.

These are given by [69℄

Dj =

2j + 1
N!
.
(N/2 − j)!(N/2 + j)! N/2 + j + 1

(40)

The exa t solution is possible be ause the hf intera tion is oupling only pairs of states,
and

|∓, γj , j, m ± 1i, where the rst quantum number

spin. The time dependen e of the SE signal

orresponds to

σz

|±, γj , j, mi

eigenvalue of the

entral

an thus be obtained by solving for the dynami s in

all the two-dimensional subspa es

N/2
j
X
X
Dj
fjm (t) ,
WSE (t) =
2N
j=0 m=−j
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(41)

1
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t
Figure 5: Comparison of the spin e ho de ay in a heteronu lear bath (dashed lines, parameters
as in Fig. 4) and a homonu lear bath (solid lines) with all the bath spins having

ω = 0.0354.

The

gure is adapted from [H4℄.

where

fjm(t)

is

onstru ted from matrix elements of the evolution operator in two-dimensional

subspa e, see [H4℄ for the full formula.

11

The results obtained in this way are in very good

agreement with the results of exa t numeri al simulations even for
revisit the box model in the

4.2.6

ontext of NFID in Se tion 4.2.7.

Ω ≪ 1,

see [H4℄.

We will

Ee tive Hamiltonian theory of dephasing of two-spin states in double quantum dots

Many experiments on spin
(DQDs)

ontrol in gated QDs are

ontaining two ele trons.

ondu ted using double quantum dots

Su h a DQD is tuned to

(1, 1)

harge state (with

(nL , nR )

denoting the number of ele trons in the left (L) and the right (R) dot), and it is possible to
a hieve full

oherent

ontrol in the subpa e of singlet (S ) and unpolarized triplet (T0 ) states

[70℄. This two-dimensional subspa e forms a logi al singlet-triplet (S-T) qubit [6, 10, 14℄. In fa t
the rst spin e ho measurement in GaAs was done using a DQD [6℄, and the RDT predi tions
for SE dynami s at low

B

elds were

onrmed in a DQD [8℄.

In this se tion I will outline

the ne essary modi ations of the previously dis ussed single-spin theory ne essary in the twoele tron DQD

ase, and I will dis uss predi tions for hf-indu ed dephasing of superpositions of

singlet and triplet states in the regime of large singlet-triple splitting, whi h has been addressed
experimentally only very re ently [25, 71℄.
The physi s of spin state initialization, manipulation, and readout in DQDs is very ri h [14℄,
and here let me just mention the basi
a relevant logi al qubit subspa e.
reation of superpositions of

S

elements needed to set up a theory of hf dephasing in

The qubit is most naturally initialized in the

and

T0

is also possible by adiabati

voltages

S -T0

splitting,

∆ST ,

is

state (but

tuning the system into the

ground state of the hyperne Hamiltonian [71℄), and the proje tion on
measurement. The

S

S

is also the most natural

ontrolled by voltages applied to the two dots. These

hange energy oset between the single-ele tron states in the dots, thus ae ting the

se ond-order virtual tunneling pro esses whi h lower the singlet energy with respe t to the triplet

11
whi h we have the hf Hamiltonian given by
P Su h a simple solution is impossible in the heteronu lear ase, inQ
.
Then,
during
the
evolution
starting
from
a
given
|σ
i
A
S
·
J
z
α
α
α |jα , mα i state the relevant subspa e is a
α
P
higher-dimensional spa e of xed σz /2 +
m
.
α
α
18

energy (this pro ess

an be thought as related to superex hange, only with doubly-o

in one of the dot playing the role of the intermediary state), and they

between the orbitals in the two dots, thus ae ting the dire t ex hange

S

splitting. The rotations between
the

z

omponent of the magneti

and

T0

upied state

an also inuen e the overlap
ontribution to the

states require the presen e of

S -T0

ontrolled gradient of

eld. Very often it is the dieren e of the average

z

omponent

of the Overhauser eld in the two dots (when the nu lei in the two dots were previosly polarized
by some means) whi h is used for qubit manipulation [10, 70℄.
We are interested in the subspa e spanned by the lowest-energy orbitals in the two dots,
onstraint of (1, 1) harge o upation. The four states in this subspa e are the singlet,
√
√
|Si = ψS ⊗ (|↑↓i − |↓↑i)/ 2, and triplet states |T+,0,− i = ψAS ⊗ |↑↑i , (|↑↓i + |↓↑i)/ 2, and |↓↓i.
The orbital parts ψS/AS are symmetri and antisymmetri
ombinations of ΨL (r) and ΨR (r)

under the

states, whi h are the single-ele tron ground state orbitals of the potentials for the L and R dots.
The hf intera tion is given by

Ĥhf =

X

Aα[i] S1 · Ji ν0 δ(r1 − Ri ) +

i

where

S1,2

i

Aα[i] S2 · Ji ν0 δ(r2 − Ri ) ,

are the spin operators of the two ele trons at positions

Ri .

operators of nu lei at site

Proje ting Hamiltonian (42) onto the

obtain [72, 73℄ the total ele troni

Ĥe +Ĥhf

X




=


and hf Hamiltonian:





0

δθ̂

0
0
−∆ST θT


δθ̂
0
θT
0
0
0 
+ P
P Ci −
B
−

i

0
0 −µT 0
 −P i √2 Ji Pi √2 Ji
Bi +
Ci +
0
0
0
µT
√
√
i 2 Ji
i 2 Ji

In the above Hamiltonian

Bi =

1
L
2 (Ai

the total ee tive eld gradient is

AR
i ) and

−
θT , the

Ci =

1
L
2 (Ai

+

to u tuations about these average values are

δθ̂ ≡

z
i Bi (Ii

r1,2 , and Ji are the spin
{S, T0 , T+ , T− } basis, we
P Bi + P Bi −
√ J
J
− i√
P Ci 2 +i Pi Ci2 i−
√
√
i 2 Ji
i 2 Ji
δµ̂
0
0
−δµ̂

AR
i ) with





,



(43)

L/R
Ai = Aα[i] |ΨL/R (r)|2 ,

µT , and the terms
P orresponding
z
− hIi i) and δµ̂ ≡ i Ci (Iiz − hIiz i).

total average eld is

P

(42)

S -T0 subspa e, valid when the oupling to
|T± i states (given by the typi al magnitude of the transverse Overhauser eld dieren e between
the dots, σ⊥ ) is mu h smaller than the energy splitting between S , T0 and the polarized triplets:
σ⊥ ≪ |∆ST ± µT |, |µT |. Using the appropriate anoni al transformation one derives a set of
somewhat ompli ated se ond-order hyperne terms ae ting both the S -T0 energy splitting,
and the mixing of S and T0 . Let me summarize here the main results without giving all the
We derive then an ee tive Hamiltonian in the

rather boring details.

Un oupled dots
At

∆ST = 0

the two dots are un oupled, and the ele tron spins are independent. It is then more

onvenient to rewrite the Hamiltonian in the basis of

|±Xi = √12 (|Si ± |T0 i) = {|↑↓i , |↓↑i} states.

The resulting Hamiltonian is of the pure dephasing form:

Ĥ ≈ (V̂H + θT + δθ̂)(|+Xi h+X| − |−Xi h−X|) .
where

V̂H = −
The initialization of the
sition of

|±Xi

S

1 X L L
+ −
− +
R
(Ai Aj − AR
i Aj )(Ji Jj + Ji Jj ) .
8µT

(44)

(45)

i,j

state at

∆ST = 0

an be then viewed as initialization of superpo-

states whi h are then subje ted to pure dephasing due to the rst-order and

se ond-order hyperne terms. In a free evolution experiment (with long data a quisition time)
the ensemble

oheren e will de ay in

T2∗ ≈ 1/σz

deviation of the dieren e of longitudinal

due to the

δθ̂

term[6, 9℄ (σz is the standard

omponents of the Overhauser elds in the two dots).
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On the other hand, in a Hahn e ho experiment [6, 8℄ the inuen e of
signal de ay is due to

V̂H

δθ̂

is removed, and the

from Eq. (45). Sin e this intera tion is a sum of two

from two un oupled dots, the appropriately dened

S -T0

ommuting terms

de oheren e fun tion is a produ t of

the two single-dot de oheren e fun tions [8, 64℄. This observation establishes the

orresponden e

between single-spin Hahn e ho de ay [7℄ due to hf-mediated intera tions des ribed in previous
se tions, and the
to this

∆ST = 0 singlet-triplet

two su h fun tions

The
At

Hahn e ho de ay [6, 8℄. The theory from [H2,H3℄ applies

ase, with the only modi ation being the repla ement of

ase of

∆ST ≫ σz , σ⊥

W (t)

fun tion by a produ t of

orresponding to single-spin dephasing in ea h of the dots.

∆ST > 0,
we

no interdot eld gradient

onsider the de oheren e of a superposition of

θT

of the ee tive interdot eld gradient

we

an perform another

arrive at an ee tive Hamiltonian diagonal in

{S, T0 }

terms linear in the Overhauser eld, whi h were the
are strongly suppressed by nite

∆ST .

1/∆ST

S -T0

1/µT .

or

and

T2∗

of

{S, T0 }),

ĤA τ̂z

τ̂z

urs due to the

The investigation presented in [H7℄
hannels of hf-related

being the third Pauli matrix in the basis

in whi h

ĤA = −
As dis ussed before we

WA (t) =
where we have dened

|WA (TA )| = 1/e,

δθ̂ 2
1 X
Bi Bj Jiz Jjz = −
.
∆ST
∆ST

Z

(46)

i,j

z
an treat θ = (hL

the relevant de oheren e fun tion

WA (t)

− hzR )/2

as a Gaussian random variable, and we obtain

by evaluating the Gaussian integral:
i

1
e 2 arctan(ηA t)
2
−2 θ
√
e σz2 e2iθ t/∆ST dθ =
 , ,
2 t2 1/4
2πσθ
1 + ηA
2

ηA = σz2 /∆ST .

The

hara teristi

de ay time s ale

(47)

TA

is dened by

giving us

TA =
where

term (with

In the absen e

de ay for a single spin,

superposition o

showed that in GaAs and Si DQDs there are two potentially important
dephasing. The rst is due to the

|T0 i.

basis. The main observation is that the

ause of very fast

The dephasing of a

se ond-order terms whi h are suppressed by

|Si

anoni al transformation and

ND = (NL−1 + NR−1 )−1

and

e2 ND ∆ST
e2 ∆ST
=
,
σz2
n2F A2

nF ≤ 1

is the fa tor a

(48)

ounting for possible narrowing of the

distribution of the Overhauser eld dieren e.
The se ond important dephasing
virtual ip ops between

V̂SS =
with

S

and

hannel is due to a term

T± :

V̂SS |Si hS|,

whi h

omes from the

X
X
∆ST
L
R R
L R
R L + −
+ −
(AL
B
B
J
J
=
v
i
j
ss
i Aj + Ai Aj − Ai Aj − Ai Aj )Ji Jj ,
i j
2 − ∆2
µT
ST i,j
i,j

2 ).
vss = ∆ST /4(µ2T − ∆ST

op intera tion, it

Sin e this is the se ond-order hf-mediated inter-nu lear ip-

an be treated with the RDT. The

dis ussed previously in the

(49)

al ulations are very similar to the ones

ase of NFID of a single spin (but note that now we do not have to

assume any narrowing). At short times we obtain

e−i arctan(ηSS t)
WSS (t ≪ 1/ωαβ ) ≈ p
,
1 + (ηSS t)2

where

ηSS

= |vss |(
=

X

ak A2k +

k∈L
2
2|vss |(σ⊥,L

+
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X

(50)

ak A2k )

k∈R
2
σ⊥,R ) ≡

2
2|vss |σ⊥
.

(51)

These equations should be

ompared with Eq. (31) obtained before.

times ale is

TSS =

√

The

hara teristi

de ay

p
|µ2 − ∆2ST |
e2 − 1 1
2−1 T
=
2
.
e
2
2
2vss σ⊥
∆ST σ⊥

(52)

The main thing to noti e here is that these two me hanism have opposite dependen e on

∆ST .

Dephasing due to

ĤA

pressed by nite
is a sum of two

∆ST .

∆ST , sin e this term in the ee tive Hamiltonian
δθ̂ term (mixing of S and T0 ), whi h is supthe V̂SS term is enhan ed at larger ∆ST . This term

is weaker at larger

omes from the se ond order

ontribution of the

On the other hand,

ontributions,

orresponding to two dierent se ond-order virtual transitions,

|T+ i and the other |T− i. At ∆ST = 0 there is a destru tive interferen e between
and V̂SS disappears, while at ∆ST → |µT | the strength of this intera tion in reases

one involving
these paths,

due to the small energy denominator for one of the virtual transitions. As a

onsequen e of this

ontrasting behavior of the two dephasing me hanisms, there dephasing time has a maximum at

∆ST ≈ 0.64µT
The

(assuming

ase of

σ⊥ = σz ).

∆ST > 0

with the interdot eld gradient

θT ≫ σz one needs to obtain the new eigenstates
that a ount for the θT -indu ed mixing of S and T0 , and then to re-derive the pure dephasing
Hamiltonian in the new eigen-basis. The mixing of S and T0 states means that the ele tron spin

In the presen e of a nite eld gradient

density in ea h dot does not vanish anymore. As su h the linear longitudinal Overhauser eld,

δθ̂ ,

leads to dephasing between the eigenstates, similar to what happens to single spin qubits.

Indeed, if

θT ≫ J , the eigenstates approa

h the produ t states again, so that we re over the

ase

of dephasing of two independent spins.

Although there are many terms present in the transformed ee tive Hamiltonian, the analysis
of their inuen e given in [H7℄ shows that for almost all possibly relevant values of parameters

S -T

the

oheren e time for

θ T ≫ σz
∗
T2,θ
T

is given by

√
√
2
2∆ST
1
=
≈
,
| sin 2γ| σz
4σz θT

where we used the mixing angle dened by

∗
∆ST ), T2,θ
T

approa hes the

of substantial

θT

T2∗ ∼ 1/σz

gradient, while allowing for full

S -T0

approa hes

ontrol over the

∆ST

term rotates the qubit by

S -T0

The

al ulated signals again exhibit

(i.e.,

θT ≫

qubit, leads to strong

to zero at the mid-point of the evolution

π.

The

al ulations of the resulting e ho

signal de ay due to the presen e of the se ond-order hf terms (su h as
nu lear spe ies. However, the

π/4

an see than that the use

ourse removed by the e ho sequen e, whi h in the

superposition is ee ted by tuning

θT

γ

ase of a single spin.

This inhomogeneous broadening is of
for a time in whi h the

When

for a single spin in a QD. One

inhomogeneous dephasing similar to the
ase of

2θT
tan 2γ = − ∆
.
ST

(53)

hara tersti

omparison of

V̂SS )

are given in [H7℄.

os illations due to the presen e of multiple

al ulations with the re ent experiments on su h

singlet-triplet e ho [25℄ shows that the hf-indu ed dephasing is not the dominating sour e of
de oheren e.
the

It appears that

lassi al

oheren e time of superposition of

harge noise leading to u tuations of

S

and

T0

states. The

a ts lo ally on a nanos ale stru ture forming the qubit,

∆ST

is limiting

hara teristi s of this noise, whi h

an only be read out from the measured

oheren e dynami s of the qubit. In Chapter 4.3 I will dis uss how su h a

hara terization

an

be a hieved.

4.2.7

Comparison of the RDT with the Nakajima-Zwanzig generalized Master
equation approa h

While the RDT predi tions for spin e ho de ay were qui kly

onrmed experimentally, giving

strong support to this theory, the existing NFID measurements [50℄ are not detailed enough to
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allow for quantitative

omparison with other theories. Su h a

omparison would be interesting,

sin e the theory of NFID de ay based on Nakajima-Zwanzig (NZ) generalized Master equation
(GME) approa h, whi h has been developed sin e 2004 [11, 12, 74℄, gives predi tions at moderate

Ω

values of

whi h are distin t [12℄ from the predi tions of RDT [H2,H3℄. It is important to note

that in this theory one uses the full hf Hamiltonian, and performs the expansion expli itly in
powers of the ip-op term,

V̂ .

This has to be

ontrasted with the RDT, whi h is based on

the ee tive Hamiltonian, and the expansion is in powers of the ele tron-mediated intera tion.
The paper [H6℄ was written with the aim of shedding some light on relation between these two
approa hes.
The

al ulations from [H6℄ are mu h more te hni al (and, in my opinion, mu h less transpar-

ent) than the linked

luster and

1/N

expansions used in derivations of RDT. The main problem

is that the NZ approa h does not have any simple

onne tion to a well-known diagrammati

perturbation theory te hnique, and one has to painstakingly generate the expansion order by
order, with only the 4th order expansion being

arried out exa tly in the literature, and with

partial results for higher orders briey dis ussed in [12℄.

This should be

ontrasted with the

stru ture of RDT whi h allowed for innite-order resummation of the linked

luster expansion.

Be ause of the te hni ality of derivations from [H6℄, below I will fo us only on the important
qualitative

on lusions of this paper.

The long-time dynami s (both in NZ theory and in RDT) is
of the wavefun tion.

ru ially ae ted by the shape

We have de ided to fo us on the short-time regime, in whi h this shape

should be irrelevant. We have thus worked on NFID within the box wavefun tion (uniform hf

Ak = A ≡

oupling,

A
N ) model. In this

to derive an exa t solution, in whi h
all of whi h

ase, as I dis ussed previously for the SE, it is possible

W (t)

is expressed as a sum over

an be obtained from analyti al diagonalization of

2×2

∼N

os illatory fun tions,

matri es.

The NZ approa h is based on separation of the total density matrix into a relevant and

ρ = ρrel + ρirrel . In appli ations where one onsiders the dynami s of
ρrel is typi ally a density matrix des ribing the degrees of freedom
partition is implemented by introdu ing proje tion superoperators P and Q

irrelevant part [75, 76℄:
a system

oupled to a bath,

of the system. This
su h that

P ρ = ρrel ,
The Liouville equation for

ρ

Qρ = ρirr ,

P + Q = 1,

(54)

an then be transformed into an exa t equation for the evolution of

ρrel :
P ρ̇(t) = −iP LP ρ(t) − i

Z

where

t
0

b − t′ )P ρ(t′ ) ,
dt′ Σ(t

(55)

b
Σ(t)
≡ −iP LQe−iLQt QLP.

(56)

L implements the evolution of the total system and is dened
b is referred
O a ording to LO = [H, O]. The superoperator Σ

The Liouvillian superoperator
a t on an arbitrary operator

P Q = 0.

as the memory kernel, or sometimes as the self-energy (although I

to
to

onsider the use of this term

inappropriate for the reasons explained below).
The operator

P

used in [11, 12, 74℄ was dened by

P ρ = ρJ (0) ⊗ TrJ ρ = ρJ (0) ⊗ ρe .
It is however
dene

P

ru ial to note that this is not the only possible

(57)

hoi e. It is possible to instead

as a sum over many proje tion operators whi h proje t onto various subspa es of the

nu lear bath state spa e, and the

hoi e of

P

an strongly inuen e the

onvergen e properties

of the resulting theory [77, 78℄. In fa t, we will see in a moment that in the
model that the

ontext of the box

hoi e made in Eq. (57) is far from ideal. For now we will use the

[11, 12, 74℄.
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hoi e from

Cal ulating the expe tation value of
at

S+

operator (whi h is proportional to

d +
hS (t)i = iΩn hS + (t)i − i
dt

where

Ωn ≡ Ω + hzn ,

hzn

where

Z

t
0

W ∗ (t))

we arrive

dt′ Σ(t − t′ )hS + (t′ )i,

(58)

is the value of the longitudinal Overhauser eld in the narrowed

state. The memory kernel is now a fun tion instead of an operator:



Σ(t) ≡ −iTr S + P LQe−iLQt QLP S − ρI (0) .

Eq. (58) is an integro-dierential equation whi h
form, after whi h the equation be omes algebrai

+

hS (s)i =

Z

∞

0

an be solved by performing a Lapla e trans-

with the solution

dte−st hS + (t)i =

The solution in the time domain is then obtained by

hS + (t)i =
where the

1
2πi

Z

hS + (s)i.

Therefore, solving for

of the memory kernel:

Σ(s) =

Z

∞

−st

dte

0

Computing
mati

Σ(s)

γ+i∞

γ−i∞

ontour dened by the real number

all the poles of

Σ(t) = −iTr

(59)

hS + (t = 0)i
.
s − iΩn + iΣ(s)

(60)

omputing the Bromwi h inversion integral,

dsest hS + (s)i,

(61)

γ must be hosen su h that it lies to
hS + (t)i requires solving for the Lapla



the right of
e transform


1
−
S P LQ
QLP S ρJ (0) ,
s + iLQ
+

(62)

exa tly is a di ult perturbative problem, be ause there is in fa t no diagram-

representation of terms whi h appear in perturbative expansion (thus

alling

Σ(s)

the

self energy is inappropriate, sin e real self-energy is dened as a sum over properly dened
irredu ible diagrams). Following [11, 12, 74℄ we have pro eeded by expanding the memory kernel
in powers of the ip-op intera tion

V̂ .

The details of this very

umbersome expansion ( arried

out to the 4th order) are given in [H6℄. Here I will simply present Figure 6, in whi h the 4th
order NZ solution is

ompared with the exa t box model solution.

The disagreement is very

lear.
However, it was shown in Ref. [77℄ that the standard proje tion operator is far from being the
best possible

hoi e for the Hamiltonian whi h exhibits a signi ant degree of symmetry. When

symmetries are present, one

an instead repla e

P

with a series of so- alled

orrelated

proje tion

(CP) operators whi h proje t onto invariant subspa es of state spa e, enabling one to expand
the redu ed density matrix for the system as a sum of matri es, ea h
of the state lying in a parti ular subspa e. In the uniform
the operators

Πjm

on subspa es of xed

P ρ̃ =

X

j

TrJ (Πjm ρ̃)

jm

The

ρ̃jm
e

and

⊗

m.

We

apturing the

omponents

oupling model it is natural to dene

hoose now the proje tor

X
1
1
Πjm ≡
ρ̃jm
Πjm .
e ⊗
Dj
Dj

P

as

(63)

jm

are a set of matri es whi h sum to give the redu ed density matrix for the ele tron spin:

ρ̃e =

X
jm

ρ̃jm
e

=

N/2
X

N/2
X

Dj ρ̃jm
e .

A shown in [H6℄, even only in the 2nd order of expansion with respe t to
using these

(64)

m=−N/2 j=|m|

V̂ ,

the NZ theory

orrelated proje tors gives results in very good agreement with the exa t solution,

see Figure 7.
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Figure 6: Exa t solution of the uniform

hz = 0.

The time unit

τ = 4Ωn N/A2 .

4
tΤ

6

oupling model vs.

The plotted quantity

8

A = Ω, and
W ∗ (t) evaluated

NZ GME result for

x(t)/x0

in the rotating frame in whi h the fast pre ession due to magneti

is equal to

eld splitting is absent. The

Figure is adapted from Ref. [H6℄.
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Figure 7: Exa t solution of the uniform
proje tors result for

Let us nally

A=Ω

and

hz = 0.
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oupling model vs.
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NZ GME result with

orrelated

The Figure is adapted from Ref. [H6℄.

ompare the exa t box model solution with the RDT solution. The short-time

NFID result from Eqs. (31) and (32) turns out to be pra ti ally indistinguishable from the exa t
result - the RDT results in Fig. 7 would lie exa tly on top of the other lines. The only dieren e
between the RDT and the exa t (or se ond-order NZ-CP)
amplitude (∼

δ2 )

al ulations is the la k of a very small-

os illation on top of the envelope shown in the Figures here. The analyti al

relation between the RDT solution and the exa t solution is dis ussed in [H6℄.
These results show that the regime of low magneti
standard NZ theory. With lowering of

Ω,

elds is very hard to a

ess by the

the de oheren e time is expe ted to be ome shorter.

On the other hand, there has to be a times ale at whi h the time-energy un ertainty prin iple
allows one to disregard the exa t shape of the wavefun tion (i.e. the details of distribution of
hf

ouplings). The simplest guess for this times ale is

this guess. The NZ
RDT fails at

N/A,

and RDT

al ulation agrees with

al ulations from [12℄ suggest that at low elds and long times,

orre tly des ribing the NFID de ay.

the standard NZ theory

arried out to nite order of expansion in

the nontrivial short-time dynami s of NFID at low

Ω.

omplementary, and the regions of parameters (magneti

24

t ≫ N/A,

We have shown that, on the other hand,

V̂ ,

must fail at des ribing

The two theories seem therefore to be
elds and times ale) in whi h neither

is fully
the

ontrolled should be further investigated with other methods. Finally, let me note that

onsiderations on the possible reasons for failure of the standard NZ method in the box

ontained in [H6℄, led us to the

ase

on lusion that the so- alled time- onvolutionless generalized

master equation [76℄ is a better approa h to the

entral spin problem. Re ently we published

a paper [79℄ in whi h this method was used to

al ulate NFID at short times for a polarized

nu lear bath, with zero-polarization result reprodu ing the RDT formulas.

4.3 From oheren e measurements to ee tive des ription of the environment: noise spe tros opy with qubits
Until now we were fo using on a theory of de oheren e in the situation in whi h the mi ros opi
(and nontrivial) Hamiltonian of the bath is known. However, very often the only information that
we have about the lo al environment of the qubit
dynami s. Of
In the

ourse usually we

omes from the measurements of the qubit's

an make some guesses about the nature of the environment.

ase of solid-state based qubits there are, for example, many known sour es of

noise su h as u tuating ele tri

dipoles omnipresent in insulating materials, or

harge traps.

Their presen e is expe ted, but their detailed properties (the number of sour es
qubit,

hara teristi

lose to the

times ales of u tuations et ) are sample-dependent. Also, very often it is

simply not known what is the relevant bath: it
eld u tuations

harge

aused by magneti

ould be phonons,

harge u tuations, magneti

impurities, et . Finally, the qubit is ae ted by its lo al

environment, (the ee tive size of whi h depends on the time-s ale of interest, with the remote
parts of the environment not having a large inuen e at short times), whi h often
hara terized with independent methods.

annot be

All these are motivations for trying to invert the

problem of qubit-environment intera tion: instead of

al ulating the qubit's de oheren e due to

the dynami s of a given bath, we will try to learn something about the unknown environment
by analyzing the measurements of qubit's de oheren e.
Of

ourse we must assume something about the environment. While qubit's relaxation [20,

30, 80℄ is ae ted by bath u tuations with frequen ies

∼Ω

(the qubit's energy splitting), the

dephasing of the qubit is typi ally dominated by low-frequen y environmental u tuations. When
the bath temperature is larger than the energy s ale of these low-energy ex itations, the twopoint

orrelation fun tions of the bath degrees of freedom have

lassi al behavior [80℄. Below we

will fo us on environment-indu ed dephasing of the qubits, and we will assume that the inuen e
of this environment

an be mapped on qubit's intera tion with a sour e of

Furthermore, we will assume that this noise is stationary and (in most
statisti s, i.e. it is fully

hara terized by its two-point

S(ω) =
In [H1℄ we fo used on the
inuen e of
it be ame

lassi al

∞

ξ(t).

ases) that it has Gaussian

orrelation fun tion,

or, equivalently, by its spe tral density dened by

Z

lassi al noise

C(t − t′ ) = hξ(t)ξ(t′ )i,

C(t)eiωt dt .

(65)

∞

ase of qubits based on super ondu ting

ir uits, for whi h the strong

harge and ux noise had been already widely re ognized. However, later

lear that the domain of appli ability of this approa h is mu h wider. For example,

DQD based spin qubits are strongly ae ted by
u tuations of lo al ele tri

elds

aused by

harge noise (voltage u tuations on the gates,

harge traps) when singlet-triple splitting

zero. Even single-spin qubits turned out to be ae ted by

∆ST

harge noise: u tuating ele tri

is not
elds

ae t the position and the shape of the ele tron's wavefun tion, whi h leads to spin dephasing via
spin-orbit

oupling or be ause the Overhauser eld felt by the ele tron be omes time-dependent

due to su h u tuations (whi h lead to time-dependen e of

Ak

ouplings).

Below I will present the overview of results of [H1℄ and [H8℄ for, respe tively, the
linear

oupling to the noise (i.e.

v1 ξ(t)σ̂z

oupling) and the quadrati

These are the two situations most often en ountered in experiments.
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oupling (i.e.

ases of

v2 ξ 2 (t)σ̂z ).

4.3.1

Linear

oupling to

ξ(t)

For a Gaussian pro ess

lassi al noise

the average over the realizations of the pro ess is a Gaussian fun -

tional integral

h...i =
where

C −1



Z
Z
1
−1
D[ξ(t)] exp −
dt1 dt2 ξ(t1 )C (t1 − t2 )ξ(t2 ) ... ,
2

Z

(66)

is dened by

Z

C −1 (t − t′′ )C(t′′ − t′ )dt′′ = δ(t − t′ ) .

(67)

We fo us on the dynami s of the o-diagonal element of qubit's density matrix when the qubit
is subje ted to a sequen e of ideal

π

pulses leading to Dynami al De oupling (DD) of the qubit

from the environment [4446℄. The de oheren e fun tion is then given by

W (t) = he−iv1
where

ft (t′ )

R

is the time-domain lter fun tion

ξ(t′ )ft (t′ )dt′

i,

(68)

hara terizing the DD sequen e that we have

already en ountered (see Fig. 1 for examples). The Gaussian average

an be easily performed

using the standard methods, and we obtain

W (t) = e−χ(t)

with

χ(t) = v12

Z

∞

0

dω
S(ω)|f˜t (ω)|2 = v12
2π

Z

∞

F (ωt)
dω
S(ω)
,
π
ω2

0

f˜t (ω) is the Fourier transform of ft (t′ ) with respe t to t′ . The lter
2
˜
2 |ft (ω)| en apsulates the inuen e of the pulse sequen e on de oheren e
times tk at whi h the pulses are applied (with t0 = 0 and tn+1 = t) we have

where

ω2

F (ωt) =

n
1 X
(−1)k (eiωtk+1 − eiωtk )
2

2

fun tion
[81℄.

(69)

F (ωt) =

In terms of

.

(70)

k=0

In the

ase of free evolution of the qubit we have

FFID (ωt) = 2 sin2

ωt
,
2

(71)

whi h leads to

χFID (t) =

v12

Z

∞
0

2 sin2
dω
S(ω)
π
ω2

ωt
2

v 2 t2
≈ 1
2

Z

∞
0

dω
σ 2 t2
S(ω) ≡
≡
π
2



t
T2∗

2

,

(72)

where in the se ond expression we assumed that the integral is dominated by low-frequen y part

S(ω) (i.e. by S(ω) with ω up to ≈ 1/t), and then we extended the limit of integration again
∞. σ 2 above is the total power of the v1 ξ(t) noise. The above al ulation is self- onsistent
∗
if the resulting T2 time is so short that the total noise power is indeed well approximated by
∗
integral of S(ω) up to 1/T2 . Note that the resulting de ay is the not due to u tuations whi h

of

to

o

ur during qubit's evolution, but due to slow u tuations whi h o

of the qubit's intialization-evolution-measurement
inhomogeneous broadening whi h
The

ase of

1/f

y le.

ur between the repetitions

We thus again an ounter the

an be des ribed using a quasi-stati

ase of

bath approximation.

type noise will be relevant below, so let us mention that for

S(ω) ∝ 1/ω

the

T2∗ time a quires a logarithmi dependen e on the low-frequen y (infrared) uto of the noise:
χ(t) ∝ t2 ln 1/ω0 t. In most ases in whi h su h noise appears, no sign of intrinsi infrared uto

has been found, and the
time:

ω0 ≈ 1/TM .

uto

ω0 is in fa t given by the inverse of the total data a quisition
(β−1)/2
S(ω) ∝ 1/ω β with β > 1 we have then T2∗ ∝ 1/TM
.

For noise with
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As dis ussed before, the appli ation of the e ho sequen e removes the quasi-stati

shifts of

qubit's frequen y. Formally we have

FSE (ωt) = 8 sin4
and one

ωt
,
4

(73)

an see, after plugging the above into Eq. (69) that the

χ(t)

noise to

ontribution of low-frequen y

β
is strongly suppressed, even for 1/ω noise, provided that

β < 2.

Multipulse DD sequen es a t as even more e ient high-pass lters of the environmental
noise. In [H1℄ we have analyzed the dephasing under the inuen e of the
quen e, the periodi

appli ation of pulses (PDD), the sequen es based on

lassi al CPMG seon atenations of the

e ho sequen e (CDD developed in [45℄), and the UDD sequen e proposed by Uhrig [46℄, whi h
ondition: for n applied pulses the rst 2n + 1 terms in time
t = 0 are zero, and F (ωt) ∝ (ωt)2n+2 for ωt ≪ 2. For omparison, CPMG
6
4
sequen e with even (odd) n > 1 gives the frequen y lter F (z) ∝ z (z ) for z ≪ 1. Interestingly,
this dieren e between low-frequen y suppression for even and odd n in this sequen e was shown
β
to have measurable onsequen es for 1/ω noise with β > 2 [82℄ (see the des ription of resear h
fullls the following optimality

expansion of

χ(t)

about

not in luded in the habilitation thesis).
The main results of [H1℄ for the

•

ase of Gaussian noise are

The optimal UDD sequen e gives the best prote tion against dephasing only when the
noise spe trum has a hard high-frequen y

ω > ωc ).

for

uto

ωc

(with

S(ω)

exponentially suppressed

This is due to the fa t that in UDD the ultra-e ient suppression of low-

frequen y noise is possible at the

ost of a tually enhan ing ( ompared to other sequen es)

the inuen e of high-frequen y noise. This is related to the existen e of the sum rule for the

R

lter fun tion:

F (ωt)/ω 2 dω = πt.

In order for UDD to show a superior performan e in

t < 2n/ωc .

oheren e prote tion the times ale of interest must fulll
not met (i.e. when the ultraviolent

uto is irrelevant for

sequen e was found to be the most e ient among the

•

For the noise with hard

•

For CPMG sequen e, the lter fun tion

When this

ondition is

oheren e dynami s), the CPMG
onsidered ones.

t < 2n/ωc ,
2n+2
one an use UDD to obtain the moments of noise spe trum: χUDD (t) ∼ t
M2n where
R
M2n = ω 2n S(ω)dω .

periodi
by

uto, and in the

train of peaks of width

2πn.

F (z = ωt) an be approximated at large n by a
2n, and distan e between the peaks given
β
easy to show that for S(ω) ∝ 1/ω one has χ(t) ∝

2π/t,

With this observation it is

ase of having good data at times ales

height

tβ+1 /nβ . This relation was later used to

hara terize a previously unknown noise sour e

in an experiment on a singlet-triplet qubit [82℄.
Furthermore, the

ase of non-Gaussian Random Telegraph Noise (RTN) was

onsidered in

[H1℄. Comparison of numeri al simulations with theory based on Gaussian approximation showed
that with in reasing

n

the de oheren e under the DD sequen e be omes more similar to the

predi tion of a Gaussian theory (in whi h only the rst spe tral density of RTN is used). In [H1℄
this observation was supported by analyti al
i.e.

the

χ4 /χ2

χ4

term in expansion of

remains

times ale

T2

≪1

al ulation of the 4th

ln W (t) = −χ2 (t) − χ4 (t) + ...,

whi h showed that the ratio of

on a times ale whi h is in reasing faster with

dened by

χ2 (T2 ) = 1.

umulant of itered RTN,

n

than the

oheren e de ay

A more intuitive explanation of this feature was later given

in [H8℄ (see below).
As somewhat embarassing fa t should be mentioned here. As dis ussed above, in [H1℄ it was
noted that the CPMG lter fun tion in frequen y spa e looks like a series of delta-like peaks at
large

n, and this feature was in fa

t used in

al ulations. However, one simple

was only noted later by other resear hers [83, 84℄: in many
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onsequen e of this

ases (espe ially for monotoni ally

de reasing
for

S(ω))

it is enough to keep only the

χ(t):
χ(t) ≈

ontribution of rst of these peaks in expression

4v12 t  πn 
.
S
π2
t

(74)

S(ω)
n and t to

This observation leads to the most pra ti al re ipe for performing real spe tros opy of
by appli ation of CPMG sequen es, and tting the measured

oheren e for various

Eq. (74).

4.3.2

Quadrati

oupling to

lassi al Gaussian noise: qubit at the optimal working

point
One often en ounters the

ase in whi h the

oupling to the noise is quadrati :

1
Ĥ = [Ω + v2 ξ 2 (t′ )]σ̂z ,
2

(75)

Ĥ arises when
Ω
∂Ω/∂Bz |Bz =B0 = 0.
′
Then, for Bz tuned to B0 , i.e. at an Optimal Working Point (OWP) of the qubit, the noise ξ(t ) ∝
′
′
B(t ) − B0 enters quadrati ally into Eq. (75). If we also onsider transverse noise, i.e. vx ξx (t )σ̂x
2
term, then for vx ξx ≪ Ω we again arrive in the lowest order at Eq. (75) with v2 = vx /2Ω. At
Ω

where

is the

ontrolled qubit splitting, and

v2

is the

oupling

onstant. Su h a

′
has an extremum as a fun tion of an external noisy parameter Bz (t ), i.e.

su h an OWP the inuen e of noise is suppressed, and the qubit dephasing time is longer than
in the
while

ase of linear

ξ(t)

oupling to the noise. The theoreti al

hallenge is posed by the fa t that

is assumed to be a Gaussian pro ess, its square is not Gaussian-distributed : the

pro ess has nontrivial

orrelators beyond the two-point

Let me mention here a very interesting

ξ 2 (t)

orrelation fun tion.

onne tion between the theory presented in this

hapter and the previously dis ussed ee tive-Hamiltonian based theory of hf-indu ed spin qubit
de oheren e. The Hamiltonian given by Eq. (75) also appears when longitudinal
intrinsi ally low-frequen y

hara ter (and thus its inuen e of linear term in

removed by DD), while the transverse

ξ⊥

noise has

ξz

noise is of

is

ompletely

omponents at higher frequen ies, and its

inuen e is furthermore suppressed by large energy splitting
a spin qubit

ξz

Ω.

This is exa tly the

oupled by hyperne intera tion to a nu lear bath at nite magneti

ase for
eld:

as

it was previously dis ussed, longitudinal u tuations of the nu lear Overhauser eld are mu h
slower than its transverse u tuations. The theory presented below
ounterpart of the RDT presented before. Note that the

an be viewed as a

lassi al

ru ial approximations of RDT (1/N

approximation in the absen e of nu lear spin polarization) were leading to Gaussian de oupling
of nu lear spin

orrelators, i.e. the RDT was a theory of de oheren e due to quadrati

oupling

to quantum Gaussian variable (the transverse Overhauser operator). Unsurprisingly then, the
resummation of ring diagrams (or
dephasing due to quadrati

umulants) will appear immediately below when we

oupling to

The de oheren e fun tion in the quadrati

W (t) =
The average over noise



onsider

lassi al Gaussian pro ess.



exp −i

oupling

Z

t

′

ase is given by

2

′

f (t )v2 ξ (t )dt

0

′



.

(76)

an be performed using the linked- luster ( umulant) expansion, building

on seminal papers [8587℄ in whi h free evolution dephasing at an OWP was
write

W (t) = exp

∞
X
(−iv2 )k
k=2

k

!

Rk (t)

28

= e−

P

k=2

χk (t)

,

onsidered.

We

(77)

with the linked

luster (or ring diagram)

ontributions

Z
Z
Rk = 2k−1 ft (t1 )dt1 ... ft (tk )dtk C(t12 )...C(tk1 ) ,
Z
dω1 ...dωk
= 2k−1
S(ω1 )...S(ωk )f˜t (ω12 )...f˜t (ωk1 ) ,
(2π)k
where

tkl ≡ tk − tl ,

and

ωkl ≡ ωk − ωl .

Now we have to

expansion, not only the se ond one, as was the

(78)

(79)

al ulate all the terms in the

ase for linear

umulant

oupling to Gaussian noise.

In [H8℄ solutions for the above problem were given in two

ases. For noise with non-singular

spe trum at low frequen ies (i.e. noise having a well-dened auto orrelation time) it was argued
that at large

n

the dephasing at relatively short times ales

approximation (i.e. keeping only
noise, for whi h the

Rk

R2 (t)

in the expansion above). The se ond

an be resummed, provided that the quasi-stati

is stronger than the high-frequen y noise (whi h is the
In the rst

ase we

an be des ribed using a Gaussian

ase for

ase is that of

1/f β

(low-frequen y) noise

β > 1).

an give the following explanation why with in reasing

n

the noise

ae ting the qubit should be ome better des ribed within the Gaussian approximation. While

Rt 2 ′ ′
R φ(t)′ =2 0 ′ ξ (t′ )dt is not Gaussian-distributed ex ept at very long t, the ltered phase,
φf (t) = ft (t )ξ (t )dt , an be viewed as a sum over n + 1 ontributions, with signs hosen in

the phase

su h a way that

orrelated

ontributions mostly

ξ 2 (t)

pro ess,

the

orrelations exist only among small subsets of

t

, is nite, then for

t/n ≪ t ≪ t

an el ea h other.

If the

orrelation time of

the DD ltering suppresses the dephasing, while
ontributions to

φf .

The latter observation

allows us to invoke the Central Limit Theorem, leading to Gaussian distribution of
This applies to any non-Gaussian noise with nite

tc ,

φf

at large

n.

so it also explains in an intuitive fashion

the result given in [H1℄, where the inuen e of RTN (whi h is non-Gaussian) was shown to be

n.
W (t) = e−χ2 (t) with
Z ∞
dω
2
χ2 (t) = v2
S2 (ω)|f˜t (ω)|2
2π
0

well-des ribed by Gaussian approximation at large
In this approximation we have

whi h is the same as Eq. (69), only with
given by

S2 (ω) =
At large
a

n

repla ed by the spe tral density of

S(ω1 )S(ω1 − ω)

dω1

π

orrelation time

fullling the above

t

n,

(81)

evolution time

onditions the results of numeri al simulations

t ≤ T2 .

On the other hand, for noise with ill-dened tc , or simply for
indistiguishable from the former

ase), we

pro ess,

In [H8℄ the

he ked using an example of Ornstein-Uhlenbe k

. For number of pulses

Gaussian approximation when

ξ2

.

an then use Eq. (74) to perform spe tros opy of this quantity.

ura y of the Gaussian approximation was

noise with

t

one

Z

S(ω)

(80)

t,

and

orrelation time

onrmed the a

t ≪ tc (whi

ura y of

h has to be physi ally

an obtain a very dierent solution when the noise is

dominated by low-frequen y u tuations. We

an write then that during a single evolution, the

′
2 ′
2 ′
2
noise ontribution to qubit's splitting is ξ (t ) ≈ ξlf + 2ξlf δξ(t )+ δξ (t ), with ξlf being the quasistati shift hanging between measurements (i.e. oming from noise spe trum for ω0 < ω < 1/t),
′
and with δξ(t ) being the high-frequen y omponent. The low-frequen y uto is ω0 ≈ 1/TM ,

TM being the total data a quisition time. Sin e typi ally TM is orders of magnitude larger
2 i ≫ hδξ 2 i, and the
t, for noise with spe tral weight on entrated at low ω we have hξlf
′
2
dominant noisy term is 2ξlf δξ(t ) (note that the inuen e of the quasi-stati shift ξlf is removed
β noise the
by the DD sequen e). This amounts to an observation that in the presen e of 1/f
position of the OWP is not well dened: for TM ≫ t we average over evolutions of qubits operated
with

than

in the neighborhood of an OWP.
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Figure 8:

−3

x 10

De oheren e due to OU noise at an OWP for CP sequen e with

t

Symbols are the results of numeri al simulation. For ea h
with

M = 106 ,

noise. With

1/ω 2

tail of

so that the resulting

2
oupling v2 σ0

S(ω).

σ02

n = 1, 2, and 4.
TM = M t

the averaging time was

was well approximated by the total power of the OU

= 105 /tc , the

oheren e de ay in the presented time range is due to

The solid lines are obtained using Eq. (84). For

n=4

the dotted line is the

−3/2 asymptoti s from Eq. (86). The
Gaussian approximation, and the dashed line is W (t) ∼ t

gure is adapted from [H8℄.

The essen e of the

al ulation below is separate averaging over these slow and fast u tua-

tions. The rst average is over

ξlf ,

deviation given by

σ02 =
where

S(ω) = Aβ /|ω|β

Gaussian, and it reads:

W (t) =

D



exp − iv2

with

Z

Z

1/t

ω0

β>1
′

whi h is treated as a stati

2

S(ω)dω/π ≈

Aβ
π(β − 1)ω0β−1

′

′

ft (t )δξ (t )dt −

2σ02 v22

Z

al ulation of the average involving only this term

σ0 ,

i.e. the ones

.

(82)

was used. The se ond average over high frequen ies is also

dt1

Z

E

dt2 ft (t1 )ft (t2 )δξ(t1 )δξ(t2 )

In Eq. (83) the se ond term is expe ted to dominate when
whi h we plug in

Gaussian variable with standard

σ02 ≫ hδξ 2 ihf ,

an be done by

i.e. when

hf

.

TM ≫ t.

(83)
The

oming ba k to Eq. (78), into

C(t) = hδξ(t)δξ(0)ihf + σ02 , and keep only the terms with the maximal power of
2
in whi h every se ond C(tkl ) is repla ed by σ0 . The resulting sum over all Rk

an be in fa t performed [H8℄, and the result is

where

R2l

W (t) = q

1

,

(84)

.

(85)

1 + 4v22 σ02 R2l (t)

is given by the familiar formula:

R2l =
In Fig. 8 this Equation is

Z

∞

0

|f˜t (ω)|2 S(ω)

π

ompared with the results of numeri al simulations of dephasing due

2
to noise with S(ω) ∝ 1/ω and a low-frequen y
oupled to the qubit

dω

ausing dephasing for

uto at ω0 ≪ 1/t
t ≪ tc = ω0−1 ).
30

(a tually an OU noise strongly

n

For large

we

R2l (t)

an use Eq. (74) to relate

S(nπ/t).

to

S(ω ≈ nπ/t) ∝ 1/ω β

When

wide frequen y range we have

W (t) ≈ (T2 /t)
where the

hara teristi

β+1
2

for t ≫ T2

,

in a

(86)

de ay times ale fullls

η
T2 ∼ nγ /TM

γ=

where

β
β+1

and

η=

β′ − 1
.
β+1

(87)

These results show how the analysis of time dependen e of de oheren e at an OWP
to perform spe tros opy of

1/f -type

an be used

noise.

Finally, let me note that the similarity of Eq. (84) to Eq. (38) is not a

idental. The result

on erning the e ho de ay for a spin qubit intera ting with a nu lear bath has a stru ture
analogous to a square of Eq. (84) be ause in that
Gaussian variables (x and

y

ase we had to average over two independent

omponents of the Overhauser eld).
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5 Des ription of other s ienti a hievements
a) Bibliometri

data (from O tober 20th, 2014)

Number of published s ienti

papers: 34

Citations with auto itations ex luded:

929

(a

ording to Web of S ien e)

Cumulative impa t fa tor: 150.47
H-index: 17 (a

ording to Web of S ie e)

b) Resear h not in luded in the habilitation thesis

5.1 Resear h done before obtaining the PhD title
While earning my Master's degree at the Warsaw University, working under supervision of professor Witold Bardyszewski, I have developed a theory of light absorption in disordered semiondu tors, with spe ial fo us on the absorption in heavily-disordered p-type materials su h as
GaMnAs. Elements of this theory were later used in the paper:
K. Dziatkowski, . Cywi«ski, W. Bardyszewski, A. Twardowski, H. Saito, and K. Ando, Inu-

en e of disorder on the opti al absorption in semi ondu tors: Appli ation to epitaxially grown
III-V

ompounds, Phys. Rev. B 73, 235340 (2006).

During my graduate studies at UCSD I worked on two topi s: (1) non-equlibrium ele tron
dynami s and ultrafast light-indu ed demagnetization in ferromagneti

semi ondu tors and met-

als, and (2) spin diusion in planar metal-semi ondu tor stru tures with appli ations for possible
spintroni

devi es.

Resear h on topi

(1) was done in

ollaboration with an experimental group of professor

Juni hiro Kono from Ri e University in Texas. I have developed a theoreti al model of ultrafast
de ay of magnetization

aused by strong photoex itation in (III,Mn)V magneti

The papers [D1,D2,D4℄ were the result of this

ollaboration.

Paper [D3℄

semi ondu tors.

ontains a detailed

des ription of theory of light-indu ed demagnetization in materials in whi h the sp-d model of
ferromagnetism is appli able.
The resear h on topi
a postdo
in realisti
spintroni

(2) was done in

working with my advisor.
stru tures

lose

ollaboration with dr Hanan Dery, who was

We have worked together on theory of spin transport

onsisting of iron and GaAs, with spe ial attention devoted to possible

devi es based on su h stru tures. In [D5℄ we presented an easy to use theory of spin

diusion in layered stru tures of magneti

metals metals and semi ondu tors, whi h we latter

applied in our investigations of multi-terminal spintroni
[D6℄, a devi e

onverting the

devi es: a three-terminal spin transistor

ir ular polarization of absorbed light into an ele tri al signal [D7℄,

a three-terminal system in whi h magnetization dynami s of one of the ferromagneti
is sensed ele tri ally [D8℄, and a ve-terminal reprogrammable logi

ele trodes

gate [D9℄. An invited review

[D10℄ summarized these works.
[D1℄ J. Wang, C. Sun, J. Kono, A. Oiwa, H. Munekata, . Cywi«ski and L.J. Sham, Ul-

trafast Quen hing of Ferromagnetism in InMnAs Indu ed by Intense Laser Irradiation,
Phys. Rev. Lett.

95, 167401 (2005).

[D2℄ J. Wang, C. Sun, Y. Hashimoto, J. Kono, G.A. Khodaparast, . Cywi«ski, L.J. Sham,
G.D. Sanders, C.J. Stanton, H. Munekata, Ultrafast Magneto-Opti s in Ferromagneti

III-

V Semi ondu tors, J. Phys.: Condens. Matter 18, R501 (2006).
[D3℄ . Cywi«ski and L.J. Sham, Ultrafast demagnetization in the sp-d model:

study, Phys. Rev. B 76, 045205 (2007).
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a theoreti al

[D4℄ J. Wang, . Cywi«ski, C. Sun, J. Kono, H. Munekata, and L.J. Sham, Femtose ond

demagnetization and hot hole relaxation in ferromagneti

GaMnAs, Phys.

Rev.

B

77,

235308 (2008).
[D5℄ H. Dery, . Cywi«ski and L.J. Sham, Lateral diusive spin transport in layered stru tures,
Phys. Rev. B

73, 041306(R) (2006).

[D6℄ H. Dery, . Cywi«ski, and L.J. Sham, Spin transferen e and magnetoresistan e ampli a-

tion in a transistor, Phys. Rev. B 73, 161307(R) (2006).
[D7℄ H. Dery, . Cywi«ski, and L.J. Sham, Spintroni s for ele tri al measurement of light

polarization, J. Appl. Phys. 100, 063713 (2006).
[D8℄ . Cywi«ski, H. Dery, and L.J. Sham, Ele tri

readout of magnetization dynami s in a

ferromagnet-semi ondu tor system, Appl. Phys. Lett. 89, 042105 (2006).
[D9℄ H. Dery, P. Dalal, . Cywi«ski, and L.J. Sham, Spin based logi

re ongurable large s ale

in semi ondu tors for

ir uits, Nature 447, 573 (2007).

[D10℄ . Cywi«ski, H. Dery, P. Dalal, and L.J. Sham, Ele tri al expression of spin a

umulation

in ferromagnet/semi ondu tor stru tures, Mod. Phys. Lett. B 21, 1509 (2007).

5.2 Resear h done after obtaining the PhD title: works losely related to the
topi of this thesis
Five papers below are quite
in the main

losely related to the topi

y le of papers, sin e I

In [A1℄ we

onsidered a spe i

annot

of this thesis, but they are not in luded

laim to be a leading author of them.

model of fermioni

bath

ausing dephasing of super ondu ting

qubits: a bath of so- alled Andreev u tuators. Su h a bath

onsists of many

arrier trapping

enters lo alized in an insulating material in the proximity to the super ondu tor. Pairs of
be ome

harged and dis harged due to transfer of Cooper pairs between the

insulator. The resulting

harge noise

enters

ondensate and the

auses pure dephasing of a super ondu ting qubit of the

Cooper pair-box type. In this paper we used the Keldysh te hnique to derive the de oheren e
fun tion

W (t) for any possible sequen

of the se ond order was employed.

e of pulses ae ting the qubit, and linked- luster expansion

At this level of approximation it was possible to map the

intera tion with the bath on intera tion with noise having spe tral density
by

1/f

losely approximated

form.

Paper [A2℄ is an experimental work on dynami al de oupling of a singlet-triplet qubit made
of a GaAs double quantum dot. Using methods of [H1℄ (with some further improvements spe i
to the

ase of

1/ω β

the CPMG results with
for su
with

β > 2) I was able to re onstru t
n = 2, 4, 8, 16, and 32 pulses. The re

noise with

the spe tral density of noise from
onstru ted

esful predi tion of de ay times ale for the spin e ho (n

= 1)

S(ω) ∝ 1/ω 2.6

allowed

and the CPMG sequen e

n = 3.

In [A3℄ we have used the insights from [H6℄, and we applied the time- onvolutionless master
equation te hnique to the NFID problem. Starting froom the full hf Hamiltonian we re-derived
the RDT result at short times and zero bath polarizations, and we obtained a nontrivial generalization of this result to the

ase of polarized nu lear bath. A new, previously never dis ussed

in the literature, kind of os illations, appearing in NFID signal for large bath polarization, was
predi ted there.
In papers [A4,A5℄ a real-spa e
de ay of an ele tron spin
the

ase in whi h the inter-bath

whi h ne essitates

luster expansion te hnique was used to

oupled to a spin bath

oupling is of the same strength as the qubit-bath

onsideration of large

the bath is also more

al ulate the

oheren e

onsisting of spins of other ele trons. This is
oupling,

lusters of spins. Proper averaging over many states of

ompli ated that in the previously
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onsidered

ase in whi h the qubit-bath

oupling was dominating over the intrabath
inuen e on dynami s of a few-spin

ouplings: now many bath spins have a nontrivial

luster, sin e the dipolar intera tions with these outside

spins strongly inuen e the energy splittings of the spins within the

luster.

e ho de oheren e of ele trons bound to phosphorous donors in sili on was
nontrivial dependen e of the

T2

time on the

In [A4℄ the spin

onsidered, and the

on entration of both the ele troni

nu lear spins was predi ted (this predi tion was later

spins and the

onrmed in experiments [88℄). In [A5℄ we

des ribed the theory in more detail, and gave more predi tions for both donors in Si and NV
enters in diamond.
[A1℄ R.M. Lut hyn, . Cywi«ski, C.P. Nave, and S. Das Sarma, Quantum de oheren e of a

harge qubit in a spin-fermion model, Phys. Rev. B 78, 024508 (2008).
[A2℄ J. Medford, . Cywi«ski, C. Barthel, C.M. Mar us, M.P. Hanson, and A.C. Gossard,

S aling of Dynami al De oupling for Spin Qubits, Phys. Rev. Lett. 108, 086802 (2012).
[A3℄ E. Barnes, . Cywi«ski, and S. Das Sarma, Nonperturbative Master Equation Solution of

Central Spin Dephasing Dynami s, Phys. Rev. Lett. 109, 140403 (2012).
[A4℄ W.M. Witzel, M.S. Carroll, A. Morello, . Cywi«ski, and S. Das Sarma, Ele tron spin

de oheren e in isotope-enri hed sili on, Phys. Rev. Lett. 105, 187602 (2010).
[A5℄ W.M. Witzel, M.S. Carroll, . Cywi«ski, and S. Das Sarma, Quantum De oheren e of the

Central Spin in a Sparse System of Dipolar Coupled Spins, Phys. Rev. B 86, 035452 (2012).

5.3 Resear h done after obtaining the PhD title: works on other topi s
In 2009-2010 I worked on theory of sili on double quantum dots. We analyzed how the multivalley stru ture of the bottom of
qubits [Si1,Si2℄, and we

ondu tion band in Si ae ts the performan e of singlet-triplet

al ulated the dependen e of ex hange

oupling on parameters of the

two dots [Si3℄.
[Si1℄ D. Cul er, . Cywi«ski, Q.Z. Li, X. Hu, and S. Das Sarma, Realizing singlet-triplet qubits

in multivalley Si quantum dots, Phys. Rev. B 80, 205302 (2009).
[Si2℄ D. Cul er, . Cywi«ski, Q.Z. Li, X. Hu, and S. Das Sarma, Quantum dot spin qubits in

Sili on: Multivalley physi s, Phys. Rev. B 82, 155312 (2010).
[Si3℄ Q.Z. Li, . Cywi«ski, D. Cul er, X. Hu, and S. Das Sarma, Ex hange

on quantum dots: theoreti al

onsiderations for quantum

oupling in sili-

omputation, Phys. Rev. B 81,

085313 (2010).
Starting from 2010 I have also been involved in resear h on CdTe self-assembled quantum
dots doped with Mn ions. In [Mn1℄ I proposed a theory of opti al orientation of a single Mn
spin lo alted in an opti ally ex ited dot. I have also parti ipated in theoreti al interpretation of
experiments on dynami s of many Mn spins in a nonresonantly ex ited quantum dot [Mn2,Mn3℄.
[Mn1℄ . Cywi«ski, Opti al orientation of a single Mn spin in a quantum dot: Role of

arrier

spin relaxation, Phys. Rev. B 82, 075321 (2010).
[Mn2℄ . Kªopotowski, . Cywi«ski, P. Wojnar, V. Voliotis, K. Fron , T. Kazimier zuk, A. Golnik, M. Ravaro, R. Grousson, G. Kar zewski, and T. Wojtowi z, Magneti

polaron forma-

tion and ex iton spin relaxation in single Cd1−x Mnx Te quantum dots, Phys. Rev. B 83,
081306(R) (2011).
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[Mn3℄ . Kªopotowski, . Cywi«ski, M. Szymura, V. Voliotis, R. Grousson, P. Wojnar K. Fron ,
T. Kazimier zuk, A. Golnik, G. Kar zewski, and T. Wojtowi z, Inuen e of ex iton spin

relaxation on the photolumines en e spe tra of semimagneti

quantum dots, Phys. Rev. B

87, 245316 (2013).
I have also provided some theoreti al help in experimental work on re ombination of dark
ex itons in CdTe quantum dots free of Mn ions (in whi h the nominally opti ally ina tive states
a tually

ouple to light due to the presen e of heavy-light hole mixing).

[X1℄ T. Smole«ski, T. Kazimier zuk, M. Gory a, T. Jakub zyk, . Kªopotowski, . Cywi«ski,
P. Wojnar, A. Golnik, and P. Kossa ki, Radiative lifetime of dark ex itons in self-assembled

quantum dots, Phys. Rev. B 86, 241305(R) (2012).

Starting from 2011 I have also spent a part of my time doing resear h on topologi al insulators (essentially a sub lass of narrow-gap semi ondu tors exhibiting band inversion
strong relativisti
bandstru ture

aused by

orre tions to the band stru ture). In [TI1℄ we theoreti ally proposed how the

hara teristi

for a strong topologi al insulator

an be

ture of PbTe and PbSnTe. In experimental works [TI2,TI3℄ I have

reated in a heterostru -

ontributed to the analysis

of the results and their interpretation. More interesting of the two is [TI3℄, where we proposed
a

onsistent interpretation of nonlo al transport measurements in a two-dimensional topologi al

insulator.
[TI1℄ R. Bu zko and . Cywi«ski, PbTe/PbSnTe heterostru tures as analogs of topologi al in-

sulators, Phys. Rev. B 85, 205319 (2012).
[TI2℄ K.A. Kolwas, G. Grabe ki, S. Trushkin, J. Wróbel, M. Aleszkiewi z, . Cywi«ski, T. Dietl,
G. Springholz, and G. Bauer, Absen e of nonlo al resistan e in mi rostru tures of PbTe

quantum wells, Phys. Status Solidi B 250, 37 (2013).
[TI3℄ G. Grabe ki, J. Wróbel, M. Czapkiewi z, . Cywi«ski, S. Gieraªtowska, E. Guziewi z,
M. Zholudev, V. Gavrilenko, N. N. Mikhailov, S. A. Dvoretski, F. Teppe, W. Knap,
and T. Dietl, Nonlo al resistan e and its u tuations in mi rostru tures of band-inverted

HgTe/(Hg,Cd)Te quantum wells, Phys. Rev. B 88, 165309 (2013).

) awards

•

2013, Stefan Pie«kowski award of the Polish A ademy of S ien es in the eld of Physi s

•

2012, Ministry of S ien e and Higher Edu ation fellowship for an outstanding young

•

2001, Leonard Sosnowski prize awarded for Outstanding student in Solid State Physi s.

and Astronomy.

resear her for years 2012-2015.

d) Prin ipal Investigator in the following grants

•

08/2013: OPUS IV grant of the Polish National S ien e Center (NCN). Title: Dynami s

of entanglement of lo alized spins in semi ondu tors with appli ation to environmental
noise spe tros opy

•

01/2011-12/2011: Iuventus Plus grant of the Polish Ministry of S ien e and Edu ation.
Title: Izolatory topologi zne oparte na heterostruktura h p"o"lprzewodnik"ow IV-VI
(Topologi al insulators based on heterostru tures of IV-VI semi ondu tors ).
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•

10/200911/2012: Homing grant/award for returning resear her of the Foundation for
Polish S ien e. Title: Spin in semi ondu tor nanostru tures: ferromagnetism in

semi ondu tors with nano-s ale magneti

inhomogeneities and

oherent properties of

single spins in quantum dots.

e) Parti ipation in resear h proje ts

•

European Union Innovative E onomy Grant No. POIG.01.03.01-00-159/08, InTe hFun

•

ERC Advan ed Grant FunDMS (Fun tionalization of Diluted Magneti

•

(2009-2011).

Semi ondu tors ) (2009-2011).
Grant of the Polish National S ien e Center (NCN). Title: Magneti

quantum dot

mole ules with CdMnTe quantum dots (2012-2014).

f ) Invited talks at

onferen es

1. Talk at Quantum Te hnologies Conferen e V in Kraków, September 7th-12th 2014. Title:

Spe tros opy of environmental noise via measurement of de oheren e of qubits .
2. Talk at the 42nd General Meeting of Polish Physi ists in Pozna«, 8th-13th September
2013. Title: Dekoheren ja spinu elektronu oddziaªuj"a ego ze spinami j"adrowymi w

krop e kwantowej .
3. Talk at the 2nd Polish-German workshop on the opti al properties of nanostru tures,
Münster, Mar h 14th-16th 2012. Title: Theory of opti al orientation of a single Mn spin

in a CdTe quantum dot: resonant vs nonresonant ex itation .
4. Talk at the 17th International Winters hool on New Developments in Solid State Physi s
Mauterndorf 2012, Mauterndorf, Austria, February 12th-17th 2012. Title: Spin e ho

de ay of semi ondu tor spin qubits .
5. Talk at the Joint Polish-Japanese Workshop Spintroni s - from new materials to
appli ations, Warsaw, November 15th-18th 2011. Title: De oheren e in a sparse system

of dipolarly

oupled spins: appli ation to isotope-enri hed sili on .

6. Invited talk at the 39th International S hool and Conferen e on the Physi s of
Semi ondu tors Jaszowie , Kryni a, June 2010. Title: Dephasing of ele tron spin qubits

due to their intera tion with nu lei in quantum dots .
7. Invited talk at the APS Mar h Meeting 2010 in Portland, Mar h 15th 2010. Title:

Ele tron spin dephasing by hyperne intera tion with nu lei in quantum dots .
8. Talk at the Canada-Japan-Poland International Symposium on Semi ondu tor, Magneti ,
and Photoni

Nanostru tures, Wro ªaw, O tober 5th-7th, 2009. Title: Pure dephasing of

the spin of the ele tron

onned in a quantum dot: the role of hyperne-mediated

intera tions .
9. Talk at the Spintroni

Devi e Round Table panel session at 5th International S hool and

Conferen e on Spintroni s and Quantum Information Te hnology (Spinte h), Kraków,
July 2009. Title: Spin logi

in hybrid stru tures .

10. Invited talk at the APS Mar h Meeting 2008 in New Orleans, Mar h 10th 2008. Title:

Ultrafast Photoindu ed Demagnetization in (III,Mn)V Ferromagneti
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